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PREFACE 


This book is intended as a text for a first course in “classical” 
switching theory for engineers. A vigorous attempt has been 
made to include only topics that will be of lasting general impor- 
tance. In keeping with this objective, and considering the 
increasing use of digital-computer programs for design, the 
emphasis of this book is on algorithms and general theory. 
Design techniques that are useful only for particular components 
or that depend on the skill of the user are not treated in detail. 
I feel that such techniques are neither sufficiently general nor of 
permanent enough importance to justify inclusion in an introduc- 
tory course. Since this book is planned mainly as a text for 
engineers, a criterion of practical importance rather than mathe- 
matical beauty has been used in selecting topics and methods of 
exposition. However, many students in mathematics and the 
physical sciences should find the material presented here of value. 
Specific applications are usually treated in the problems rather 
than in the text, and the problems are also used as a vehicle for 
introducing some of the more specialized concepts. 

It has been my experience that the material in this book can 
be covered in a one-term, advanced-undergraduate course or a 
first-year graduate course. I have been able to cover this mate- 
rial in a three-hour-per-week course by excluding Chap. 1 
(Switching Devices) from the formal lectures and adding a weekly 
laboratory in which the material of Chap. 1 was discussed and 
illustrated by experiments performed by the students. It is my 
belief that a basic knowledge of switching devices is essential to 
the students’ understanding of the mathematical models and 
that this knowledge should be supplied either via a laboratory or 
a separate course on digital devices and circuits. 

Since 1956 this text material, in its evolutionary form, has 
been used each year in my teaching, first at the City College of 
New York and later at Princeton University. My acknowledg- 
ment of the influence of this classroom use on the final form of the 
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text is somewhat superfluous. Major reorganizations were carried 
out as a result of student reaction. In preparing a text for a 
one-term course, it was necessary to exclude a number of interest- 
ing topics. I feel strongly that a second course should be avail- 
able for students having a specific interest in the field of switching 
theory. A student who has completed a course using this book 
should be well prepared to make use of the current literature in 
switching theory. 

The organization of the book is as follows. There are two 
introductory chapters — Chap. 1 on switching devices and Chap. 2 
on number systems and codes. These are followed by two chap- 
ters (3 and 4) on combinational switching circuits, two chapters 
(5 and 6) on sequential switching circuits, and a final chapter (7) 
in which the effects of spurious delays are considered. 

Chapter 1 is a discussion of some of the basic circuits used in 
the construction of digital systems, with major attention devoted 
to transistor circuits. Several other types of elements are also 
considered, either because of their importance in the early liter- 
ature on switching theory, as in the case of relays and vacuum 
tubes, or to illustrate the wide range of applicability of switching 
theory to such diverse devices as magnetic cores and cryotrons. 
Chapter 2 includes material necessary for some of the algorithms 
discussed in the later chapters. This material also makes possi- 
ble the inclusion of more meaningful problems and examples 
throughout the remainder of the book. 

In Chapter 3, Boolean algebra is first introduced rather 
informally as a model for switching circuits, and then at the end 
of the chapter it is reconsidered as an abstract mathematical 
system. Elementary analysis and synthesis of networks of con- 
tacts, AND gates and OR gates, and NOR gates (AND-NOT or 
OR-NOT gates) are presented along with the Boolean-algebra 
theorems and a discussion of complete sets of basic elements. 

The problem of simplifying switching functions is covered in 
Chap. 4. The emphasis in this chapter is almost exclusively on 
two-stage forms, since I feel that the results in this area will 
probably be of more lasting importance than the techniques 
developed to date for handling multistage problems. Karnaugh 
map methods and tabular minimization procedures for both 
single-output and multiple-output networks are treated in con- 
siderable detail. The often-neglected technique of iterative 
consensus is also covered thoroughly with a careful proof of the 
basic theorem as well as detailed examples of the algorithm. 

The analysis of sequential circuits with either pulse or level 
inputs is treated in Chap. 5. This chapter introduces the flow- 


table technique and demonstrates its applicability to a wide 
variety of sequential circuits, including those synchronized by an 
external clock input. The state-diagram representation of 
sequential circuits is also included. 

Chapter 6 presents synthesis techniques for sequential circuits, 
including a thorough treatment of state minimization for incom- 
pletely specified flow tables. Of particular importance is the 
integrated treatment of both pulse-input (pulse-mode) and level- 
input (fundamental-mode) sequential circuits. 

The consequences of spurious delays being present in switching 
circuits are considered in Chap. 7. Static, dynamic, and essential 
hazards are treated in detail. 

I am indebted to many individuals for their assistance in the 
writing of this book. Mrs. Hannah Kresse typed most of the 
final manuscript. Others who helped with the typing were Mrs. 
Jayne De Micheli, Mrs. Joycie Miura, Miss Florence Armstrong, 
Mrs. Frances Turner, and Miss Elizabeth Stetson. Many of my 
collegues and graduate students contributed helpful suggestions. 
Particular thanks are due to A. Lo, E. Eichleberger, A. Grasselli, 
H. Schorr, S. Gaines, J. Brzozowski, and A. Hall. My wife 
Roberta supplied understanding and patience throughout many 
years of “work in progress.” 


E. J. McCluskey 
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SWITCHING DEVICES 


The types of circuits to be discussed in this book have a very 
important distinguishing characteristic — there are two possible 
values for the signals, and each signal is equal to one or the other of 
these values. Such two-valued signals are called binary signals. 
For example, a switching circuit constructed of transistors might 
have all voltages equal to either 0 or +4 volts. This type of circuit 
operation is quite different from that of a circuit such as a radio 
receiver, in which it is very important that the signals vary over all 
possible values between some upper and lower limits. In spite of 
this difference in operation there are similarities between these two 
classes of circuits. A radio receiver is designed by interconnecting 
circuits which perform specific tasks such as amplification, modula- 
tion, etc. Similarly a digital system is made up of circuits which 
carry out specific jobs of combining, generating and storing binary 
signals. The object of this chapter is to describe some typical 
circuits which are used to perform these functions. Since entire 
books [l,2]f are devoted to this topic, only the most important of 
such circuits will be described and general features rather than 
detailed design information will be stressed. 


1.1 ELECTROMECHANICAL DEVICES 

Switches, or Keys 

Probably the most familiar switching device is the switch which 
is used to control the lights in our homes. This device usually 
consists of two metal strips called springs on which are mounted 
metal contacts. A lever or “push button” controls the contacts so 
that they either touch and form a closed electrical circuit (short 
circuit) or are separated and therefore constitute an open circuit. 

f Numbers in brackets throughout the book correspond to references at 
the ends of chapters. 
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(c) 





Fig. 1.1-1. Symbols for various types of 
contacts, (a) Two non- 
locking make contacts (re- 
leased); (b) the same (oper- 
ated); (c) two locking break 
contacts (released); (d) the 
same (operated). 


There are many different types of switches, or keys, but they fall into 
two general classes: 

1. Nonlocking — those which return to a standard position when 
released 

2. Locking — those which retain their position after the controlling 
lever or button is released 

Usually either the contacts are normally open, or “make,” contacts, 
or they are normally closed, or “break,” contacts (Fig. 1.1-1). There are 
two types of transfer contact in which a break and a make contact are com- 
bined. The “break-before-make,” or transfer, contact contains three 
springs. There is a common spring, which is normally connected to one of 
the other springs. When the switch is operated, these two springs sepa- 
rate and the common spring moves over to make contact with the third 
spring (Fig. l.l-2a). When this type of contact is in the process of opera- 
ting or releasing, there is a certain amount of time when the common 
spring is not touching either of the other springs. There is also a “make- 
before-break,” or continuity transfer, which is identical to the transfer 
contact except that when the contact is operating or releasing there is a 
time when the common spring is touching both the other springs. 

The foregoing remarks assumed that switches had two positions— 
operated and released. Such switches are called single-throw. Double- 
throw switches, which have a released position and two operated positions, 
are also common (Fig. 1.1-3). 
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Fig. 1.1-2. Symbols for transfer con- 
tacts. (a) Two break-be- 
fore-make, or transfer, con- 

— tacts (nonlocking); (b) a 

’ make-before-break, or con- 
tinuity transfer and a make 
(J) contact (nonlocking). 
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Fig. 1.1-3. Double-throw switch. 


Relays 
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(Nonlocking) 


A switch whose lever is operated by an electromagnet is called a relay. 
In this case the lever is called the armature. The contact arrangements 
are the same as for switches, and the same symbols are often used. For 
logical design it is more convenient to use the detached-contact symbols 
shown in Fig. 1.1-4. The same symbol is used for both make and break 
contacts — they are distinguished by the labels x for a make contact of 
relay X and x' for a break contact of relay X. Transfer and continuity 
transfer contacts are represented by the appropriate combination of make 
and break contact symbols, and usually no distinction is made between 
the two types of transfer contacts. 

Many different types of special-purpose relays such as polarized relays, 
a-c relays, sensitive relays exist; but this book will be concerned only with 
the general-purpose d-c relay. This type of relay operates when the cur- 
rent through its coil exceeds a certain value (called the operate current ) and 
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Fig. 1.1-4. Methods of controlling 
relays, (a) Circuit for 
series control of relay 
Y by contact x; ( b)form 
of (a) to be used in this 
book; (c) shunt control 
of relay Y by contact x. 
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remains operated until the current diminishes below another value (called 
the release current). Typical values for these currents range from a few 
milliamperes to 1 amp. The time it takes for the contacts to close after 
the application of the operate current ranges from a few milliseconds to 
several hundred milliseconds. An important characteristic of the opera- 
tion of a relay is contact stagger. When a relay operates, the contacts do 
not all open or close instantaneously, and so there may be a delay of several 
milliseconds between the operation of two contacts of the same relay. In 
the discussion of the logical design of relay networks, this phenomenon 
will be initially ignored and the assumption will be made that all contacts 
act simultaneously. Later the effects of contact stagger will be investi- 
gated, and techniques for eliminating undesirable consequences will be 
presented. These relays are ordinarily used with voltages of a few volts 
to approximately 100 volts. 

The symbol used for a relay coil is the “coil” symbol shown in Fig. 
1-1-4. The most common method for controlling the operation of a relay 
is shown in Figs. l.l-4a and b. Here a contact is placed in series with the 
relay coil and a battery. When the contact is open, no current flows and 
the relay does not operate. When the contact is closed, current flows 
through the relay coil and the relay operates. Occasionally, a relay is 
controlled by a shunt contact as in Fig. l.l-4c. When this contact is 
closed, it places a very low-impedance path in parallel with the relay coil 
and the current from the battery flows through this shunt path rather 
than through the relay coil, preventing the relay from operating. When 
the contacts are open, the current flows through the relay and it operates 
(provided that the value of R is chosen properly) [3,4]. 


1.2 VACUUM TUBES 

Before World War II, practically all switching systems were con- 
structed of relays or similar electromechanical components. However, 
the relatively slow operating speeds of these components constitute a 
basic limitation on relay systems, and the modern digital computer is 
practical only because of the development of high-speed digital circuits 
employing vacuum tubes, transistors, etc. The first high-speed switching 
systems were constructed of vacuum tubes [5], 

Flip-flops 

The oldest and perhaps the most basic vacuum-tube digital circuit is 
the “flip-flop,” or Eccles-Jordan trigger [1, chap. 5;6], shown in Fig. 1.2-1. 
This circuit has two stable states in which either tube 1 or tube 2 is at 
cutoff (the grid voltage is sufficiently negative so that no plate current 
flows) ; and the other tube is in clamp (grid current flows, the grid-to- 
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Fig. 1.2-1. Flip-flop circuit. 

cathode voltage is approximately zero, and the tube is conducting ). 
There are only two possible values of plate voltage : that corresponding to 
a conducting and that corresponding to a cutoff tube. These plate 
voltages are commonly used as the outputs from this circuit. In a sense 
a flip-flop performs the function of generating binary output signals. 

It is possible to place the flip-flop in either of its two stable states by 
applying a signal to one of the input leads. Thus the flip-flop can be used 
to “remember” which of its input leads was pulsed last. 

The symbol for a flip-flop is shown in Fig. 1.2-2. As indicated in this 
figure, if the S input lead was last pulsed, then the y output lead will have 
a high voltage and the y' output lead will have a low voltage. If the last- 
pulsed lead was R, y' has a high voltage and y has a low voltage. 

It is also possible to construct a flip-flop wh ich c hanges s tate w henever 
its single input lead is pulsed. A circuit for such a flip-flop, which is 
sometimes ca lled a binary-counter , or symmetrical-triggering flip-flop, i s 
shown in Fig. 1.2-3 along with the symbol to be used to represent it. 

Logic Circuits 

The term logic circuits is usually applied to the circuits which perform 
operations on binary signals [1, chap. 12 ;7,8]. One ofthe most important 
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Fig. 1.2-2. Flip-flop symbol. 
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(b) 

Fig. 1.2-3. Symmetrical-triggering flip-flop, (a) Circuit; 

(b) symbol. 

types of logic circuit is that which has a high output signal when the input 
signal is low, and vice versa. Such a circuit is called an inverter. An 
example of an inverter employing a triode is shown in Fig. 1 ,2-4a. In this 
circuit, the input voltage e\ is equal either to El — a voltage sufficiently 
negative to prevent the tube from conducting — or to E H — a voltage of 
approximately zero volts. When ei equals E h , the tube is cut off and the 
values of Rl, Ri, and R 2 are chosen so that e 0 = Eh. When e\ equals Eh, 
the tube conducts and the voltage at point 1 drops so that e 0 becomes 
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Fig. 1.2-5. A circuit with n triodes sharing a common 
plate resistor. 


equal to El. This performance is summarized in Fig. 1.2-46. The pur- 
pose of the resistances R\ and R 2 is to shift the voltage level of point 1 so 
that the output voltage ranges over the same values as the input voltage. 
This is necessary since the output from this circuit will be used as the 
input to a similar circuit. 

When several of these circuits are connected with a common plate 
resistance as in Fig. 1.2-5, a circuit which can be used for combining 
several binary signals results. In this circuit, when all the input voltages 
equal El, all tubes are cut off and the output voltages are equal to Eh- 
If any of the input voltages are equal to Eh, the corresponding tubes will 
conduct and the output voltage will drop to E L . The output voltage 
will actually vary according to the number of tubes which are conducting, 
but this variation can be minimized by choosing R L much larger than the 
plate resistances of the triodes. A similar circuit with the common load 
resistance in the cathode circuit instead of the plate circuit is shown in 
Fig. 1.2-6. When all the input voltages are equal to E L , all the tubes are 
cut off and e„ is equal to E L (72 1 and 72 2 are chosen to ensure this). If one 
or more of the input voltages are equal to Eh, the corresponding tubes will 



Fig' 1.2-6. A circuit with n triodes sharing a common cathode 
resistor. 
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+ ^6b 



e 0 =E H if e, or e 2 or e, and e 2 are equal to E L 


Fig. 1.2-7. A circuit employing a 
tube with two control 
grids. 


conduct and the output voltage will rise to Eh- The variation in e 0 due to 
different numbers of tubes conducting is minimized by making R K much 
larger than the tube plate resistance. 

Similar circuits can be constructed using tubes with more than one 
control grid. The basic form of such circuits is shown in Fig. 1.2-7. 
When both ei and e 2 are equal to E H , the tube conducts and e 0 is equal to 
E l . If either ei or e 2 or both equal E L , the tube is cut off and e 0 is equal 
to E h . Tubes with more than one control grid can be combined in the 
same manner in which triodes are combined in Figs. 1.2-5 and 1.2-6. 

At the present time, semiconductor diodes and transistors are more 
commonly used for digital systems than are vacuum tubes. 


1.3 DIODES 

It is possible to construct switching systems in which the logic or 
combining of signals is done by means of circuits constructed of diodes; 
electronic tubes or transistors are used only for flip-flops, amplifiers, or 
inverters. An ideal diode is a two-terminal device which presents zero 
resistance to current flowing through it in the positive, or forward, 
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Fig. 1.3-1. Typical junction -diode char- 
acteristics. 
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figure, but the operation is essentially unchanged when more inputs are 
added. 

Circuit Operation 

If any of the inputs to the circuit of Fig. 1 .3-2 a are equal to E L , the out- 
put e„ must also be equal to E L . If the output voltage were greater than 
E i, the diode connected to E h would be conducting forward current. By 
definition the resistance of this diode would equal zero so that there could 
not be any voltage drop across it and e„ could not be greater than E L . 
The output voltage cannot be less than El since none of the input, or 
supply, voltages are less than E L . When all the input voltages are equal 
to E h , the output voltage e„ must also be equal to E H . For the reasons 
just discussed, e 0 cannot be greater than E H nor can e 0 be less than E H , 
because in this case none of the input, or supply, voltages are less than Eh- 
This circuit is frequently called an AND gate because the output voltage 
is at the high level only when ei and e 2 and e 3 are at the high level. 

In the circuit of Fig. 1.3-26, e 0 will equal E H when any of the inputs 
equal E H - It is not possible for e 0 to be greater than E H since no voltages 
greater than E H are connected to the circuit. If the output were less 
than E h , the diodes connected to it would be forward-biased and would 
therefore have zero resistance, forcing e 0 to equal E H - When all the 
inputs are equal to E L , the output e 0 must also be equal to E L , by similar 
reasoning. This circuit is frequently called an OR gate because the output 
voltage is at the high level when e x or e 2 or e 3 is at the high level. f 

Circuit Losses 

With ideal diodes, there would be no degradation of the voltage levels 
E l and E h in a circuit composed of interconnected diode gates. However, 
this does not mean that there would be no need for amplification in such a 
network. Even with ideal diodes there would be two types of current 
losses. One of these sources of current loss is called fan-out and is present 
whenever the output of one gate is used as an input to several other gates. 
The other loss, current-transfer loss, causes the output current from a 
series connection of an AND gate and an OR gate to be less than the 
input current [9]. 

The fact that a physical diode does not have an infinite back resistance 
introduces another current loss due to the leakage currents in reversed- 
biased diodes. In addition, the nonzero forward resistance of an actual 
diode causes voltage losses because of the potential difference across a 
forward-biased diode. 

In a circuit having several of these diode gates connected in series, it is 
not possible to use the same value of resistance for all the OR-gate resistors 

f The or in this expression is an inclusive or — ei and e 2 , ei and e 3 , ei and e 2 and e 3 , 
etc., being at the high level will also cause e„ to be at the high level. 
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Fig. 1.4-1. Transistor symbols. 



Collector 


Emitter 


p-R-p symbol 



Collector 


Emitter 


R-p-n symbol 


(Ro) or all the AND-gate resistors (Ra). The value of each of the resist- 
ances in the circuit must be individually calculated [2,9]. Moreover, 
there is a limit on the number of gates that can be connected in series 
because it becomes impossible to determine reliably whether Eh or E L is 
present at the output. For a large switching system it is usually imprac- 
tical to calculate individual resistances. The customary pr actice is to 
connect only two gates in series and then to amplify the outputs before 
connecti ng to any other gates [101 . An amplifier for this purpose could 
b e constructed by connecting in series two of the triode inverter circuits 
described in Sec. 1.2. 


1.4 TRANSISTORS 

A transistorf is a germanium or silicon crystal into which impurities 
have been introduced to form three regions called the emitter, the base, and 
the collector [1, chap. 18 ;2 ;1 1] . An external connection is made to each of 
these regions. There are two basic types of transistor — the p-n-p and the 
n-p-n, which differ in the impurities used to form the three regions. The 
two types of transistor are “dual” devices since the general performance of 
the p-n-p is the same as that of the n-p-n with the directions of all currents 
and voltages reversed. The symbols for these transistors are shown in 
Fig. 1.4-1. 

Transistor Characteristics 

A typical set of characteristics for an n-p-n transistor connected with 
its base used as the common terminal as in Fig. 1 .4-2 (called the common- 
base connection ) is shown in Fig. 1.4-3. The corresponding circuit and 

t Strictly, a junction transistor. 


Fig. 1.4-2. An n-p-n transistor in a 
common- base connec- 

tion. 
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Fig. 1.4-3. Typical common-base characteristics for an 
n-p-n transistor. 


characteristics for a p-n-p transistor are shown in Figs. 1.4-4 and 1.4-5. 
Note that they are the same as Figs. 1.4-2 and 1.4-3 except for polarity 
reversals. The curves of Fig. 1.4-3 show that, when the collector-to-base 
voltage Ed, is positive, the collector current I c is essentially independent 
of E cb and proportional to I e , the emitter current. F or an n-p-n transistor, 
when E cb is positive, the collector junction is said to be reverse-biased and 
when Ecb is negative the collector junction is said to be forward-biased. 
Similarly, the emitter junction is said to be reverse-biased when E eb is 
positive and forward-biased when E eb is negative. When the collector 
junction is reverse-biased ( E cb positive) and the emitter junction forward- 
biased ( E eb negative), the transistor is operating in its active region, with 
Ic given by 



(1.4-1) 

(1.4-2) 


The symbol / c0 represents the reverse-saturation collector currentf and is 
very small, of the order of 2/*a for the type of transistor represented by 


t Due to thermally generated minority carriers in the base and collector. 
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Fig. 1.4-4. A p-n-p transistor in a 
common-base connec- 
tion. 
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Fig. 1.4-5. Typical common-base characteristics for a p-n-p 
transistor. 


the curves of Fig. 1.4-3. The value of a usually lies between 0.95 and 
0.99. The minus sign appears in Eq. (1.4-1) because I e as defined in 
Fig. 1.4-2 is negative in the active region, while I c is positive. 

When both the emitter and collector junctions are reverse-biased 
(E cb and E tb positive), only very small currents flow and the transistor is 
said to be cut off. 

If both the collector and emitter junctions are forward-biased ( E cb 
and Erf, negative), the transistor is in saturation and the collector current is 
approximately independent of changes in the emitter current. The 
boundary between the active region and the saturation region occurs 
when E cb is equal to zero. 

Basic Transistor Switch 

It is also possible to operate a transistor in a common-emitter or common- 
collector connection as illustrated in Figs. 1.4-6 and 1.4-7. The connection 
wh ich is used in the tr a nsistor switching circuits to be discus sed here is the 
c ommon-emitter configuration since this is the only one of the three con - 
nections which provides both current and voltage gain. The common- 
base circuit was presented first because the discussion of transistor action 
is simpler for the common base than for the other connections. In 
switching circuits the transistor is operated like a switch, with the 


Fig. 1.4-6. Common -emitter con 
nection. 
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Fig. 1.4-7. Common-collector con- 
nection. 

collector-emitter terminal pair presenting either a very low or a very high 
resistance to the remainder of the circuit. This operation is obtained by 
restricting the base current to two values, one of which will cut the tran- 
sistor off and the other of which will drive the transistor into saturation or 
just to the edge of saturation. In order to determine the appropriate 
base currents, it is necessary to determine the relationship between the 
collector and base currents. By conservation of electrical charge, the 
three transistor currents must satisfy 

h + le + lb = 0 (1.4-3) 

When this equation is combined with Eq. (1.4-1) and I e is eliminated, the 
following equation results : 



T _ I c0 I a T 

le — . h lb 


(1.4-4) 


1 - a ' 1 - a 

If the symbol P is used for a/(l — a), this equation can be rewritten as 

(1.4-5) 


Ie = + PI b 


1 - 


For values of a of 0.95 to 0.99 the corresponding values of p vary from 19 
to 99. Because of the presence of the 1 — a factor in the denominator of 
P, small variations in a can cause large variations in p. When I b is made 
equal to zero, I c becomes equal to 7 c0 /(l — a). If a is equal to 0.98 and 
ho equals 2 n&, I c is then equal to 100 n&. Larger values of ho will produce 
correspondingly higher values of collector current for zero base current. 
If this “leakage” current is not tolerable, the usual practice is to make I b 
equal to — ho- Then 

h = (.-ho) = I.o (1-4-6) 

Since / c0 is very small, this leakage current is usually tolerable. Thus, 
the transistor switch is opened by making ecpial to 0 or Ic o» In 

14 order to close the transistor switch, it is necessary to reduce the collector- 
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emitter voltage to zero. If E ce equals zero, all the voltage E cc must appear 
across Rl and therefore the collector current must equal E CC /R L . When 
I c = Ecc/Rl, Eq. (1.4-4) becomes 


Ic 



or 


IcO 

1 — a 



(1.4-7) 


, E cc 1 — a T 

lb = d ttteO 

Kl a 

Usually I c o is small compared with ^ so that 

Kl a 


(1.4-8) 


E cc 1 — a _ E C c 1 
Rl oi Rl P 


(1.4-9) 


The collector current cannot increase above E CC /R L so that for values of 
h greater than E cc /Rl the collector current remains constant and the 
transistor is driven further into saturation. That saturation actually 
occurs (j E ci < 0) can be seen from the characteristics in Fig. 1.4-3. For a 
fixed I c , if I, becomes larger than IJ a, E cb must be negative. The condi- 
tion where the collector current is determined by the external load and is 
independent of I b is called bottoming. 

In summary, the transistor is operated in the common-emitter connec- 
tion as a switch by restricting the base current as follows: 


I b < 0 Switch open 

h > Switch closed 

ptC L • 

Values of I b between 0 and E cc /PRl are not allowed. 
Transistor Amplifier 


As was pointed out in Sec. 1.3, when diode gates are used it is necessary 
to provide some form of amplification to make up the current and voltage 
losses of the gates. This can be done by means of vacuum tubes, as men- 
tioned previously. It is also possible to use transistor amplifiers for this 
purpose. A circuit for such an amplifier is shown in Fig. 1.4-8. This 
circuit is just a tandem connection of two of the common-emitter transistor 
switches just discussed. Two transistors ar e ne c essary to elim inate phase 
inversion and a p-n-p and an n-p-n transistor are used in order to have the 
output-signal levels the same as the input-signal level [10]. A complete 
system of diode logic is customarily constructed by connecting an amplifier 
to the output of each OR gate. Thus the usual pattern of interconnection 
consists of AND gates driving OR gates, which in turn drive amplifiers, 
which connect to other AND gates. 
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Fig. 1.4-8. Transistor amplifier 
circuit. 


Transistor -diode Logic 


It is also possible to connect a single-transistor inverting amplifier to 
the output of each diode gate [11], Since only one transistor is used in 
this amplifier, the total number of transistors in the system is not increased 
over the number in a system in which a noninverting two-transistor ampli- 
fier is provided only for every other gate (OR gate) . Mo reover , when an 
inverting amplifier is connected to each diode gate, it is no longer neces- 
sary to pro vide both AND and OR gates — one type of gate is sufficient. 
This property will be discussed in detail in Chap. 3. The usual practice 
is to construct standard packages containing a diode gate and a transistor 
amplifier and then to build a system by interconnecting these packages. 
This technique has the advantage of requiring only one standard package — 
flip-flops are formed from two of the basic gate circuits — thereby permit- 
ting simple maintenance and supply procedures. A basic transistor- 
diode gate constructed of an OR gate and amplifier, which will be called a 
diode OR-NOT gate, is shown in Fig. 1.4-9. The output of this circuit, 
e a , would be connected to the inputs of one or more similar circuits, and 
each of the inputs of this circuit would be driven by the outputs of similar 
circuits. When any of the input voltages are equal to E H , the transistor 
will be driven at least to the edge of the saturation region ; thus the output 
voltage will be approximately zero, which is thus E L . If all the input 
voltages equal zero ( E L ), the transistor will be cut off and e 0 will equal 
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Fig. 1.4-9. Diode OR-NOT gate. 

(a) Circuit; (6) opera- 
tion table. 
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approximately Fhigh — IlRl, where I L is the sum of 7 c0 /l — a and the 
input currents to the gates driven by e„. The actual value of e„ is not 
important as long as it remains positive; the critical requirement is that 
enough current be supplied to the transistors of the driven gates to ensure 
that these transistors are saturated or at the edge of the saturation 
region. 

It is also poss ible to combine a diode AND gate and a transi stor inverter 
as in Fig. 1 .4-10 , This circuit will be called a diode AND-N OT gate. The 
operation of the circuit without the network inside the dotted lines will be 
considered first. When each of the transistors driving e lt e 2 , and e 3 is cut 
off, no current will flow through the input diodes and current will flow 
from Fhigh through R L and through the base-emitter junction. This will 
saturate the transistor so that e„ will be approximately zero. When any 
of the transistors driving ei, e 2 , and e 3 are saturated, current will flow from 
Fhigh through R L and the corresponding input diodes. Thus the potential 
of point a will become V ce + v f , where V ce is the collector-to-emitter 
voltage of a saturated transistor and v f is the voltage drop across a for- 
ward-biased diode. This potential at point a may be sufficient to allow 
the transistor to turn on; so it is necessary to add the network containing 
R„, Rb, and C. The resistors R a and Rb are simply a voltage-dividing 
network to force point a to a slightly negative voltage when any of the 
input diodes are grounded, and the capacitor is present merely to speed 



Fig. 1.4-10. Diode 
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Fig. 1.4-11. Flip-flop formed of two diode A1SD-NOT 
gates. • i , ncAOW HlfcH 

SlUAl*4 , 

up the circuit operation. A similar network is not required in the circuit 
of Fig. 1.4-9 because the voltage at point a is V ce — V/ rather than V ce + Vf 
when all the driving transistors are saturated. 

A flip-flop formed by interconnecting two diode AND-NOT gates is 
shown in Fig. 1.4-11. When the voltages at S' and R' both equal E tI , one 
of the voltages at y or y' will also equal E H and the other will equal E L . 
If the voltage at y equals E H , then both inputs to the bottom gate are at 
E h and the gate output (at y') must equal E L . If the voltage at R' is 
made equal to E L , the voltage at y' must become equal to E H , which in 
turn causes the voltage at y to equal E L - 

Transistor-resistor Logic 

It is possible to replace the diodes of the transistor-diode circuits by 
resistors and still have a circuit which is useful for combining binary 
signals (see Fig. 1.4-12). This circuit is often called a NOR gate, and the 
corresponding circuit with a p-n-p transistor is called a NAND gate [14]. 
The values [12, chap. 8;13] of R h Rl, and F h i g h are chosen so that if at 
least one of the input voltages is equal to E H , enough current is supplied to 
the base of the transistor to saturate the transistor and reduce e„ to E L 
(approximately ground potential) . Only if all the input voltages are at 
E l will the transistor be cut off and e 0 equal E H . The network consisting 
18 of — V i and R 2 is present to reduce the saturation leakage current by 


7 A 



lb) 

reversing lb. Compared with the transistor-diode circuit, the transistor- 
resistor circuit is less costly and slower in operation. 


Direct- coupled Transistor Logic ( DCTL ) 

In the circuits discussed above, the transistors are used to provide 
amplification and quantization of the signal levels, while the combining 
of signals is done by means of auxiliary elements such as diodes or resistors. 



(£) 


Fig. 1.4-13. DCTL parallel gate. 

(a) Circuit; ( 6 ) cir- 
cuit operation table. 
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(a) 



(A) 


Fig. 1.4-14. DCTL series gate. 

(a) Circuit; (b) cir- 
cuit operation table. 


Circuits can also be constructed in which transistors are used both to 
combine signals and to provide amplification, and the only additional 
elements used are power-supply resistors [12, chap. 9;15]. These circuits 
are shown in Figs. 1.4-13 and 1.4-14. In the DCTL parallel gate (Fig. 
1.4-13), if any one of the input v oltage s is at the high level, t he correspond- 
ing transistor will be saturated and therefore e 0 will be approximately at 
ground potential. Only if all the transistors are cut o ff — al l input volta ges 
at the low level — will the output voltage remain at the high level. For 
the DCTL series gate (Fig. 1.4-14) the output will be at the low level 
(approximately 0 volts) only if all the transistors are saturated owing to 
hi gh input voltages. These DCTL gates are more costiy in transistors 
than either the transistor-diode or transistor-resistor gates since in a 
DCTL gate each input requires one transistor, but the DCTL circuits 
have the advantage of extreme simplicity. By the addition of RC cou- 
pling networks the speed of operation of the DCTL circuits can be greatly 
increased. 


Transistor Current- switching Gates 

All the transistor circuits described previously are similar — a common- 
emitter connection is used, and the transistors are operated so that they 
are always either cut off or saturated. When a transistor is operated in 
saturation or near saturation, i.e., with a low collector-emitter voltage, 
the switching speed of the transistor is decreased. The circuit of Fig. 
1.4-15 permits very fast operation by preventing the transistors from 
approaching saturation [12, chap. 10;16,17], The operation of this circuit 
will first be explained with transistor T 3 omitted. The input voltage ei 
will be equal to either +0.6 volt or —0.6 volt. When e t is equal to —0.6 
volt, transistor T i has its emitter-base junction forward-biased and tran- 
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Fig. 1.4-15. Transistor current-steering gate, (a) Circuit; 
(b) circuit operation table. 

sistor T 2 is cut off.f Therefore the entire 6 ma from the current source 
flows through T\. In this situation 3 ma flows through the 200-ohm 
resistors in series, causing e 0 to rise to —5.4 volts and e'„ to drop to —6.6 
volts. By similar reasoning, when ei equals +0.6 volt, transistor r l\ is 
cut off and the entire 6 ma flows through transistor T 2 , causing e„ to 
become —6.6 volts and e' 0 to become —5.4 volts. This circuit can be used 
for combining signals by adding transistors (such as T 3 ) in parallel with 
Ti. When any of the input voltages is at the low level ( — 0.6 volt), cur- 
rent flows through the top path. Only when all the input voltages are 
equal to Eh (+0.6 volt) does the current flow through transistor 7+ 

It is not possible to connect the output of one of these gates directly to 
a similar gate since the input-voltage levels are +0.6 and — 0.6 volts, while 
the output-voltage levels are — 5.4 and — 6.6 volts. This difficulty is over- 
come by constructing a similar gate with input voltages of —5.4 and — 6.6 
volts and output voltages of +0.6 and —0.6 volts. This other gate uses 
n-p-n transistors and has the direction of current flow reversed from that 
shown in Fig. 1.4-15. The output levels of one of these gates can also be 
shifted back to the input levels by means of a passive network. 

t The forward-biased emitter voltage for the type of transistor used is approxi- 
mately 0.3 volt so that the potential of point a is —0.3 volt, which causes transistor 
T t to be cut off. 
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1.5 CRYOTRONS 

One approach which has been used in the continuing search for 
improved computer components has been to investigate various fundamental 
; physical phenomena for possible device development. The principal suc- 
cess resulting from this approach was the development of the cryotron — a 
device which relies on the phenomenon of superconductivity, which 
various metals exhibit at extremely low temperatures [18,19]. While no 
computers have been constructed of cryotrons at the present time, there 
is a sizable development effort devoted to developing practical cryotron 
systems. The high speeds and small sizes possible with thin-film cryotrons 
make the cryotron a strong contender for the digital systems of the future. 

Basic Physical Principles 

The phenomenon of superconductivity was discovered by H. Kam- 
merlingh Onnes in 1911. He found that the resistance of mercury drops 
suddenly to zero when its temperature is 4.12°K or lower. Other metals such 
as lead, tin, aluminum, etc., also possess zero resistance when the tem- 
perature is below a transition temperature, which is a characteristic of the 
individual metal. That the resistance is actually zero rather than just 
some exceedingly small value was demonstrated by an experiment carried 
out at M.I.T. by Prof. S. C. Collins. In this experiment a superconduct- 
ing lead ring carried an induced current for 2 years without any observable 
change in the magnitude of the current. 

A metal whose temperature is changed from above to below its transi- 
tion temperature thus exhibits one of the properties which is highly 
desirable in a switching device: an abrupt transition between two well- 
defined states. However, temperature control of a superconducting metal 



Temperature, °K 


Fig. 1.5-1. Relation between mag- 
netic field and transition 
temperature for several 
common superconduc- 
tors. 
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Fig. 1.5-2. Basic wire-wound cryo 
tron. 

would clearly result in a slow, unsatisfactory system. The use of super- 
conductivity as the b asis for a digital device is possible only because th e 
transiti on temperature of a metal varies when a magnetic field is present . 
It is possible to control the transition from zero to finite resistance by 
controlling a magnetic field, with the temperature remaining constant. 
Figure 1.5-1 shows the relation between the magnetic field and the transi- 
tion temperature for several common superconductors. 

The Wire-wound Cryotron 

The first cryotron, proposed by Dudley Buck in 1956 [18], consisted of 
a straight piece of tantalum wire about 1 in. long around which was 
wrapped a single-layer winding of niobium wire (Fig. 1.5-2). Niobium 
and tantalum wires were chosen because, at 4.2°K, the boiling point of 
helium, niobium is superconducting even for large magnetic fields, while 
tantalum is superconducting for zero magnetic fields but can be made 
resistive by the application of a small magnetic field, between 50 and 100 
oersteds. The tantalum is thus used as the controlled switch, and the 
niobium is used as zero-resistance “hookup” wire. The operation of a 
basic cryotron is quite straightforward: when the current in the control 
winding exceeds a value which is sufficient to produce the critical mag- 
netic field in the cryotron, the cryotron resistance changes from zero to a 
finite value (approximately 0.0075 ohm for Buck’s circuits). A digital 
circuit can be constructed of cryotrons by providing parallel paths through 
which the supply current can flow and then using cryotrons to force the 
current into a particular path determined by the control-winding currents. 

A Flip-flop Using Wire-wound Cryotrons 

The basic cryotron flip-flop is shown in Fig. 1.5-3. In part a of this 
figure, only the two cryotrons necessary to produce two stable circuit 
conditions are shown. These two stable states correspond directly to the 
two parallel paths between points 1 and 2 of this circuit. If the supply 
current I„ flows through the upper cryotron, it also flows through the 
winding of the lower cryotron, making this cryotron resistive. This 
means that the path through the top cryotron will be a zero-resistance 
path, while the parallel path through the lower cryotron will be resistive. 
Thus all the supply current will continue to flow through the upper 
cryotron. A similar stable situation occurs when all the current flows 
through the lower cryotron. 
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Fig. 1.5-3. Wire-wound-cryotron flip-flop, (a) Basic bistable element; ( 6 ) 
bistable element with input cryotrons; (c) flip-flop with input 
and output cryotrons. 


In order to place the flip-flop in a specified state, two additional 
cryotrons are required as shown in Fig. 1.5-3b. The flip-flop will be said 
to be SET when the current is flowing through the lower ( y ) cryotron and 
RESET when the current is flowing through the upper ( y ') cryotron. 
Normally there will be no current in the S and R cryotrons. If the flip- 
flop is SET (current flowing through the y cryotron, upper cryotron 
resistive) and current Is flows so as to make the S cryotron resistive, then 
no change will take place since there will be two resistive cryotrons ( S 
and y') in the upper path and no resistive cryotrons in the lower path. 
On the other hand, if the flip-flop is SET and current Ir flows, making R 
resistive, there will be one resistive cryotron in each path. This will 
24 cause the current to divide equally between the two paths. If the magni- 
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tude of the supply current is less than twice the threshold current for a 
single cryotron, both the y and y' cryotrons will then become supercon- 
ducting. This will leave only the R cryotron resistive, which will cause 
all the supply current to flow in the upper path, making the y cryotron 
resistive and leaving the flip-flop in the stable RESET condition after 
the I R current is removed. A similar analysis applies when the flip-flop 
is initially in the RESET condition. In summary, current I R causes the 
flip-flop to go to the RESET condition and current Is causes the flip-flop 
to go to the SET condition. 

Reading out the state of the flip-flop is accomplished by means of two 
additional cryotrons, as shown in Fig. 1.5-3c. If the flip-flop is set, cur- 
rent will flow through the lower path and around the upper output cryo- 
tron, making it resistive. The read current 7 read will thus flow through 
the superconductive lower output cryotron and appear on lead y. If the 
flip-flop is reset, current will flow around the lower output cryotron and 
cause 7 read to appear on the y' lead. 

By using series or parallel connections of the input cryotrons as in 
Fig. 1.5-4 it is possible to have combinations of several signals participate 
in the control of the flip-flop. Current flowing around any of the set 
cryotrons 0 Si,<S 2 ,<S 3 ) will cause the flip-flop to be in the set state; thus, the 
series connection behaves like an OR gate since an action is caused by 
current around S\ or <S 2 or S 3 . The flip-flop can be caused to go to the 
reset state by having current flow around all the reset cryotrons, i.e., 
around Ri and Ri and R%. The parallel connection thus performs like an 
AND gate. Of course, more complicated networks of wire-wound cryo- 
trons are possible, and several typical circuits can be found in the literature. 

Before leaving the subject of wire-wound cryotrons, several things 
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should be pointed out. First of all, there is a limit to the amount of cur- 
rent that can be passed through a superconducting cryotron since the 
self-field of the cryotron current will destroy superconductivity if it 
exceeds the critical magnetic field. One of the electrical details which 
must be taken into account in the design of the cryotron itself is the fact 
that it is necessary that the current required to control the state of a 
cryotron should be less than the maximum permissible current in the 
cryotron itself. This requirement must be satisfied so that the output of 
one cryotron can control the state of another cryotron. The ratio of the 
maximum permissible current in a superconducting cryotron to the cur- 
rent required in the control winding in order to make the cryotron resistive 
is called the current gain of the cryotron. 

One of the major defects of the wire- wound cryotron is its slow speed 
of operation. The switching time of the cryotron is limited by its L/R 
time constant. The switching time for the wire-wound-cryotron cir- 
cuits which have been constructed is of the order of several hundred 
microseconds. 

The Crossed-film Cryotron 

In order to decrease the L / R time constant of the cryotron and thereby 
increase the speed of operation, a cryotron constructed of thin supercon- 
ducting films has been developed [20,21,22], The construction of a 
typical thin-film cryotron is shown in Fig. 1.5-5. This cryotron is con- 
structed of thin (3,000 A) films of tin and lead, with another thin (3,000 A) 
film of silicon monoxide used as insulation. These films are deposited on 
a glass substrate as illustrated in the figure. The cryotron is operated 
with the lead always remaining superconducting and the tin being 
switched in and out of superconductivity by the field caused by the current 
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Fig. 1.5-5. Typical thin-film cryotron. 


1.5 cryotrons 


Fig. 1.5-6. Symbol for crossed-film 
cryotron. 



in the lead control film. The operating temperature is around 3.6°K. 
The crossed-film cryotron is approximately 1,000 times faster than the 
wire-wound cryotron and, in addition, can be fabricated easily and with 
high densities of gates per unit area by vacuum deposition through suitable 
metal masks. 


Crossed-film-cryotron Circuits 


The symbol which will be used for the crossed-film cryotron is shown 
in Fig. 1.5-6. It is assumed that, when current flows in the vertical 
(control) wire, the gate is m ade resistive so that the horizontal ('gate') wire 
contains a resistance. When no current flows in the vertical wire, both 


A crossed-film-cryotron flip-flop is shown in Fig. 1.5-7. The basic 
bistable element consists of the heavy lines, and the read-in and read-out 
circuitry is represented by the lighter lines. The supply current I 0 flows 



Fig. 1.5-7. A crossed-film-cryotron flip-flop. 
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through one of the two parallel paths between points 1 and 2. If it flows 
straight down through cryotron A, then it will flow through the control 
wire of cryotron B, thereby introducing a resistance into the parallel path 
through cryotron B. In this case the flip-flop will be said to be in the 
RESET state. Conversely, if I„ flows through the control wire of cryo- 
tron A, it will introduce a resistance into the path through cryotron A 
and ensure that all the current will flow through the zero-resistance path 
through cryotron B. The flip-flop is then in the SET state. Current I s 
through cryotron S introduces a resistance into the path through cryotron 
A, causing the supply current to flow through the path through cryotron 
Bin a fashion similar to that described for the wire-wound-cryotron flip- 
flop. Either cryotron C or cryotron D will be resistive, causing all the 
read-out current to appear on either lead y or lead y' . Parallel or series 
connections of the input cryotrons can be used in a fashion similar to that 
described for the wire-wound cryotron to allow combinations of several 
signals to control the flip-flop setting. 


1.6 MAGNETIC CORES 

The magnetic cores which are used in switching circuits are toroidal 
cores constructed either of ceramic ferrite material or of ultrathin fer- 
romagnetic-alloy tape wound on a nonferromagnetic spool (Fig. 1 .6-1) . f 
The characteristics of these cores which make them particularly suitable 
for switching circuits are their nearly rectangular hysteresis loops (Fig. 
1.6-2) and also their low eddy-current losses. Generally the tape cores 
have more nearly rectangular hysteresis loops than the ferrite cores. 

When no current is passing through any of the windings of the core, 
the state of the core corresponds to either point s or point r of the hysteresis 
loop (Fig. 1.6-2). If the core is in state s, the core is said to be set, and if 
it is in state r, it is said to be reset. It is possible to determine which 
state a core is in by the application of a sufficiently large current pulse 

t A common alloy is 4-79 Permalloy (79% Ni, 17% Fe, 4% Mo), which is rolled 
to a ribbon of -j- to £-mil gage. The core might typically consist of 20 wraps of -j-mil 
tape wound on a ceramic bobbin in. wide and in. in diameter. 
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Fig. 1.6-1. A magnetic core. 


1,6 magnetic cores 


r — 4 * ^ 



(greater than H c / N, where N is the number of turns in the winding) . If 
a current corresponding to a positive H, a 'positive current, is applied and 
the core is in state s, the operating point will move to point 6. Since this 
motion involves only a small change of flux, the voltage induced in other 
windings on the core will be small and will have a waveform like that of 
Fig. 1.6-3a. This voltage is called a shuttle voltage. If a positive current 
is applied and the core is in state r, the operating point will move to point 
a and then to point b, following the dotted lines and returning to point s, 
when the pulse terminates. The hysteresis loop is not followed, since 
it is not possible to change the flux instantaneously. In this case a large 
change of flux occurs, inducing a large voltage in other windings on the 
core. This voltage, called the switching voltage, has a waveform like that 
of Fig. 1.6-36. By similar means it is possible to place a core in a pre- 
determined state. A core can thus be used to store a particular setting 
in a fashion similar to a flip-flop. However, there is a fundamental differ- 
ence between a core and a flip-flop : i t is no t p ossib le to det ermine the state 
of a core without applying a resetting pulsef to it, thereby always leaving 
it reset. The setting of a flip-flop can be determined without affecting 
the state. 

t This could equally well be a setting pulse. 



(a) 


Fig. 1.6-3. Core voltage waveform, (a) 
Shuttle voltage; ( b ) switch- 
ing voltage. 
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Equivalent Circuit 


Fig. 1.6-4. General form of graph 
relating -,~ 1 and Nih. 


I£i s a ^ so possible to use a magnetic core for combining binary signals. 
This use of cores depends on the fact that there is a threshold of magnetic 
field strength or, equivalently, of current such that the core will not change 
state, or switch, for smaller values of current and will always change state 
for larger values of current (which are in the proper direction to cause a 
change of state). Before discussing the combination of binary signals, a 
mathematical model for the magnetic core will be derived. 

In characterizing the operation of a magnetic core, the three quantities 
of primary interest are: 


r, the time it takes to reverse a large fraction, about 90 percent, of the 
core flux 

E, the magnitude of the electromotive force (emf) induced in the core 
windings when the core is switched 

v, the magnetic-field-strength threshold 

The relation among these quantities can be determined by measuring 
the switching time r for various values of I h the current in winding 1 . A 
graph is then plotted of 1/r versus NJ h the magnetic field strength due 
to 1 1 . This graph has the general form shown in Fig. 1.6-4. In the 
region of practical interest the points lie approximately on a straight line. 
Thus the relation between r _1 and NJ x can be expressed approximately as 

r-‘ = C(NJi-v) (j. 64 ) 

The intercept of this straight line with the N 1 1 1 axis corresponds to the 
threshold v, since for values of Nil i less than this intercept the core will 
not switch. 

In order to obtain an expression for the voltage e, it is customary to 
assume that the voltage is constant during the time the core is switching. 



Fig. 1.6-5. Square-pulse approxima- 
tion to switching-voltage 
waveform. 
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Fig. 1.6-6. Linear equivalent circuit for a magnetic core 
during the time of switching. 

This means that the actual switching-voltage waveform is being approxi- 
mated by a square pulse (Fig. 1.6-5). While this is a crude and very 
approximate assumption, it has the advantage of leading to a simple 
expression [Eq. (1.6-4)] which is very useful. In designing core circuits 
sufficient margins in the induced voltages must be allowed because of the 
inexactness of Eq. (1.6-4) and the variation in cores. Margins must also 
be allowed in the values of r and v owing to the variation among cores. 

The voltage produced by a changing magnetic field is given by 
E = N (d$/dt). For the magnetic core, with the assumption of constant 
output voltage, this expression becomes 

E = N - (1.6-2) 

T 

where N is the number of turns in the winding and 4> is the total amount 
of magnetic-flux change used in measuring r. By using Eq. (1.6-1) to 
eliminate r, this expression for E becomes 

E = N$C(N i/i - v) (1.6-3) 

which can be expressed as 

E = kN(NJi - v) (1.6-4) 

The voltage induced in the winding in which the input current flows is 
equal to 

Ei = kNSh - kNiv = kNi 2 (ii - (1.6-5) 

This corresponds to an equivalent circuit for the core consisting of a 
resistance equal to kN i 2 in parallel with a current sink equal to v/Ni&s in 
Fig. 1.6-6. This equivalent circuit is valid only while the core is switch- 
i ng. After the switching is completed the equivalent circuit becomes a 
short circuit. 

Combining Input Signals 

All the circuits discussed in Secs. 1.1 to 1.5 had the characteristic that 
d-c signals could be applied to their inputs and d-c signals would then be 
available at the outputs. It is not possible to construct circuits with 
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' magnetic cores which have this property since a magnetic core generates 
a voltage in its windings only when it is changing state. Thus, magnetic - 
core switching circuits must operate either with period ic (sine-wave, 
sq uare-wave, etc.) or pulsed sign als. While some attention has been 
given to core circuits using periodic signals, the use of the cores in these 
circuits has been mainly for amplification, the combination of signals being 
carried out by other devices such as diodes [23]. 

When pulse signals are used, it is customary to operate the cores in a 
cyclic manner. Initially the cores are in the reset state. During the 
input phase each input winding may or may not receive a current pulse. 
Depending on which windings are pulsed, the cores may or may not be 
switched to the set state. All cores are reset during the output phase, 
returning them to their initial state and causing the cores which were set 
during the input phase to generate pulses in their output windings. One 
cycle is then completed, and another input phase follows. 

If a core has n input windings and the circuit is operated so that the 
magnitude of the input pulse applied to winding j is greater than v/Nj, 
the core will switch whenever at least one winding receives an input. 
Thus an output pulse will be generated during the output phase, if wind- 
ing 1 or winding 2 or • • • or winding n was pulsed during the input 
phase. Another possible input arrangement is to have the magnitude of 
the input pulse to winding,;' slightly larger than v/mNj. Then the applied 
magnetic field strength will not exceed v unless at least m out of the n 
input windings are pulsed. Thus an output pulse will occur during the 
output phase only when m or more cores are pulsed during the input 
phase. If m is equal to n, winding 1 and winding 2 and ■ • • and wind- 
ing n must receive input pulses for an output pulse to be generated. This 
mode of operation with m > 1 is less desirable than the connection with 
any input pulse causing the core to be set (m = 1). When m > 1, the 
input pulses must coincide and the current /,• in winding j must satisfy 
the relation v/ mNj < I, < v/(m — 1 )Nj so th at currents in only m — 1 
of the windings will not set the core. When m — 1, the only restriction 
that must be satisfied is Ii > v/Ni. 

Mirror Symbols 

When the diagram for a circuit involving several cores has to be 
drawn, it is inconvenient to represent the cores by circles and coils as in 
Fig. 1.6-1. A neater and clearer diagram results when the so-called 
m irror symbols are u sed (Fi g. 1,6-7). In this figure, the heavy v ertica l 
line represents the core, and each horizontal line represents a winding . 
The sense of the winding is indicated bv the 45° line at the intersect ion of 
the horizo n tal and vertical lines . If current I\ flows as shown by the 
arrow it will apply a magnetomotive force (mmf) of NJi to the core in a 
32 direction to set the core. This is determined by “reflecting” h upward, 
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Fig. 1.6-7. Mirror symbols for magnetic cores, (a) 
Current-flux relations; ( 6 ) induced voltages. 


with the 45° bar at the intersection of the horizontal and vertical lines. 
Similarly, a current Z 3 flowing in the direction of the arrow will tend to 
reset the core. When a current causes the core to switch, the voltage 
induced in the windings is found by reflecting the input current around 
the core as shown for 7i in Fig. 1 .6-7 b. This input current would produce 
a voltage in N 2 tending to drive current to the left and a voltage in N 3 
tending to drive current to the right. 

Output Connections 

There are many techniques used for interconnecting magnetic cores. 
The simplest type of output connection is the so-called T type shown in 
Fig. 1.6-8. During the input phase, the signals present in the input wind- 
ings will determine which cores are switched to the set state. During the 
output phase, all the cores will be reset by the advance pulse. Any cores 
which were set (during the input phase) will be switched by the advance 
pulse and will develop voltages across their output windings N 0 (dotted 
line in Fig. 1.6-8). These output voltages will cause a current to flow 
through the output impedance Z, which may be the input winding to 
another core, the input to a flip-flop, etc. Output current will flow 
through Z if one or more of the cores was set during the input phase. 
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The diode in series with Z is present to prevent current from flowing in 
the output circuit when the cores are being set during the input phase. 

A somewhat more useful type of output connection is the A B type 
shown in Fig. 1.6-9. In developing this circuit it has been assumed that 
during the input phase one of the cores will always be set and the other 
core will be left reset. During the output phase, the advance pulse will 
cause the set core to be switched to the reset state, and a voltage will be 
developed in the output winding of the switched core (dotted lines in 
Fig. 1.6-9). There are two parallel paths for the advance current to fol- 
low between points B and G. The voltage of the output winding of the 
switched core appears as an emf opposing the advance current in one of 
these branches. Consequently the advance current will flow through the 
output impedance (Z % >, or Z x ), which is not in series with the output 
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Fig. 1.6-9. AB-type output connection. 
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winding of the switched core. In general, there will be many parallel 
cores, all cores except one will have a back emf present during the 
output phase, and the advance current will flow only through the core 
which does not have the back emf. 

A similar connection, the AF type, is shown in Fig. 1.6-10. This con- 
nection also has several parallel paths for the advance current, but differs 
from the AB type in that the output- winding voltage is in a direction 
which aids rather than opposes the advance current. In this connection, 
only one core is set during each input phase. The advance current flows 
through the impedance in series with the core switched (reset) during the 
output phase. 


1.7 SYMBOLS FOR ELECTRONIC GATES 

The remaining chapters of this book will be concerned with the prob- 
lem of how to interconnect the basic circuits or gates described in this 
chapter in order to achieve a specified performance. In forming these 
interconnections of gates the detailed electrical characteristics will not be 
of interest. Rather the relationship between the combinations of high 
and low signals appearing at the network outputs will be of prime concern. 
Since the detailed structure of the gates is not of interest, it is appropriate 
to have a symbolic representation for each gate that describes only the 
relation between the binary input and output signals. The symbols 
which will be used in the remaining chapters are described here. 

Usually it will not be necessary to use symbols for any amplifiers which 
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Fig. 1.7-1. Amplifier symbols, (a) 
Amplifier symbol; (b) in- 
verter symbol. 

may be included in a network, since an amplifier presents the same binary 
signal at its output as is present at the input. In those few cases in which 
an amplifier must be explicitly shown, the symbol of Fig. 1.7-la will be 
used. Whenever an inverting amplifier, or INVERTER, such as shown 
in Fig. 1.2-4 is included in a network, it will be necessary to use an explicit 
symbol to represent it. The output of an INVERTER is always at the 
opposite binary level from the input. The INVERTER symbol is shown 
in Fig. 1.7-16, where the inversion is indicated by the circle at the output 
terminal. 

Figure 1.7-2 shows the two symbols which will be used to represent 
the AND gate and OR gate of Fig. 1.3-2. The AND gate symbol repre- 
sents a circuit in which there will be a high voltage E H at the output 
terminal only when there is a high voltage E H present at all the input 
terminals. The OR-gate symbol represents a circuit in which the presence 
of a high voltage E H at any one (or more) of the input terminals will cause 
a high voltage E H to be present at the output terminal. 

Symbols are now required for the OR-NOT gate (Figs. 1.2-5, 1.4-9, 
1.4-12, 1.4-13) and the AND-NOT gate (Figs. 1.2-7, 1.4-10, 1.4-14). One 
possibility would be to form symbols for these gates by combining the 
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Fig. 1.7-2. 


Symbols for AND gate 
(a) and OR gate (6). 
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*1 
*2 

e n 

e 0 = E l if and only if at least one of 
the e[ (i = 1, 2, ... , n) is equal to E H 

(a) 

Fig. 1.7-3. Two possible repre- 
sentations for OH - 
NOT gates, (a) In- 
verter at output; (6) 
inverters at inputs. 

INVERTER symbol with the AND-gate or OR-gate symbol. Since the 
OR-NOT gate has a low output voltage ( E L ) only when at least one input 
has a high voltage (E H ) and the OR gate has a high output voltage when 
at least one input has a high voltage, it is appropriate to represent the 
OR-N OT gate by an OR gate followed by an INVERTER as in Fig. 1 .7-3a. 

An alternative is to represent the OR-NOT gate by an AND gate with 
an INVERTER connected to each input (Fig. 1 .7-3 b) . An OR-N OT gate 
has a high output voltage only when there is a low voltage at all the input 
terminals, and an AND gate has a high output voltage only when there is 
a high voltage at all the input terminals. While these symbols follow 
logically from the previous symbols, they are too cumbersome for extensive 
use. More useful symbols are obtained by removing the INVERTER 
and attaching the circles directly to the gate symbol as in Fig. 1.7-4. 

Two symbols are shown in this figure even though only one is really 
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Fig. 1.7-4. OR-NOT gate symbols, (a) 
Output inversion; (6) input 
inversion. 
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Fig. 1.7-5. AND-NOT gate symbols. 

(a) Output inversion; ( b ) 
input inversion. 
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Fig. 1.7-6. Generalized gate sym- 
e 0 = 1 if and only if e, = e 2 = E H and e 3 = E L bol. 

required. Both these symbols will be used in the following chapters for 
reasons which will be discussed in Chap. 3 in connection with analyzing 
networks of OR-N OT gates. The same general principles apply to AND- 
NOT gates, and a similar line of reasoning results in the symbols shown 
in Fig. 1.7-5 for AND-NOT gates. 

It is possible to generalize these symbols to gates in which some but not 
all of the inputs have inversion present. This is illustrated in Fig. 1.7-6. 
Occasionally a need will arise for a symbol for a gate which cannot be 
represented by such a generalization. For example, it is possible to have 
a gate for which the output is high if an odd number of the inputs are 
high. Special symbols, in this case the symbol ®, will be adopted for 
such specialized operations, and the gate symbols will be the AND-gate 
symbol with the special operation symbol placed inside it as in Fig. 1.7-7a. 
Another common special gate is the gate for which the output is high if 
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Fig. 1.7-7. Special gate symbols, 
gate. 
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and only if T or more inputs are high. The symbol for this gate will be 
the AND-gate symbol with the number T placed inside it, as in Fig. 1.7-76. 

Problems 


1. Design a circuit using keys to control a light from two locations. Specify 
the type of switch that would be used by means of the symbols given in the 
text. 

2. What happens in the circuit of Fig. Pl-2? 


*' x 

JJ-J1 — G5OT1P — llll— ^ 
Fig. Pl-2 — ~ 


3. For the circuit of Fig. Pl-3 in which e, = Eh or El: 

(а) Give a word statement for the conditions when e„ will be equal to Eh. 

(б) Give a word statement for the conditions when e Q will be equal to El. 



4. In Sec. 1.2 it was demonstrated that triodes and pentodes sharing a common 
plate resistor could be used for combining binary signals. 

(а) Which of the transistor-diode and transistor-resistor circuits of Sec. 1.4 
can be combined by means of a common-collector resistor? Explain. 

(б) Which of the connections discussed in (a) are useful? Explain. 

5. (a) Derive an equivalent circuit for E 2 when the core of Fig. P 1-5 is switching 
( v and k are core parameters). 

(6) When is k measured at N i equal to k measured at A r 2 ? 



6. The circuit of Fig. Pl-6 is to be analyzed. The generator produces a train 
of alternating positive and negative rectangular current pulses whose ampli- 
tude is sufficient to switch the core back and forth completely. 

When R l is infinite, we assume that the following relations hold during 
the switching time: 
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E, = Ni — 

T 

T ~ 1 = | WJi ~ r) 

Given that for the configuration above 

Ni = 5 turns 

N 0 = 10 turns 

Rl = 20 ohms 
<t> = 5 X 10 -1 volt-sec/turn 
k = 0.2 ohm/turn 2 3 4 
v = 0.25 amp-turns 

find the equivalent linear circuit of the core as seen by the current-pulse 
generator during switching time. 


J 


Current-pulse 

generator 


— A 


k< 

m N 

JL 

l 

^>0 



Fig. PI. 6 


7. Given an AND-NOT gate constructed as shown in Fig. Pl-7. The gate 
output saturates (at essentially 0 volts) if nine inputs are grounded and 
—3 volts is impressed on the tenth input. What is the maximum number 
of inputs of similar gates which can be driven by the output of one such gate 
if stray loads are neglected? 
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2 NUMBER SYSTEMS 
AND CODES 


Arithmetic operations using decimal numbers are quite com- 
mon. However, in logical design it is necessary to perform manip- 
ulations in the so-called binary system of numbers because of the 
on-off nature of the physical devices used. The present chapter is 
intended to acquaint the reader with the fundamental concepts 
involved in dealing with number systems other than decimal. In 
particular, the binary system is covered in considerable detail. 


2.1 POSITIONAL NOTATION [1,2,3] 

An ordinary decimal number can be regarded as a polynomial 
in powers of 10. For example, 423.12 can be regarded as 4 X 10 2 + 
2 X 10 1 + 3 X 10° + 1 X 10 -1 + 2 X 10 -2 . Decimal numbers 
like this are said to be expressed in a number system with base , or 
radix, 10 because there are 10 basic digits (0,1,2, ... ,9) from 
which the number system is formulated. In a similar fashion we 
can express any number A in a system using any base b. We shall 
write such a number as ( N) b . Whenever (N) b is written, the con- 
vention of always expressing b in base 10 will be followed. Thus 
(N) h = (p n p„_! . . . pjpo . P- 1 P -2 • . . p~m)b, where b is an integer 
greater than 1 and 0 < p, < b — 1. The value of a number 
represented in this fashion, which is called p ositional notation, is 
given by 

(N) b = p n b n + pn-J)"- 1 + • • ■ + p 0 b° + p^b- 1 

+ p _ 2 &- 2 + • • • + ( 2 . 1 - 1 ) 

n 

(N) b = £ p,¥ (2.1-2) 

i = —m 

For decimal numbers, the symbol is called the decimal point; 
for more general base-6 numbers, it is called the radix point. That 


Table 2.1-1. Integers in Various Bases 


2.1 positional notation 


2 

3 

4 

5 

Base b 
• • • 10 

11 

12 • ■ 

■ 15 

0000 

000 

00 

00 

00 

00 

00 

00 

0001 

001 

01 

01 

01 

01 

01 

01 

0010 

002 

02 

02 

02 

02 

02 

02 

0011 

010 

03 

03 

03 

03 

03 

03 

0100 

Oil 

10 

04 

04 

04 

04 

04 

0101 

012 

11 

10 

05 

05 

05 

05 

0110 

020 

12 

11 

06 

06 

06 

06 

0111 

021 

13 

12 

07 

07 

07 

07 

1000 

022 

20 

13 

08 

08 

08 

08 

1001 

100 

21 

14 

09 

09 

09 

09 

1010 

101 

22 

20 

10 

0 A 

0 A 

0 A 

1011 

102 

23 

21 

11 

10 

0B 

0B 

1100 

110 

30 

22 

12 

11 

10 

0 C 

1101 

111 

31 

23 

13 

12 

11 

0 D 

1110 

112 

32 

24 

14 

13 

12 

0 E 

mi 

120 

33 

30 

15 

14 

13 

10 


portion of the number to the right of the radix point (p_ip_ 2 • • • p_ m ) 
is called the fractional part,, and the portion to the left of the radix point 
(p„p„~ i • ■ • po) is called the integral p art. 

The integers from 0 to 15 are given in Table 2.1-1 for several bases. 
Since there are no coefficient values for the range 10 to 6-1 when b > 10, 
the letters A, B, C, . . . are used in the table. 


Conversion of Base 

In order to make use of nondecimal number systems, it is necessary to 
be able to convert a number expressed in one base into the correct repre- 
sentation of the number in another base. One way of doing this makes 
direct use of the polynomial expression (2.1-1). For example, consider 
the base-2 number (1011.101)2. The corresponding polynomial expres- 
sion is 


1 X 2 3 + 0 X 2 2 + 1 X 2 1 + 1 X 2° + 1 X 2" 1 + 0 X 2~ 2 + 1 X 2- 3 
or 


8 + 2 + 1 + 


l + 


1 

s 
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or 

11# = 11.625 

This technique of directly evaluating the polynomial expression for a 
number is a general method for converting from an arbitrary base 61 to 
another arbitrary base bi. For convenience it will be called the poly- 
rwroiaLmethod. It consists in: 

1. Expressing the number ( N )&, as a polynomial, with base-6 2 numbers 
used in the polynomial 

2. Evaluating the polynomial, base-6 2 arithmetic being used 

This polynomial method is most often used by human beings when a 
number is to be converted to base 10, since it is then possible to use decimal 
arithmetic. 

This method for converting numbers from one base to another is the 
first example of one of the major goals of this book: the development of 
algorithms. In general terms, an algorithm is a list of instructions speci- 
fying a sequence of operations which will give the answer to any problem 
of a given type [4,5], The important characteristics of an algorithm are 
(1) that it is fully specified and does not rely on any skill or intuition on 
the part of the person applying it and (2) that it always works, i.e., that 
a correct answer is always obtained. 

It is not always convenient to use base-6 2 arithmetic in converting 
from base b i to base 6 2 . An algorithm for carrying out this conversion 
by using base-6 1 arithmetic will be discussed next. This discussion is 
specifically for the situation in which 6i = 10, but it can easily be extended 
to the more general case. This will be called the iterative method , since 
it involves iterated multiplication or division. 

In converting (IV) io to (N) b the portions to the left and to the right 
of the decimal point are converted separately. First, consider the portion 
to the left. The general conversion procedure is to divide (iV)io by 6, 
giving (iV)io/6 and a remainder. The remainder, call it p 0 , is the least 
significant (rightmost) digit of (N) b . The next least significant digit pi 
is the remainder of (N)io/b divided by 6, and succeeding digits are obtained 
by continuing this process. A convenient form for carrying out this con- 
version is illustrated in the following example. 

Example 2.1-1 

(a) (23) jo = (10111), 2 

2 
2 
2 
2 


23 (Remainder) 
U 1 

_5 1 

_2 1 

J 0 

0 1 
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(b) (23) 10 = 

(27) 8 

8 

23 

(Remainder) 



8 

2 

7 




0 

2 

(c) (410) 10 = 

= (3120) 5 

5 

410 

(Remainder) 



5 

82 

0 



5 

16 

2 

j 


5 

3 

1 




0 

3 


Now consider the portion of the number to the right of the decimal 
point, i.e., the fractional part. The procedure for converting this is to 
multiply (N)io (fractional) by b. If the resulting product is less than 1, 
then the most significant (leftmost) digit of the fractional part is 0. If 
the resulting product is greater than 1, the most significant digit of the 
fractional part is the integral part of the product. The next most signifi- 
cant digit is formed by multiplying the fractional part of this product by 
b and taking the integral part. The remaining digits are formed by 
repeating this process. The process may or may not terminate. A con- 
venient form for carrying out this conversion is illustrated below. 

Example 2.1-2 


(a) (0.625) 10 

= (0.5)8 

0.625 X 8 

= 

5.000 

| 0.5 


(b) (0.23) 10 = 

= (0.001110 • • •)» 

0.23 

X 2 

— 

0.46 

0.0 




0.46 

X 2 

= 

0.92 

0.00 




0.92 

X 2 

- 

1.84 

0.001 




0.84 

X 2 

= 

1.68 

0.0011 




0.68 

X 2 

= 

1.36 

0.00111 




0.36 

X 2 

= 

0.72 

0.001110 


(c) (27.68) xo 

= (11011.101011 • • 

•) 2 = (33.53 • 


*) 8 



2 27 


0.68 

X 2 

= 

1.36 

0.1 


2 l3 

1 

0.36 

X 2 

= 

0.72 

0.10 


2 ~6 

1 

0.72 

X 2 

= 

1.44 

0.101 


2 ~ 3 

0 

0.44 

X 2 

= 

0.88 

0.1010 


2 1 

1 

0.88 

X 2 

- 

1.76 

0.10101 


0 

1 

0.76 

X 2 

= 

1.52 

0.101011 • • • 


8 27 


0.68 

X 8 

= 

5.44 

0.5 


8 3 

3 

0.44 

X 8 

= 

3.52 

0.53 


0 

3 
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This latter example illustrates the simple relationship between the 
base-2 (binary) system and the base-8 (octal) system. The binary digits, 
called bits, are taken three at a time in each direction from the binary 
point and are expressed as decimal digits to give the corresponding octal 
number. For example, 101 in binary is equivalent to 5 in decimal; so the 
octal number in part c above has a 5 for the most significant digit of the 
fractional part. The conversion between octal and binary is so simple 
that the octal expression is sometimes used as a convenient shorthand for 
the corresponding binary number. 

When a fraction is converted from one base to another, the conversion 
may not terminate, since it may not be possible to represent the fraction 
exactly in the new base with a finite number of digits. For example, con- 
sider the conversion of (0.1) 3 to a base-10 fraction. The result is clearly 
(0.33 ■ • • 3) io, which can be written as (0.3) i 0 to indicate that the 3’s 
are repeated indefinitely. It is always possible to represent the result of 
a conversion of base in this notation, since the nonterminating fraction 
must consist of a group of digits which are repeated indefinitely. For 
example, (0.2) „ = 2 X ll" 1 = (0.1818 • • -)io = (0.l8)io. 

It should be pointed out that by combining the two conversion methods 
it is possible to convert between any two arbitrary bases by using only 
arithmetic of a third base. For example, to convert (16) 7 to base 3, first 
convert to base 10, 


(16)7 = lX7‘ + 6X7» = 7 + 6 = (13)! 
Then convert (13) w to base 3, 


13 

_4 

_1 

0 


(Remainder) 

1 

1 

1 


(16)7 = (13) 10 = (111) 3 


2.2 BINARY ARITHMETIC 

Many modern digital computers employ the binary (base-2) number 
system to represent numbers, and carry out the arithmetic operations 
using binary arithmetic. While a detailed treatment of computer arith- 
metic [6,7] is not within the scope of this book, it will be useful to have the 
elementary techniques of binary arithmetic available. In performing 
decimal arithmetic it is necessary to memorize the tables giving the results 
of the elementary arithmetic operations for pairs of decimal digits. 
Similarly, for binary arithmetic the tables for the elementary operations 
for the binary digits are necessary. 
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Binary Addition 

The binary addition table is as follows : 


Carry 

0 + 0 = 0 0 

0 + 1 = 1 0 

1 + 0 = 1 0 

1 + 1 = 0 1 


Addition is performed by writing the numbers to be added in a column 
with the binary points aligned. The individual columns of binary digits, 
or bits, are added in the usual order according to the above addition table. 
Note that in adding a column of bits, there is a 1 carry for each pair of l’s 
in that column. These 1 carries are then treated as bits to be added in 
the next column to the left. A general rule for add ition of a column of 
numbers (using an; 


column decimally and divide by 
the base. The remainder is entered as the sum for that column, and the 
quotient is carried to be added in the next column. 

Example 2.2-1 

Base 2 

10011 11 = Carries 

1001.011 = (9.375) io 
+ 1101.101 = (13.625) 10 
10111.000 = (23) io = Sum 

Binary Subtraction 

The binary subtraction table is as follows: 


Borrow 

0-0 = 0 0 

0-1 = 1 1 

1-0 = 1 0 

1 - 1=0 0 


Subtraction is performed by writing the minuend over the subtrahend 
with the binary points aligned and carrying out the subtraction according 
to the above table. If a borrow occurs and the next leftmost digit of the 
minuend is a 1, it is changed to a 0 and the process of subtraction is then 
continued from right to left. 
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Base 2 


Borrow 1 

0 

Minuend 10 

Subtrahend —01 

Difference 01 


Base 10 



If a borrow occurs and the next leftmost digit of the minuend is a 0, then 
this 0 is changed to a 1, as is each successive minuend digit to the left 
which is equal to 0. The first minuend digit to the left which is equal to 1 
is changed to 0, and then the subtraction process is resumed. 


Base 2 Base 10 


Borrow 

1 



011 


Minuend 

1X000 

24 

Subtrahend 

-10001 

-17 

Difference 

00111 

7 

Borrow 

1 1 



01011 


Minuend 

10X000 

40 

Subtrahend 

-011001 

-25 

Difference 

001111 

15 

Complements 




It is possible to avoid this subtraction process by using a complement 
representation for negative numbers. This will be discussed specifically 
for binary fractions, although it is easy to extend the complement tech- 
niques to integers and mixed numbers. The 2’s complement ( 2 B) of a 
binary fraction B is defined as follows: 

2 B = (2 - B) 10 = (10 - B) t 

Thus 2 (0.1101) = 10.0000 — 0.1101 = 1.0011. A particularly simple 
means of carrying out the subtraction indicated in the expression 
for 2 (0.1101) is obtained by noting that 10.0000 = 1.1111 + 0.0001. 
Thus 10.0000 - 0.1101 = (1.1111 - 0.1101) + 0.0001. The subtrac- 
tion 1.1111 — 0.1101 is particularly easy, since all that is necessary is to 
reverse each of the digits of 0.1101 to obtain 1.0010. Finally the addition 




48 


V 


2.2 binary arithmetic 

of 0.0001 is also relatively simple and yields 1.0011. In general the process 
of forming 2 B involves reversing the digits of B and then adding .00 • ■ • 

01 . 

The usefulness of the 2’s complement stems from the fact that 
it is possible to obtain the difference A — B by adding 2 B to A. Thus 

A + 2 B = (A + 10 — B), = (10 + (A — B)) a . If (A - B) > 0, then 

(10 A A 5) 2 will be 10 plus the positive fraction (A — B). It is thus 
possible to obtain A — B by dropping the leftmost 1 in A + 2 B. For 
example, 

A = 0.1110 A = 0.1110 

-B = 0.1101 + 2 B = 1.0011 

.0001 10.0001 


If (A — B) < 0, then A + 2 B = (10 — \A — B|) 2 , which is just equal to 
7 (A — B), the 2’s-complement representation of A — B. For example, 

A = 0.1101 A = 0.1101 

-B = -0,1110 +2# = 1.0010 

-0.0001 1.1111 2 (0.0001) = 1.1111 

The l’s complement is also very commonly used. This is defined as 
l B = (10 - 0.000 • • • 1 - B) t 



l Q 

O V 

\ ^ 

V.) 

</ 




where the location of the 1 in 0.000 • • • 1 corresponds to the least 
significant digit of B. Since (10 - .000 • • • 1) 2 is equal to 01.111 • ■ • 
1, it is possible to form *5 by reversing the digits of B and adding a 1 
before the radix point. Thus 1 (.1101) = 1.0010. 

If A + hB is formed, the result is (A - B + 10 - .000 • • • 1) 2 . 
If (A — B) > 0, this can be converted to A — B by removing the (10) 2 
and adding a 1 to the least significant digit of A + l B. This is called 


an end-around carry. 

For example: 


A = 0.1110 

A = 0.1110 


-B = 0.1101 . 

+ 'B = + 1.0010 


.0001 

A + 'B = ( 10.0000 



1 

O 

o 

q 

+ 

End-around carry 

so that 

.ooof 

A - B = .0001 


If (A — B) < 0, then A + X B will be the l’s 

complement of |^4 — 

For example, 

A = 0.1101 

A = 0.1101 

— B = -0.1110 

hB = 1.0001 


-0.0001 

A + 1 B = 1.1110 1 

(.0001) = 1.1110 
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The radix complement of a base-6 fraction F is defined as 
b F = (10 - F) t 

and the diminished radix complement is defined as 
= (10 - F - .000 - • • l) b 

Similar procedures hold for the formation of the complements and their 
use for subtraction . 

When integers or mixed numbers are involved in the subtractions, the 
definitions of the complements must be generalized to 

W = (100 • • • 0. - N) t 

and 

*-W = (100 • • • 0. - N - .00 • • • 1)» 

where 100 ■ • • 0 contains two more digits than any integer to be encoun- 
tered in the subtractions. For example if (N) 2 = 11.01, then 


II 

CS 

§ 

C * 

1000.00 

- 11.01 


= 

111.11 

- 11.01 

+ .01 

= 

100.10 

+ .01 


= 

100.11 



M = 

11.10 

M = 

11.10 

-N = ■ 

-11.01 

•N = 

100.11 


0.01 


1000.01 


T 

Discard 

Shifting 

In carrying out multiplication or division there are intermediate steps 
which require that numbers be shifted to the right or the left. Shifting a 
base-6 number k places to the right has the effect of multiplying the 
number by b~ k , and shifting k places to the left is equivalent to multiplica- 
tion by b +k . Thus, if 

n 

(N)b = X P& = (PnPn-l ■ • ■ PlPo ■ P-lP-2 ‘ • • P-m) b 

t = —m 

shifting ( N) b k places to the right yields 

n 

(PnPn-1 ' ' ■ PlPoP-1 ' ' • P-* • P-lc - 1 • ' ' P- m )b = X P^ 

i = —m 

and 

n n 

X Pib i+k = b k Y, pt>' = b k (N)h 

i = —m % = — m, 

A similar manipulation shows the corresponding situation for left shifts. 
Shifting the binary point k places ( k positive for right shifts and negative 
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for left shifts) in a binary number multiplies the value of the number by 
2*. For example, 

(110.101) 2 = (6.625) io 

(1.10101)2 = 2~ 2 (6.625)io = = (1. 65625) 1( i 

(11010.1) 2 = 2 +2 (6.625) 10 = (4 X 6.625) 10 = (26.5) 10 

Binary Multiplication 

The binary multiplication table is as follows : 

0X0 = 0 

0X1 = 0 

1X0 = 0 

1X1 = 1 

The process of binary multiplication is illustrated by the following example : 

110.10 , Multiplicand 
10.1 Multiplier 

11010 Partial product 

00000 Partial product 

11010 Partial product 

10000.010 

For every digit of the multiplier which is equal to 1, a partial product is 
formed consisting of the multiplicand shifted so that its least significant 
digit is aligned with the 1 of the multiplier. An all-zero partial product is 
formed for each 0 multiplier digit. Of course, the all-zero partial products 
can be omitted. The final product is formed by summing all the partial 
products. The binary point is placed in the product by using the same 
rule as for decimal multiplication : the number of digits to the right of the 
binary point of the product is equal to the sum of the numbers of digits to 
the right of the binary points of the multiplier and the multiplicand. 

The commonest technique for handling the multiplication of negative 
numbers is to use the process just described to multiply the magnitudes of 
the numbers. The sign of the product is determined separately, and the 
product is made negative if either the multiplier or the multiplicand but 
not both are negative. It is possible to carry out multiplication directly 
with negative numbers represented in complement form [6, pp. 161-165; 
7, secs. 3.2 and 3.3], but this is a specialized technique and will not be 
discussed here. 

Binary Division 

Division is the most complex of the four basic arithmetic operations. 
Decimal long division as taught in grade school is a trial-and-error process. 
For example, in dividing 362 by 46 one must first recognize that 46 is 


51 


Number Systems and Codes 


larger than 36 and then must guess how many times 46 will go into 362. 
If an initial guess of 8 is made and the multiplication 8 X 46 = 368 is 
carried out, the result is seen to be larger than 362 so that the 8 must be 
replaced by a 7. This process of trial and error is simpler for binary 
division because there are fewer possibilities in the binary case. 

In order to implement binary division in a digital computer a division 
algorithm must be specified. Two different algorithms, called restoring 
and nonrestoring division, are used. 

Restoring division is carried out as follows : In the first step the divisor 
is subtracted from the dividend with their leftmost digits aligned. If the 
result is positive, a 1 is entered as the quotient digit corresponding to the 
rightmost digit of the dividend from which a digit of the divisor was sub- 
tracted. The next rightmost digit of the dividend is appended to the 
result, which then becomes the next partial dividend. The divisor is then 
shifted one place to the right so that its least significant digit is aligned 
with the rightmost digit of the partial dividend, and the process just 
described is repeated. 

If the result of subtracting the divisor from the dividend is negative, a 0 
is entered in the quotient and the divisor is added back to the negative 
result so as to restore the original dividend. The divisor is then shifted 
one place to the right, and subtraction is carried out again. The process 
of restoring division is illustrated in the following example: 


Divisor = 1 1 

1 1 

Dividend = 1 

i 

0 

0 











9o 

9- 

-i9- 

■2 9- 

3 9- 

-4 9-5 






0 

.1 

1 

0 

0 

1 



1 1 1 l/l 

l 

T 

0 

FT 

0 

0 

0 

~~0 

Subtract 


1 

l 

l 

1 






Negative result 

qo = o 

-o" 

0 

T 







Restore 


+i 

i 

l 

1 








i 

i 

~~o 

— 0 

0 





Subtract 



i 

l 

1 

i 





Positive result 

9-i = 1 


i 

~0 

0 

T 

0 




Subtract 




1 

1 

i 

1 




Positive result 

q - 2 = 1 


o" 

"0 

0 

~T 

~1 

0 



Subtract 





1 

i 

1 

1 



Negative result 

9-3 = 0 




-1 

T 

0 




Restore 





+1 

i 

1 

1 








0 

"T 

1 

“5 

0 


Subtract 






l 

1 

i 

1 


Negative result 

9-4 = 0 




- 


0 

i 

~T 


Restore 





+1 

1 

i 

1 








i 

1 

0 

~~0 

0 

Subtract 







1 

l 

1 

1 

Positive result 

9-5 = 1 






1 

0 

0 

1 (Remainder) 
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In .nonrestoring division , the step of adding the divisor to a negative 
partial dividend is omitted, and instead the shifted divisor is added to the 
negative partial dividend. This step of adding the shifted divisor replaces 
the two steps of adding the divisor and then subtracting the shifted divisor. 
This can be justified as follows : If X represents the negative partial dividend 
and Y the divisor, then \Y represents the divisor shifted one place to the 
right. Adding the divisor and then subtracting the shifted divisor 
yields X + Y — £Y = X ?Y, while adding the shifted divisor yields 
the same result, X + $Y. The steps which occur in using nonrestoring 
division to divide 1100 by 1111 are shown in the following example: 


Divisor = 1111 


Subtract 

Negative result q 0 = 0 
Shift and add 
Positive result g_i = 1 
Shift and subtract 
Positive result g_ 2 = 1 
Shift and subtract 
Negative result g_ 3 = 0 
Shift and add 
Negative result ?_ 4 = 0 
Shift and add 
Positive result ?_ 6 = 1 


Dividend = 110 0 


9 o g-ig_2 5-3g-4?_5 
0 .1 10 0 1 


1 1 1 l/l 1 0 0 .0 0 0 0 0 

1111 


-00110 
+ 1111 
+1001 0 
- 1111 
+0011 0 
- 1111 


-10 0 
+ 1 1 


-00110 
+ 1111 


+ 10 0 1 (Remainder) 


2.3 BINARY CODES 

The binary number system has many advantages and is widely used 
in digital systems. However, there are times when binary numbers are 
not appropriate. Since we think much more readily in terms of decimal 
numbers than binary numbers, facilities are usually provided so that data 
can be entered into the system in decimal form, the conversion to binary 
being performed automatically inside the system. In fact many com- 
puters have been designed which work entirely with decimal numbers. 
For this to be possible, a scheme for representing each of the 10 decimal 
digits as a sequence of binary digits must be used. 

Binary -coded- decimal Numbers 

In order to represent 10 decimal digits, it is necessary to use at least 
4 binary digits, since there are 2 4 , or 16, different combinations of 4 binary 
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Table 2.3-1. Some Common 4-bit Decimal Codes 


Decimal 

digits 

8 

b. 

4 

&2 

2 

b } 

1 

bo 

8 

4 - 

- 2 - 

-1 

2 

4 

2 

1 

Excess- 3 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

1 

1 

0 

0 

0 

1 

0 

1 

1 

1 

0 

0 

0 

1 

0 

1 

0 

0 

2 

0 

0 

1 

0 

0 

1 

1 

0 

0 

0 

1 

0 

0 

1 

0 

1 

3 

0 

0 

1 
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digits but only 2 3 , or 8, different combinations of 3 binary digits. If 4 
binary digits, or bits, are used and only one combination of bits is used to 
represent each decimal digit, there will be six unused or invalid code words. 
In general any arbitrary assignment of combinations of bits to digits can 
be used so that there are 161/6! or approximately 2.9 X 10 10 possible 
codes. Only a few of these codes have ever been used in any system, since 
the arithmetic operations are very difficult in all but a few of these codes. 
Several of the more common 4-bit decimal codes are shown in Table 
2.3-1. 


The 8,4,2, 1 code is obtained by taking the first 10 binary numbers and 
assigning them to the corresponding decimal digits. This code is an 
example of a weighted code , since the decimal digits can be determined from 
the binary digits by forming the sum d = 86 3 + 46 2 + 2 bi + b 0 . The 
coefficients 8, 4, 2, 1 are known as the code weights. The number 462 
would be represented as 0100 0110 0010 in the 8,4,2, 1 code. It has 
been shown [8] that there are onlyJ J different sets of weights po ssible for 
a positively weighted code : (3, 3, 3,1), 1 ) , 

(4. 4. 2.1) , (5, 2, 2,1), (5, 3, 1,1), (5, 3, 2,1), (5, 4, 2,1), (6, 2, 2,1), (6, 3, 1,1), 

(6. 3. 2.1) , (6, 4, 2,1), (7, 3, 2,1), (7, 4, 2,1), (8, 4, 2,1). 


It is also possible to have a weighted code in which some of the weights 
are negative, as in the 8,4, -2, - 1 code shown in Table 2.3-1. This code 
has the useful property of being self -complementing : if a code word is 
formed by taking the complement of each bit, then this new code word 
represents the 9’s complement of the digit to which the original code word 
corresponds. For example, 0101 represents 3 in the 8,4, -2, - 1 code, and 
1010 represents 6 in this code. In general, if b' denotes the com plement of 
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Table 2.3-2. Some Decimal Codes Using More than 4 Bits 


Decimal 

digits 

2-out-of-b 

Biquinary 

5043210 

0 

00011 

0100001 

1 

00101 

0100010 

2 

00110 

0100100 

3 

01001 

oiloiooo 

4 

01010 

0110000 

5 

01100 

1000001 

6 

10001 

1000010 

7 

10010 

1000100 

8 

10100 

1001000 

9 

11000 

1010000 


bj , then a co de is self-compleme nting if, for any code word bjbibibo repre- 
senting a digit d it the code word b' z b[b[b' a represents 9 — d,-. The 2, 4, 2,1 
code of Table 2.3-1 is an example of a self-complementing code having all 
positive weights, and the excess-3 code is an example of a code which is 
self-complementing but not weighted. The excess-3 code is obtained 
from the 8,4,2, 1 code by adding (using binary arithmetic) 0011 (or 3) to 
each 8,4,2, 1 code word to obtain the corresponding excess-3 code 
word. 

Although 4 bits are sufficient for representing the decimal digits, it is 
sometimes expedient to use more than 4 bits in order to achieve arithmetic 
simplicity or ease in error detection. The 2-out-of-5 code shown in Table fhss-Jtt, 
2_i3- 2 has the property that each code word has exactly two l’ s. — A single 
error which complements 1 of the bits will always produce an invalid code 
word and is therefore easily detected. This is an unweighted code. The 
biquinary code shown in Table 2.3-2 is a weighted code in which 2 of the 
bits specify whether the digit is in the range 0 to 4 or the range 5 to 9 and 
the other 5 bits identify where in the range the digit occurs. This code 
was used in the IBM 650 computer. 



2.4 GEOMETRIC REPRESENTATION OF BINARY NUMBERS 

An n-bit binary number may be represented by what is called a •point 
in n -space. To see just what is meant by this, consider the set of 1-bit 
binary numbers, that is, 0 and 1. This set can be represented by two 
points in 1-space, i.e., by two points on a line. Such a representation is 
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(a) 


o 

(b) 


i 

-o 



Fig. 2.4-1. n-Cubes for n = 0, 1, 2, 3. (a) 0- 

Cube; (6) 1-cube; (c) 2-cube; ( d ) 
3-cube. 



called a l-cw&e and is shown in Fig. 2.4-16. (A 0-cube is a single point in 
0-space.) 

Now consider the set of 2-bit binary numbers, that is, 00, 01, 10, 11 
(or, decimally, 0,1, 2, 3). This set can be represented by four points (also 
called vertices, or nodes) in 2-space. This representation is called a 2-cube 
and is shown in Fig. 2.4-lc. Note that this figure can be obtained by pro- 
jecting the 1-cube (i.e., the horizontal line with two points) downward and 
by prefixing a 0 to the 0 and 1 on the original 1 cube and a 1 to 0 and 1 on 
the projected 1-cube. A similar projection procedure can be followed in 
obtaining any next-higher-dimensional figure. For example, the repre- 
sentation for the set of 3-bit binary numbers is obtained by projecting the 
2-cube representation of Fig. 2.4-lc. A 0 is prefixed to the bits on the 
original 2-cube, and a 1 is prefixed to the bits on the projection of the 
2-cube. Thus, the 3-bit representation, or 3-cube, is shown in Fig. 2.4-ld. 

A more formal statement for the projection method of defining an 
n-cube is as follows : 

1. A 0-cube is a single point with no designation. 

2. An n-cube is formed by projecting an (n — l)-cube. A 0 is prefixed 
to the designations of the points of the original (n — l)-cube, and a 1 is 
prefixed to the designations of the points of the projected (n— l)-cubes. 

There are 2" points in an n-cube. A p-subcube of an n-cube (p < n) 
is defined as a collection of any 2 P points which have exactly ( n — p ) corre- 
sponding bits all the same. For example, the points 100, 101, 000, and 
001 in the 3-cube (Fig. 2.4-ld) form a 2-subcube, since there are 2 2 = 4 total 
points and 3 — 2 = 1 of the bits (the second) is the same for all four 
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(b) 


Fig. 2.4-2. Alternative representations of 3-cube (a) 
and 4-cube (b). 


• n\2 n — ^ 

points. In general, there are _ p)\p\ different p-subcubes in an n-cube, 

• Tl\ 

since there are C„_ p = ^ _ y ^ (number of ways of selecting n things 

taken n — p at a time) ways in which n — p of the bits may be the same 
and there are 2 n - p combinations which these bits may take on. For 
3!2 2 

example, there are = 12 1-subcubes (line segments) in a 3-cube, and 
3I2 1 

there are = 6 2-subcubes (“squares”) in a 3-cube. 

Besides the form shown in Fig. 2.4-1, there are two other methods of 
drawing an n-cube which are frequently used. The first of these is shown 
in Fig. 2.4-2 for the 3- and 4-cubes. It is seen that these still agree with the 
projection scheme and are merely a particular way of drawing the cubes. 
The lines which are dotted are usually omitted for convenience in drawing. 

If in the representation of Fig. 2.4-2 we replace each dot by a square 
area, we have what is known as an n-cube map. This representation is 
shown for the 3- and 4-cubes in Fig. 2.4-3. Maps will be of considerable 
use to us later. Notice that the appropriate entry for each cell of the 
maps of Fig. 2.4-3 can be determined from the corresponding row and 
column labels. 

It is sometimes convenient to represent the points of an n-cube by the 
decimal equivalents of their binary designations. For example, Fig. 2.4-4 
shows the 3- and 4-cube maps represented in this way. It is of interest to 
note that, if a point has the decimal equivalent Ni in an n-cube, in an 
(n+l)-cube this point and its projection (as defined) become N, and 
Ni + 2". 

Distance 

A concept which will be of later use is that of the distance between two 
points on an n-cube. Briefly, the distance between two points on an n- 
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(a) (£) 

Fig. 2.4-3. n-Cube maps for n = 3 (a) and n = 4 ( 6 ). 


cube is simply the number of coordinates (bit positions) in which the 
binary representations of the two points differ. For example, 10110 and 
01101 differ in all but the third coordinate (from left or right). Since the 
points differ in four coordinates, the distance between them is 4. A more 
formal definition is as follows : 

First, define the mod 2 sum of two bits, a © b, by 

0©0 = 0 
10 0 = 1 
0 0 1 = 1 
10 1=0 

That is, the sum is 0 if the 2 bits are alike, and it is 1 if the 2 bits are 
different. Now consider the binary representations of two points, 
Pi = (a„_ia„_ 2 ■ • • a 0 ) and Py = (b„_ib„_ 2 • • ■ bo), on the n-cube. 
The mod 2 sum of these two points is defined as 

P k = Pi 0 Pj = (Un— 1 0 bn— 1, Un— 2 0 b n — 2, • • - , Uo 0 bo) 

This sum P k is the binary representation of another point on the n-cube. 
If we define |P,| to represent the number of l’s in the binary representa- 
tion Pi, then the distance (or metric) between two points is defined as 

D(Py,Py) = | Pi 0 Py| 


00 
01 
1 1 
10 

(a) 

Fig. 2.4-4. Decimal labels in n-cube maps, (a) 
3-cube map; ( 6 ) 4-cube map. 
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2.4 geometric representation of binary numbers 

The distance function satisfies the following three properties: 

D(Pi,P,) =0 if and only if P { = P, 

D(Pi,Pj) = D(Pj,Pi) >0 if P, ^ P, 

D(Pi,Pj) + D{Pj,P k ) > D{Pi,P k ) Triangle inequality 

To return to the more intuitive approach, since two adjacent points 
(connected by a single line segment) on an n-cube form a 1-subcube, they 
differ in exactly one coordinate and thus are distance 1 apart. We see 
then that, to any two points which are distance D apart, there corre- 
sponds a path of D connected line segments on the n-cube joining the two 
points. Furthermore, there will be more than one path of length D con- 
necting the two points (for D > 1 and n < 2), but there will be no path 
shorter than length D connecting the two points. A given shortest path 
connecting the two points, thus, cannot intersect itself, and D + 1 nodes 
(including the end points) will occur on the path. 

Unit-distance Codes 

In terms of the geometric picture, a code is simply the association of\ 
the decimal integers (0,1,2, . . .) with the points on an n-cube. There \ 
are two types of codes which are best described in terms of their geometric j 
properties. These are so-called unit-distance codes and error-detecting and J 
-correcting codes. / 

A unit-distance code is simply the association of the decimal integers 
(0,1,2, . . .) with the points on a connected path in the n-cube such that 
the distance is 1 between the point corresponding to any integer i and the 
point corresponding to integer i + 1 (see Fig. 2.4-5). That is, if P, is 


Fig. 2.4-5. Path on a 3-cube correspond- 
ing to a unit-distance code. 


100-7 101-6 



Table 2.4-1. Unit-distance Code of Fig. 2.4-5 

0 000 

1 001 

2 011 

3 010 

4 110 
111 
101 
100 
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the binary-code word for decimal integer i, then we must have 
D(Pi,Pi+i) = 1 i = 0, 1, 2, . . . 

Unit-distance codes are used in devices for converting analog or 
continuous signals such as voltages or shaft rotations into binary numbers 
which represent the magnitude of the signal. Such a device is called an 
analog-digital converter [9]. In any such device there must be boundaries 
between successive digits, and it is always possible for there to be some 
misalignment among the different bit positions at such a boundary. For 
example, if the seventh position is represented by 0111 and the eighth 
position by 1000, misalignment could cause signals corresponding to 1111 
to be generated at the boundary between 7 and 8. If binary numbers 
were used for such a device, large errors could thus occur. By using a 
unit-distance code in which adjacent positions differ only in 1 bit, the 
error due to misalignment can be eliminated. 

The highest integer to be encoded may or may not be required to be 
distance 1 from the code word for 0. If it is distance 1, then the path is 
closed. Of particular interest is the case of a closed nonintersecting path 
which goes through all 2 n points of the n-cube. In graph theory such a 


Table 2.4-2. The Gray Code 
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Binary 
hi b i 

bo 

03 
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02 01 
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0 

1 
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0 
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1 
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0 

0 
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0 

0 

0 

1 

1 

3 
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1 
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0 

1 

0 
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1 

0 

0 
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1 
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0 

0 
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1 

1 

0 
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1 

0 

0 

1 

1 

1 

0 

1 

10 

1 

0 

1 

0 

1 

1 

1 

1 

11 

1 

0 

1 

1 

1 

1 

1 

0 

12 
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1 

0 

0 
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0 
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0 
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1 
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path is known as a (closed) Hamilton line. Any unit-distance code 
associate d with such a path is sometimes called-a Gray code , although this 
term is usually reserved for a particular one of these codes. To avoid 
confusing termino logy, we shall refer to a unit-dista nce code which corre- 
sponds to a closed Hamilton line as a closed n code._ This is a unit-distance 
code containing 2 n code words in which the code word for the largest 
integer (2 n — 1) is distance 1 from the code word for the least integer (0) . 

An open n code is simila r except that the code words for the least a nd 
largest integer, respectively, are not distance 1 apart. 

The most useful unit distance code is the Gray code, which is shown in 
Table 2.4-2. The attractive feature of this code is the simplicity of the 
algorithm for translating from the binary number system into the Gray 
code. This algorithm is described by the expression 

gi = bi © bi + 1 

Thus the Gray code word corresponding to 1100 in binary is formed as 
follows : 

= bo © bi = 0 © 0 = 0 

gi = bi © 62 = 0 © 1 == 1 

g% = b% © b$ = 1 © 1 — 0 

g 3 = J> 3 ® bi = b 3 = 1 bi understood to be 0 

Symmetries of the n-Cube 

A symmetry of the n-cube is defined to be any one-to-one translation of 
the binary point representations on the n cube which leaves all pairwise 
distances the same. If we consider the set of binary numbers, we see 
that there are only two basic translation schemes which leave pairwise 
distances the same. (1) The bits of one coordinate may be interchanged 
with the bits of another coordinate in all code words. (2) The bits of one 
coordinate may be complemented (i.e., change l’s to 0’s and 0’s to l’s) in 
all code words. Since there are n! permutations of n coordinates, there 
are n\ translation schemes possible using (1), and since there are 2" 
ways in which coordinates may be complemented, there are 2" translation 
schemes possible using (2). Thus, in all there are 2 ”(n!) symmetries of 
the n-cube. This means that for any n-bit code there are 2"(n!) — 1 
rather trivial modifications of the original code (in fact, some of these may 
result in the original code) which can be obtained by interchanging and 
complementing coordinates. The pairwise distances are the same in all 
these codes. 

It is sometimes desired to enumerate the different types of a class of 
codes. Two codes are said to be of the same type if a symmetry of the 
n-cube translates one code into the other (i.e., by interchanging and 
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Table 2.4-3. Nine Different Types of Unit-distance 4-bit Code 


Type 


Coordinate-change sequence 


1 (Gray) 

0 

1 

0 

2) 

0 

1 

0 

3 

0 

1 

0 

2 

0 

1 

0 

3 

2 

1 

0 

1 

3 

1 

0 

1 

2 

0 

1 

0 

3 

0 

1 

0 

2 

3 

1 

0 

1 

3 

0 

1 

0 

2 

1 

0 

1 

3 

0 

1 

0 

2 

4 

1 

0 

1 

3 

2 

3 

1 

0 

1 

3 

1 

0 

2 

0 

1 

3 

5 

1 

0 

1 

3 

2 

0 

1 

3 

1 

0 

1 

3 

2 

0 

1 

3 

6 

1 

0 

1 

3 

2 

3 

1 

3 

2 

0 

1 

2 

1 

3 

1 

2 

7 

1 

0 

1 

3 

2 

0 

2 

1 

0 

2 

0 

3 

0 

1 

0 

2 

8 

1 

0 

1 

3 

2 

1 

2 

0 

1 

2 

1 

3 

0 

1 

0 

2 

9 

1 

0 

1 

3 

i 

2 

3 

1 

0 

3 

0 

2 

0 

,1 

2 

3 

2 


complementing coordinates). As an example, we might ask: What are 
the types of closed n codes? It turns out that for n < 4 there is just one 
type, and this is the type of the conventional Gray code. For n = 4, 
there are nine types. Rather than specify a particular code of each 
type, we can list these types by specifying the sequence of coordinate 
changes for a closed path of that type. On the assumption that the 
coordinates are numbered (3210), the nine types are shown in Table 
2.4-3. 


Error-detecting and -correcting Codes 

Another useful class of codes consists of those points of the n-cube with 
the property that the distance between any two points is 2. For example, 
the points 001, 010, 100, and 111 have this property. It is easily seen 
that an error in a single bit of any of these code words (points) gives a 
point which is not in the code. A code with this property is said to be 
single-error-detecting. Note, however, that given a binary representa- 
tion due to a single error it is not possible to tell what the original code 
word was. But suppose that the code is such that the distance between 
any two points is 3. Then a single error in a bit will result in a point 
which is distance 1 from the original point but which is at least distance 2 
from any other code point. Thus, seeing an incorrect point due to a 
single error, we can always deduce what the original code point was. A 
code with this property is said to be single-error-correcting. In general a 
code for which the minimum distance between any pair of code words is 
2e + 1 is capable of correcting e errors. Error-correcting codes have 
been covered extensively in the literature [10] and will not be discussed 
further here. 
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Problems 


(2 


Convert: 


(а) (523.1) 10 to base 8 

(б) (523.1) io to base 2 

(c) ( 101 . 11)2 to base 8 

(d) ( 101 . 11)2 to base 10 

(e) (1100.11)2 to base 7 
(/) (101.11)2 to base 4 
( 1 g ) (321. 40) 6 to base 7 
(h) (^r) 10 to base 2 

In base 10 the highest number which can be obtained by multiplying 
together two single digits is 9 X 9 = 81, which can be expressed with two 
digits. What is the maximum number of digits required to express the 
product of two single digits in an arbitrary base-6 system? 

Given that (79) 10 = (142) 6 , determine the value of 6. 

Given that (301) b = (7 2 ) b , where I is an integer in base 6 and P is its square, 
determine the value of 6. 

5. Let 


2 . 


3 . 

4 . 


N* = (n t nzmnino)* = 2 ■ 3 • 4 • 5 • n 4 + 3- 4- 5- n 3 + 4- 5- n 2 

+ 5 ■ ?ii 4- wo 


= I2O714 -f- 6O713 “b 20?i2 d - 5 ni -|- no 


where 


6 . 


0 < n 0 < 4 0 < «i < 3 0 < n 2 < 2 0 < n 3 < 1 

0 < n 4 < 1 

with all the ni positive integers. 

(а) Convert (11111)* to base 10. 

(б) Convert (11234)* to base 10. 

(c) Convert (97) 10 to its equivalent (n 4 n3n 2 nin 0 )*. 

(d) Which decimal numbers can be expressed in the form (n 4 n 3 n 2 nino)*? 

In order to write a number in base 16 the following symbols will be used 
for the numbers from 10 to 15: 


10 t 

11 e 


12 

13 


w 

h 



2. I 

t 

41 

U 

C )iu 

Z ) 

1 c> 

1 

1 3 

07* 

T 

\ O ( 0 

\ \ \ t i ' 

1 ' " o\ 


IK 

' 1 

0 l £> ) V ) 

' 1 u c* 



(а) Convert (4<w)u to base 10. 

(б) Convert (2tfu)n to base 2 directly (without first converting to base 10). 
Convert (1222) 3 to base 5(JV) 6 , using only binary arithmetic: 

(а) Convert (1222) 3 to (TV) 2 . 

(б) Convert (N)o to (W) 6 . 
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Perform the following binary-arithmetic operations: 

11.10 + 10.11 + 111.00 + 110.11 + 001.01 = ? 

111.00 - 011.11 = ? 

011.11 - 111.00 = ? 

111.001 X 1001.1 = ? i/ 

101011.1 1101.11 = ? 

Form the radix complement and the diminished radix complement for each 
of the following numbers: 

(a) (,10111) 2 

(b) (.110011) 2 

(c) (0.523 1) 10 

(d) (0.32499) 10 

(e) (0.3214) 6 
(/) (0.32456)7 

(a) Write out the following weighted decimal codes: 

(i) 7,4,2, -1 

(ii) 8,4, -2,-1 

(iii) 4,4,1, -2 

(iv) 7,5,3, -6 

(v) 8,7, -4, -2 

(b) Which codes of part a are self-complementing? 

(c) If a weighted binary-coded-decimal code is self-complementing, what 
necessary condition is placed on the sum of the weights? 

(d) Is the condition of part c sufficient to guarantee the self-complementing 
property? Give an example to justify your answer. 

Write out the following weighted decimal codes: (7,3,1, -2), (8, 4, -3,— 2), 
(6, 2, 2,1). Which of these, if any, are self-complementing? 

Sketch a 4-cube, and label the points. List the points in the p-subcubes for 
V = 2, 3. 

Compute all the pairwise distances for the points in a 3-cube. Arrange these 
in a matrix form where the rows and columns are numbered 0, 1, . . . , 7, 
corresponding to the points of the 3-cube. The 0-, 1-, and 2-cube pairwise 
distances are given by submatrices of this matrix. By observing the rela- 
tionship between these matrices, what is a scheme for going from the n-cube 
pairwise-distance matrix to the (n + l)-cube pairwise-distance matrix? 
What is a scheme for going from the Gray code to the ordinary binary code 
using the mod 2 operation only? 

For the Gray code, a weighting scheme exists in which the weights associ- 
ated with the bits are constant except for sign. The signs alternate with 
the occurrence of l’s, left to right. What is the weighting scheme? 

List the symmetries of the 2-cube. 

Write out a typical type-6 closed-unit-distance 4 code (Table 2.4-3). 

Write out two open unit-distance 4 codes of different type (i.e., one is not a 
symmetry of the other). 
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19 . Write out a set of six code words which have the single-error-detecting and 
single-error-correcting property. 

'W A closed error-detecting unit-distance code is defined as follows: There 
are k ( k < 2") ordered binary n-bit code words with the property that 
changing a single bit in any word will change the original word into either 
its predecessor or its successor in the list (the first word is considered the 
successor for the last word) or into some other n-bit word not in the code. 
Changing a single bit cannot transform a code word into any code word 
Cother than its predecessor or successor. 

(a) You are to determine a 4-bit closed error-detecting unit-distance code 
having eight code words (k = 8). List the code words for such a code. 

(b) List the code words for such a code with k = 6, n = 3. Is there more 
than one symmetry type of code for these specifications? Why? 
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SWITCHING ALGEBRA 


It has already been pointed out that the distinguishing feature 
of the circuits to be discussed here is the use of two-valued, or 
binary, signals. There will be some deviation of the signals from 
their nominal values, but within certain limits this variation will 
not affect the performance of the circuit. If the variations exceed 
these limits, the circuit will not behave properly and steps must be 
taken to confine the signals to the proper ranges. When the state- 
ment is made that the signals are two-valued, what is really meant 
is that the value of each signal is within one of two (nonoverlapping) 
continuous ranges. Since the operation of the circuit does not 
depend on exactly which value within a given range the signal takes 
on, a particular value is chosen to represent the range and the 
signal is said to be equal to this value. 

The exact numerical value of the signal is not important. It is 
possible to have two circuits perform the same function and have 
completely different values for their signals. In order to avoid any 
possible confusion which might arise because of this situation and 
to simplify the design procedures, it is customary to carry out the 
logical design without specifying the actual values of the signals. 
Once the logical design has been completed, actual values must be 
assigned to the signals in the course of designing the detailed 
electrical circuit. For the purposes of the logical design, arbitrary 
symbols are chosen to represent the two values to which the 
signals are to be restricted. An algebra! using these symbols is 
then developed as the basis for formal design techniques. The 
development of such an algebra is the subject of this chapter. 

f This algebra will here be called switching algebra. It is identical with a 
Boolean algebra and was originally applied to switching circuits [1] by rein- 
terpreting Boolean algebra in terms of switching circuits rather than by devel- 
oping a switching algebra directly, as will be done here. 


3.1 postulates 


3.1 POSTULATES 

The two symbols most commonly chosen to represent the two values 
taken on by binary signals are 0 and 1. It should be emphasized that 
there is no numerical significance attached to these symbols. For an 
electronic circuit which has its signals equal to either 0 or - 15 volts it is 
perfectly appropriate to assign the symbol 1 to 0 volts and the symbol 0 to 
— 15 volts. On the other hand, there would be nothing wrong in assign- 
ing the symbol 0 to 0 volts and 1 to — 15 volts. Some other set of symbols 
such as H and L or + and — could be used instead of 0 and 1 , but there is 
a strong tradition behind the use of 0 and 1. 

It is next necessary to associate with each binary signal a switching 
variable which will be equal to either 0 or 1 depending on the actual value 
of the binary signal. Each relay will have associated with it a variable 
whose value will depend on whether or not the relay is operated. This 
assignment can be made in two possible ways, as shown in the following 
table, in which the variable X is associated with the relay. It is customary 
to use the variable associated with the relay also as a name, such as X 
relay, Y relay, etc. Either scheme for assigning values to X is valid, 
and the two schemes are equally useful. The early writing on this sub- 
ject [2,3] used the hindrance concept, but the transmission concept is now 
universally used and will be the assignment employed here. 


X relay 

Hindrance 

Transmission 

concept 

concept 

Unoperated 

X = 1 

X = 0 

Operated 

X = 0 

X = 1 


For electronic circuits a switching variable is associated with each volt- 
age (or current) signal. Frequently the higher voltage is assigned the 
symbol 1, but there are times when the other assignment is more useful. 

The first postulate of the switching algebra can now be presented. 
This is merely a formal statement of the fact that switching variables are 
always equal to either 0 or 1. In the statements of postulates and 
theorems which follow, the symbols X, Y, Z, X h X 2 , . . . , X n will be 
used to represent switching variables. 


(PI) X = 0 if X ^ 1 (PI') X = 1 if X ^ 0 
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Network of 
contacts and 
switches 


Relay 

coil 


l|l|l(— I 


Fig. 3.1-1. Series control of a 
relay. 


It is necessary to associate a switching variable with each relay contact 
as well as with the relay itself. This is done by using the same variable 
for both the relay and its normally open (make) contacts. When the 
relay is unoperated, the variable representing a make contact is equal to 0 
and there is an open circuit between the contact’s terminals. When the 
relay is operated, the make-contact variable equals 1 and the contact’s 
terminals present a closed circuit. Thus in reference to contacts, a 0 
represents an open circuit and a 1 represents a closed circuit. This is con- 
sistent with using a 0 to represent an unoperated relay and a 1 to represent 
an operated relay because of the method ordinarily used to control the 
operation of a relay. This method, called series control, is shown in Fig. 
3.1-1. When the network shown in the box presents a closed circuit 
between points a and b, ground is connected to point b and current flows 
through the relay, causing it to operate. Thus a closed circuit in the net- 
work corresponds to the relay being operated. Similarly an open circuit 
in the control network corresponds to the relay being unoperated. 

The switching variable associated with a contact is called the trans- 
mission of the contact. A switching variable, called the network trans- 
mission, is also commonly associated with a two-terminal network of 
contacts. A transmission of 1 corresponds to a closed circuit, and a 
transmission of 0 corresponds to an open circuit. 

A switching variable must also be associated with the normally closed, 
or break, contacts. Since a break contact is closed when a make contact 
on the same relay is open, and vice versa, the transmission of the break 
contact is 1 when the make-contact transmission is 0, and vice versa. 
In order to take this relation into account, the symbol x' is used for the 
transmission of a break contact on relay X, with the understanding that 
x' = 0 when x = 1 and x' = 1 when x = 0. Postulate 2 is a formal 
statement of this convention, 


(P2) If X = 0, then X' = 1 (P2') If X = 1, then X' = 0 

The two symbols X and X' are not two different variables, since they involve 
only X. In order to distinguish them the term literal is used, where a 
literal is defined as a variable with or without an associated prime and X 
and X' are different literals. The literal X' is called the complementf of 
X, 0 is called the complement of 1, and 1 is called the complement of 0. 

f Some authors use the symbols x or ~x, rather than x' , to indicate the comple- 
ment of x. 
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The logical operation of the inverter can now be described in terms of 
switching algebra. If x\ represents the input signal and x a the output 
signal, then x 0 = x[, since x 0 is high when x\ is low, and vice versa. 

In order to represent the action of the other switching devices described 
in Chap. 1 it is necessary to define additional algebraic operations. A 
two-input AND gate will be considered first. If the two inputs are 
represented by Xi and x 2 and the output by x 0 , the logical performance of 
the circuit is represented by the accompanying table, in which 1 corre- 
sponds to a high voltage and 0 corresponds to a low voltage. This table 

*\ 

0 1 


AND gate 


= *\ '2 x 0 - 

Contacts in series 


0 

0 

0 

t 


x 0 



is also correct for the transmission x 0 of two contacts X\ and Xi in series. 
The operation represented is identical with ordinary multiplication and 
will be defined as multiplication in the switching algebra developed here. 
Thus, the equation for an AND gate, or two contacts in series, is x 0 = x&t. 
The table for an OR gate, or two contacts in parallel, is shown herewith. 


*z 
0 

1 

* 0 = *,+ *2 


0 

1 

1 

1 


'0 



*0 - 

Contacts in parallel 


This table will be taken as the definition of switching-algebra addition, f 
It is identical with ordinary addition except for the case 1 + 1 = 1. 
The remaining postulates are merely restatements of the definitions of 
multiplication and addition. 

(P3) 0-0 = 0 (P3') 1 + 1 = 1 

(P4) 1-1 = 1 (P4') 0 + 0 = 0 

(P5) 1-0 = 01=0 (P5') 0 + 1 = 1 + 0 = 1 

f This operation is also called logical, addition, and some writers use the symbol 
xi V xt rather than h + x 2 . 
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All the postulates have been stated in pairs. These pairs have the 
property that when (0 and 1) and ( + and ■) are interchanged, one mem- 
ber of the pair is changed into the other. This is an example of the 
general principle of duality, which is true for all switching-algebra theorems 
since it is true for all the postulates [4, pp. 8, 28; 5, p. 7]. This algebraic 
duality arises from the fact that either 1 or 0 can be assigned to a high 
voltage and either 1 or 0 can be assigned to an open circuit. If 0 is chosen 
to represent a high voltage, the expression for an AND gate becomes 
x 0 = Xi + x 2 . Similarly, the transmission of two contacts in series is 
equal to x\ + x 2 if 0 is chosen to represent a closed circuit. 


3.2 ANALYSIS OF SWITCHING CIRCUITS 

Analysis of a circuit consists in examining the circuit and somehow 
determining what the behavior of the circuit will be for all possible inputs. 
The switching algebra as developed in Sec. 3.1 is sufficient for the analysis 
of those switching circuits which are known as combinational switching 
circuits. A combinational switching circuit is define d as one fo r which the 
outputs depencLanlv on t he present inputs to the circu it. The othe r typ e 
of circuit, called a sequential switching circuit, is one for which the nut, put, a 
depend not only on the present inputs but also on the past his tor y r>f 
inputs. Networks of relay contacts are combinational circuits. An 
example of a sequential circuit is one which contains a relay which can 
“lock up,” i.e., remain operated under control of one of its own contacts 
after the input which caused it to operate has been removed. 

The analysis of a combinational circuit consists in writing a n algebr aic 
funcl ioa— for each output. These are functions of the input variables 
from which the condition of each output can be determined for each com- 
bination of input conditions. For a contact network these output func- 
tions are the transmissions between each pair of external terminals. Only 
two-terminal networks will be considered for the present. In an electronic 
network, an output function specifies those input conditions for which the 
voltage of an output node will be at the high level. 

Contact Networks 

It has already been shown that the transmission of two contacts in 
series is XiX 2 and the transmission of two contacts in parallel is x Y + x 2 . 
Similarly it is true that the transmission of two networks, T\ and T 2 , in 
series is T\T 2 and the transmission of two networks in parallel is Ti + T 2 . 
By making use of this fact, it is possible to write down the transmission of 
any planar nonbridge (series-parallel) network directly. Any series- 
parallel network can be split into either two networks in series (Fig. 
3.2-la) or two networks in parallel (Fig. 3.2-16). If the transmissions of 
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h 



1 I 

T-T^-Ti= U, x 2 )(x l +jr^) 


( a ) 

r, 



T = 7i + h = T y + (7i,)(7i) 

= 7", +(73)<7- 5 +7- 6 ) 

= -'fl'l'2^5 + U3 + -f < ()( X\ *5 + ^2) 

U>) 

Fig. 3.2-1. Analysis of series-parallel contact networks, (a) Two 
networks in series; ( b ) tu,-o networks in parallel. 

the two subnetworks are 7\ and T 2 , the transmission of the original net- 
work is TiTi or Ti + T 2 . Each of the subnetworks can again be split 
into two subnetworks, etc. This process of splitting into subnetworks is 
continued until each subnetwork consists only of contacts in series or 
contacts in parallel. The transmission for each subnetwork can next be 
written directly, and then the transmission of the original network can 
be obtained by combining the transmissions of the subnetworks. It is 
now necessary to continue splitting networks until there are only two 
contacts in each subnetwork, for it can be shown very easily that the 
transmission of n contacts in parallel is Xi + x 2 + x 3 + • • • + x n and 
the transmission of n contacts in series is XiX 2 r 3 This entire 

procedure is illustrated in Fig. 3.2-1. 

The procedure just described for analyzing contact networks is 
ambiguous in the sense that there is no specification of the order in which 
the transmission of two parallel networks is to be written, for example, 
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*3 

II 


X \ * 2 

II 

* O 

li II 

*4 

II 

' — o 


II 



T- -r, x 2 x 3 + x t x 2 x A 
(1) (2) 

(a) 


1 









N 


if 


1? 

i = 

- 3 

*5 

1 1 








" 













T = 

Xf x 2 + X 

i *3 "*5 + 

*4 *2 + X 4 X 5 


( 1 ) 

( 2 ) 


(3) 

(4) 


( 6 ) 

Fig. 3.2-2. Determination of overall transmissions by path 
tracing, (a) Series-parallel network; (b) bridge 
network. 


T\ + T 2 or T 2 + T;. This is tolerable only because of the following pair 
of theorems, which show the order of such terms to be unimportant: 

(T6) X + Y = Y + X (T6') XY = YX (Commutative law) 

This theorem states that the two operations of addition and multiplication 
as defined here are both commutative. The numbering of the theorems 
follows that given in Sec. 3.4, in which the method of proof is discussed and 
the theorems are listed. For the present it is sufficient to note that, since 
X and F each can have only two possible values (0 and 1), these theorems 
can be verified by trying each of the four possible combinations of values 
for X and F. 

This method is not applicable to non-series-parallel networks. 
Another method, which works for all networks, consists in traci ng al l 
J>at hs fro m input to output, writing for each path a transmission equal to 
t he produ ctof the fabel5~of all contacts occurring in the path,- aricT then 
forming the overall transmission as the sum of the individual path trans- 
uussio ns, This is illustrated in Fig. '3.2-21 ThcT overall transmission 
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obtained by this method will be a sum of products of literals. The two 
external terminals are connected together only when all contacts of at 
least one of the paths through the network are closed. The overall 
transmission can equal 1 only when at least one of the product terms is 
equal to 1, that is, when all literals of at least one product term are 
equal to 1. 

An alternative method of describing the network performance is to 
list each set of literals which corresponds to a path between the two 
external terminals of the network. Each such set of literals is called a 
P set, and the P sets for Fig. 3.2-26 are 

X 1^2 

X\X 3 Xf, 

X 4X3X2 S 

X 4 Xb 

Definition. A set of literals is a P set of a network if and only if (1) 
there is a closed path between the external terminals of the network 
whenever all the contacts corresponding to literals of the set are 
closed (all literals are equal to 1); and (2) when any literal is re- 
moved condition 1 no longer holds. 

The second part of this definition is included to rule out paths which 
are not proper paths in the sense that they include other paths which 
also connect the external terminals and include fewer contacts. 

It is also possible to describe the network by listing the ways in which 
the network terminals can be cut apart. This is done by tracing “cut 
paths,” paths through contacts which separate the external terminals, as 
in Fig. 3.2-26. Each set of literals occurring in such a cut path is called 
an S set; those for Fig. 3.2-26 are 

X\X 4 

XiX 3 X 6 

X 2 X $ X 4 

X 2 X b 

Definition. A set of literals is an S set of a network if and only if (1) 
there is no closed path between the external terminals of the net- 
work whenever all the contacts corresponding to literals of the 
S set are open; and (2) when any literal is removed from the S 
set condition 1 no longer holds. 

An expression for the network transmission can be written down 
directly from the S sets. Corresponding to each S set a sum of literals in 
the S set is formed. The network transmission is equal to the product of 
these sums. 



73 





Switching Algebra 

AND Gates and OR Gates 

Networks made up of AND and OR gates can be analyzed directly. 
There will always be some gates which have only inputs which are also 
circuit inputs. The first step is to label the outputs of these gates with 
the proper function — step 1 in Fig. 3.2-3. There will now be some gates 
all of whose inputs are either circuit inputs or leads labeled in step 1. 
The outputs of these gates are now labeled, treating the functions obtained 
in step 1 in the same manner as individual circuit inputs. This is step 2 
in Fig. 3.2-3. This process is continued until finally the output lead is 
labeled. This label on the output lead is the output function. 

Gate networks can also be described by means of P sets and S sets. 
A P set is a set of literals such that, whenever all the inputs corresponding 
to these literals equal 1, the network output will equal 1. For Fig. 3.2-3, 
the P sets are 

(a) (6) 

£4X2X1 £1X2X5 

£3X2X1 X3X2 

x 3 x[x 6 

X4X2 

£4X1X5 

These can be determined by inspection of the circuit diagram. Algebraic 
techniques will be discussed in Chap. 7. An S set is a set of literals such 


(i) 



(i) 

lb) 
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Fig. 3.2-3. Analysis of gate networks. 
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that the network output will be zero whenever all the inputs correspond- 
ing to these literals equal zero. For Fig. 3.2-2a the S sets are 

Xi 

Xi 

x 3 x 4 

Table of Combinations 

The procedure for using these output functions to determine the circuit 
performance is to substitute a set of values for the input variables and 
then use the postulates to simplify the resulting expression. A value will 
be obtained for the output variable which specifies the output for the 
particular input combination chosen. For example, if the input combina- 
tion Xi = 0 (x[ = 1), x 2 = 1 (xj = 0), X3 = 0, x 4 = 1, x* = 1 is chosen, 
the transmission of Fig. 3.2-16 becomes 

T = xix 2 x 6 + (x 3 + x 4 ) (x ' 2 + xjx 6 ) 

= 0 • 1 ■ 1 + (0 + 1)(0 + 1 • 1) = 0 + (1)(1) =0 + 1 = 1 

By carrying out this procedure for all possible input combinations it is 
possible to form a table which lists the output for each input combination. 


Table 3 . 2 - 1 . Table of Combinations for T = xix 2 (x 3 + xi) 



X\ 

x 2 

X 3 

Xi 

T 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

2 

0 

0 

1 

0 

0 

3 

0 

0 

1 

1 

0 

4 

0 

1 

0 

0 

0 

5 

0 

1 

0 

1 

0 

6 

0 

1 

1 

0 

0 

7 

0 

1 

1 

1 

0 

8 

1 

0 

0 

0 

0 

9 

1 

0 

0 

1 

0 

10 

1 

0 

1 

0 

0 

11 

1 

0 

1 

1 

0 

12 

1 

1 

0 

0 

0 

13 

1 

1 

0 

1 

1 

14 

1 

1 

1 

0 

1 

15 

1 

1 

1 

1 

1 
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Such a table describes completely the circuit performance and is called 
a table of comb inations , t Table 3.2-1 is the table of combinations for the 
clrcuits'of Figs. 3.2-la and 3.2-3a. 


3.3 SYNTHESIS 

In designing a combinational circuit it is necessary to carry out in 
reverse the procedure just described. The desired circuit performance is 
specified by means of a table of combinations. From this table an alge- 
braic function is formed, and finally the circuit is derived from the func- 
tion. A conc ise means of specifying the table of combinatio ns, cal led a. 
decimal specifi cation, is to list the numbers of the rows for winch the output 
is to equal 1. ForTaKle 3.2-1 this specification is 

T{xi,x 2 ,x h xf) = 2(13,14,15) 

where the 2 signifies that the rows for which the function equals 1 are 
being listed. It is also possible to list the rows for which the function 
equals 0, such a list being preceded by the symbol II to indicate that it is 
the zero rows which are listed. This specification for the preceding table 
is T(x i,X 2 ,x 3 ,Xi) = 11(0,1,2,3,4,5,6,7,8,9,10,11,12). In order to avoid any 
ambiguity in these specifications, it is necessary to adopt some rule for 
numbering the rows of the table of combinations. The usual procedure 
is to regard each row of the table as a binary number and then use the 
decimal equivalent of this binary number as the row number. The 
output-column entries are not included in forming the binary row num- 
bers. There is nothing special about decimal numbers other than the 
fact that they are the most familiar — any other number base such as 
octal could be used. The reason for using a number system other than 
binary is simply that binary numbers take too much space to write down. 

It has been pointed out that the table of combinations is a complete 
specification for a combinational circuit. The first step in designing a 
circuit is to formulate such a table. There are no general formal tech- 
niques for doing this. When a sequential circuit is being designed, it is 
customary to reduce the sequential-design problem to (several) combina- 
tional problems, and formal techniques exist for doing this. However, 
when a combinational circuit is being designed, no formal techniques are 
available and it is necessary to rely on common sense. This is not too 
surprising, since any formal technique must start with a formal statement 
of the problem, and this is precisely what the table of combinations is. 
As an example of how this is done, the table of combinations for a circuit 
to check binary-coded-decimal digits is shown below for the 8, 4, 2, 1 

f In logic the table is called a truth table, and some writers use this term when 
76 discussing switching circuits. 


Table 3.3-1. Table of Combinations for Circuit to Check 
Binary-coded-decimal Digits 


3.3 


synthesis 



b s 

&4 

b 2 


T 

0 

0 

0 

0 

0 

0 


1 

0 

0 

0 

1 

0 


2 

0 

0 

1 

0 

0 


3 

0 

0 

1 

1 

0 


4 

0 

1 

0 

0 

0 


5 

0 

1 

0 

1 

0 


6 

0 

1 

1 

0 

0 


7 

0 

1 

1 

1 

0 


8 

1 

0 

0 

0 

0 


9 

1 

0 

0 

1 

0 


10 

1 

0 

1 

0 

l\ 

l 

11 

1 

0 

1 

1 

1 

| Invalid 

12 

1 

1 

0 

0 

l( 

code 

13 

1 

1 

0 

1 

1( 

words 

14 

1 

1 

1 

0 

1 ' 

| 

15 

1 

1 

1 

1 

1 ; 

1 


code. This circuit is to deliver an output whenever a digit having an 
invalid combination of bits is received. 

In forming a table of combinations there very often are rows for which 
it is unimportant whether the function equals 0 or 1. The usual reason 
for this situation is that the combination of inputs corresponding to these 
rows can never occur (when the circuit is functioning properly). As an 
example of this consider a circuit to translate from the 8, 4, 2, 1 BCD code 
to a Gray (cyclic binary) code. When the circuit is working correctly, 
the input combinations represented by rows 10 through 15 of the table of 
combinations cannot occur. Therefore, the output need not be specified 
for these rows. The symbol d will be used to indicate the output condi- 
tion for such a situationf (see Table 3.3-2). It is possible to include the 
d rows in the decimal specification of a function by listing them after the 
symbol d. Thus the decimal specification for g i of Table 3.3-2 would be 

9i(M 4 ,Mi) = 21(1,2,5,6,9) + rf(10,ll,12,13,14,15) 

= 11(0,3,4,7,8) + ^(10,11,12,13,14,15) 

f In the literature, the symbol <P is also used, and the output conditions so denoted 
are called don’t-care conditions. 
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Table 3.3-2. Table of Combinations for Circuit to Translate 
from BCD 8,4, 2,1 Code to Gray Code 



BCD-code inputs 
bg b 4 62 b\ 

Gray-code outputs 
0 4 03 02 01 

0 

0 

0 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

0 

0 

0 

1 

2 

0 

0 

1 

0 

0 

0 

1 

1 

3 

0 

0 

1 

1 

0 

0 

1 

0 

4 

0 

1 

0 

0 

0 

1 

1 

0 

5 

0 

1 

0 

1 

0 

1 

1 

1 

6 

0 

1 

1 

0 

0 

1 

0 

1 

7 

0 

1 

1 

1 

0 

1 

0 

0 

8 

1 

0 

0 

0 

1 

1 

0 

0 

9 

1 

0 

0 

1 

1 

1 

0 

1 

10 

1 

0 

1 

0 

d 

d 

d 

d 

11 

1 

0 

1 

1 

d 

d 

d 

d 

12 

1 

1 

0 

0 

d 

d 

d 

d 

13 

1 

1 

0 

1 

d 

d 

d 

d 

14 

1 

1 

1 

0 

d 

d 

d 

d 

15 

1 

1 

1 

1 

d 

d 

d 

d 


The handling of d rows will be discussed further in Chap. 4. For the 
present it will be assumed that the output specified for each row of the 
table of combinations is either 0 or 1. 

Canonical Expressions 

After forming the table of combinations, the next step in designing a 
circuit is to write an algebraic expression for the output function. The 
simplest output functions to write are those which equal 1 for only one 
row of the table of combinations or those which equal 0 for only one 
row - It is possible to associate with each row two functions — one which 
equals 1 only for the row and one which equals 0 only for the row (Tabl e 
3.3-3). These functions are called fundamental 'products and fundamental 
sums, respectively. Each fundamental product or sum contains all the 
input variables. The r ule for forming the fundamental pr oduct for a 
given ro w is to prime any variables which equal 0 for the row and leave 
unprime d any variab les whi ch equal 1 for the row. The fundamenta l 
product equals the product of the literals so formed. The fundamental 
78 sum is formed by a completely reverse or dual procedure. Each variable 
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Table 3.3-3. Table of Combinations Showing Fundamental 
Products and Fundamental Sums 



Xi 

Xi 

x 3 

Fundamental 

products 

Fundamental 

sums 

0 

0 

0 

0 

r r f 

X 1 X 2 X 2 

x x + x 2 + x 3 

1 

0 

0 

1 

x[x 2 x z 

x x + x 2 + x 3 

2 

0 

1 

0 

x[x 2 x 3 

x x + Xi + x 3 

3 

0 

1 

1 

x[x 2 X 3 

x x + x'i + x 3 

4 

1 

0 

0 

X^XiX 3 

x[ + x 2 + x 3 

5 

1 

0 

1 

X x x' t X 3 

x x + x 2 + x 3 

6 

1 

1 

0 

x x x^x 3 

x[ + x'i + x 3 

7 

1 

1 

1 

X^XyX^ 

X x + Xi + x 3 


which equals 0 for the row is left unprimed, and each variable which equals 
1 for the row is primed. The fundamental sum is the sum of the literals 
obtained by this process. The algebraic expression for any table for which 
the output is equal to 1 (or 0) for only one row can be written down directly 
by choosing the proper fundamental product (or sum). For example, the 
output function specified by f(x 1 ,x i ,x 3 ) = 2(6) is written algebraically as 
/ = ZjXjZj, and the output function f(x i,x 2 ,x 3 ) = n(6) is written as 
/ = x[ + x' 2 + x 3 . The fundamental product corresponding to row i of 
the table of combinations will be denoted by pi, and the fundamental sum 
corresponding to row i will be denoted by s,. 

The algebraic expression which equals 1 (or 0) for more than one row 
of the table of combinations can be written directly as a sum of funda- 
mental products or as a product of fundamental sums. A function / 
which equals 1 for two rows, i and j, of the table of combinations can be 
expressed as a sum of the two fundamental products p ; and p,:f = Pi + Pi- 
When the inputs correspond to row i, p t = 1 and p, = 0 so that 
/ = 1 + 0 = 1. When the inputs correspond to row j, pi = 0 , Pi = 1, 
and / = 0 + 1 = 1. When the inputs correspond to any other row, 
Pi — 0, pj = 0, and / = 0 + 0 = 0. This shows that the function 
/ = Pi + Pi does equal 1 only for rows i and j. This argument can be 
extended to output functions which equal 1 for any number of input com- 
binations — they can be represented algebraically as a sum of the corre- 
sponding fundamental products (see Table 3.3-4). An algebraic expres - 
sion wh ich is a sum of fundamental p ro ducts is called a c anonical s um. 
An arbi trary function can also be expressed as a product of fundamental 
sums. This form is called the canonical product The canonical product 
for a function which is equal to 0 only for rows i and j of the table of com- 
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Table 3.3-4. f(xi,Xi,x 3 ) = 2(1, 2, 3, 4) 
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(a) Table of 
combinations 



Xi 

Xi 

x 3 

/ 

0 

0 

0 

0 

0 

1 

0 

0 

1 

1 

2 

0 

1 

0 

1 

3 

0 

1 

1 

1 

4 

1 

0 

0 

1 

5 

1 

0 

1 

0 

6 

1 

1 

0 

0 

7 

1 

1 

1 

0 


( b ) Canonical sum 
/ X^XqXq “b X^X2X 3 “b ~b 


(c) Canonical product 
/ = (xi + Xi + x 3 )(x[ + x 2 + x 3 ) 

(x 1 ~b x 2 ~b x 3 ) (x 1 x 2 x 3 ) 


binations is given by / = .% ■ sj. For row i, s, = 0 so that / = 0. For 
row/, s, = 0 so that/ = 0, and for any other row s, = Sj = Iso that/ = 1. 
In general, the canonical product is equal to the pr oduct of all fundamental 
sums which correspond to input conditions for which the function is to 
equal 0 . 

It is possible to write a general expression for the canonical sum by 
making use of the following theorems : 

(T2') a; • 0 = 0 

(Tl) a; + 0 = a; (Tl') a; • 1 = a: 

If the value of the function f(x lt X 2 , . . . ,x n ) for the fth row of the table of 
combinations is /,(/, = 0 or 1), then the canonical sum is given by 

f(.X i,Xi, . . . ,X n ) = f 0 po + flPl + ’ ’ ’ + /2r._lP2"-l 
2 " —1 

= X fiPi 

t = 0 

For the function f(x i,x 2 ) = 2(0,2) the values of the /; are fo = ft = 1, 
/1 = fz = 0 so that 


f(x i,x 2 ) = 1 • p 0 + 0 • pi + 1 • p 2 + 0 • p 3 
= Po + 0 + P 2 . + 0 
= Po + Pi 

II I I 

= X 1 X 2 + X X X 2 
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In a similar fashion a general expression for the canonical product can be 
obtained by using the theorems 

(T2) * + 1 = 1 

(Tl) * + 0 = x (TT) x • 1 = x 
The resulting expression is 

/(xi,Xa, . . . ,x„) = (/o + So)(/i + Si) ' ' ' (/ 2 »_i + S 2 "-i) 

2"-l 

= II (/*' + «*') 

«=o 

For/(xi,x 2 ) = 2(0,2) = 11(1,3) this becomes 

/(*i,x 2 ) = (1 + So)(0 + Si)(l + s 2 )( 0 + S 3 ) 

= 1 • Si • 1 • s 3 

= Si • S 3 

= Ol + x'i)(x[ + x 2 ) 


Networks 

A technique for obtaining an algebraic expression from a table of 
combinations has just been described. A circuit can be drawn directly 
from this expression by reversing the procedures used to analyze series- 
parallel contact networks or gate networks. The circuit for a single funda- 
mental product is just a series connection of contacts or an AND gate 



Fig. 3.3-1. Contact networks for X(l,2,3,4). (a) Network derived 

from canonical sum; ( b ) network derived from canonical 
product; (c) economical network. 
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Fig. 3.3-2. Gate networks for £(/ ,2, 3,4) . (a) Network derived 

from canonical sum; (b) network derived from 
canonical product; (c) economical network. 


with appropriate inputs. For a canonical sum involving more than one 
fundamental product, the circuit consists of a number of parallel sub- 
networks, each subnetwork corresponding to one fundamental product, 
or a number of AND gates with their outputs connected as inputs to an 
OR gate. This is shown in Figs. 3.3-la and 3.3-2a. Similarly, the con- 
tact network corresponding to a canonical product consists of a number 
of subnetworks in series, each subnetwork corresponding to one funda- 
mental sum and consisting of contacts in parallel (see Fig. 3.3-16). The 
gate network corresponding to a canonical product consists of a number of 
OR gates with their outputs connected as the inputs of an AND gate 
(Fig. 3.3-26). These conclusions are summarized in the following 
theorem : 

Theorem 3.3-1. For any arbitrary table of combinations, a net- 
work whose performance corresponds to the table of combinations 
can be constructed of : 
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1 . Relay contacts if a sufficient number of make and break con- 
tacts are available on each relay 

2. AND gates, OR gates, and inverters if there are no restrictions 
on the number of gates available 

In a certain sense our design procedure is now complete. A method 
has been presented for going from a table of combinations to a circuit 
diagram. However, the canonical circuits so designed are usually very 
uneconomical and therefore unsatisfactory. An example of this can be 
seen by comparing the circuits of Figs. 3.3-la and b and 3.3-2a and b with 
those of Figs. 3.3-lc and 3.3-2c. In order to design satisfactory circuits, 
it is necessary to have procedures for simplifying them so that they corre- 
spond to simpler circuits. This is discussed in Chap. 4. 

Number of Functions 

An alternative approach to practical circuit design would be to make 
use of a table which listed economical circuits for all switching functions 
with fewer than some specified number of inputs. All circuits which did 
not have too many inputs could then be designed merely by looking them 
up in the table. Theoretically, there is no reason why this could not be 
done, since for any given number of input variables there are only a finite 
number of switching functions possible. In fact the number of switching 
functions of n input variables is exactly 2 2 ". There are 2" rows in an n- input 
table of combinations, and since the output for each row can be either 0 or 
1, there are 2 2 " different output functions. Table 3.3-5 fists 2 2 ” for values 
of n from 1 to 5. It is clear from this table that it would be impractical 
to list functions of more than three variables. The situation is not quite 
so bad as the listed values of 2 2 " would seem to indicate, since many of the 
functions counted differ only by an interchange of input variables. For 
example, the two functions/i = X\ + and /2 = xi + x\Xi are different, 
but one can be converted into the other by interchanging the variables X\ 


Table 3.3-5. Numbers of Functions 


n 

2 n 

2 2 " 

N n| 

1 

2 

4 

3 

2 

4 

16 

6 

3 

8 

256 

22 

4 

16 

65,536 

402 

5 

32 

4,294,967,296 

1,228,158 


t Nn = number of types of functions of n variables. 
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and Xi. Interchanging two variables corresponds to relabeling two leads, 
and therefore the same circuit can be used for both functions /i and/ 2 by 
merely changing the labels on two leads. Similarly the functions 
/i = X\ + X’iXt and/ 3 = x[ + x?x 3 can be interchanged by interchanging 
Xi and x v In a relay circuit this corresponds to interchanging make-and- 
break contacts on the X 1 relay, and in an electronic circuit it again corre- 
sponds to relabeling leads. When one function can be ch a nged i nto 
another by permuting and/or complementing input variables, the two 
functions are said to be of the same tyy e. Clearly a table of standard 
circuits need list circuits for only one function of each type. At first 
glance it might seem that the number of types of n-input functions would 
be 2 2 " -f- n\ 2" since these are n\ permutations and 2" different ways of 
complementing variables. This is not correct, for permutating and/or 
complementing variables does not necessarily convert a given function 
into a different function. For example, /i = x\ + x 3 x 3 is left unchanged 
when the variables x 2 and x 3 are interchanged. The number of types 
of functions for n input variables have been computed [6] and are listed as 
N„ in Table 3.3-6. If only types of functions are listed, it is practical 
to catalogue circuits for functions of four variables. This has actually 
been done for contact networks [7] and for electronic tube circuits [8]. 
Since circuits having more than five input variables are often required, 
it is necessary to develop a general design procedure. This will be the 
subject of Chap. 4. 


3.4 THEOREMS 

The method of using switching algebra in designing switching circuits 
is to formulate the desired circuit performance as an algebraic expression 
and then to manipulate the expression into a form from which a desirable 
circuit can be arrived at directly. The manipulations are carried out by 
means of the theorems which will be presented in this section. 

The usual procedure for proving theorems is to prove some theorems 
by using only the postulates, then to prove further theorems by using both 
the theorems already proved and the postulates, and so on. When such a 
method of proof is used, it is customary to present the theorems in an 
order such that each theorem can be proved by using only the postulates 
and previous theorems. Since the algebra being developed here involves 
only the constants 0 and 1, it is possible to prove almost all theorems 
directly from the postulates by usin g verfect inductio n. A proof by per- 
fect induction involves substituting all possible combinations of values for 
the variables occurring in a theorem and then verifying that the theorem 
gives the correct result for all combinations. For example, the theorem 
1 + X = 1 is proved by first substituting 0 for X, which yields 1 +0=1, 
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theorems 


Table 3.4-1. Switching-algebra Theorems Involving 
One Variable 


(Tl) 

X + 0 = X 

(Tl') 

X • 1 = X 

(Identities) 

(T2) 

X + 1 = 1 

(T2') 

X 0 = 0 

(Null elements) 

(T3) 

X + X = X 

(T3') 

X X = X 

(Idempotency) 

(T4) 

(T5) 

(X')' = x 

X + X' = 1 

(T5') 

X 

H 

ii 

o 

(Involution) 

(Complements) 


and then substituting 1 for X, obtaining 1 + 1 = 1. The theorem is 
true since these results are precisely postulates P5' and P3'. Because 
perfect induction is available as a method of proof, the theorems will be 
presented in an order designed to emphasize the structure of the algebra 
rather than to facilitate formal proofs. The presentation of the theorems 
will be in pairs, where one member of the pair is obtained from the other 
by interchanging (0 and 1) and (addition and multiplication). This is 
done for the same reason that it was done for the postulates. Strictly 
speaking, X and X' should also be interchanged. This is not done, for 
the variables appearing in the theorems are generic variables and a theo- 
rem such as X' + 1 = 1 is no different from the theorem X + 1 = 1. 
Actually it is possible to substitute an entire expression for the variables 
appearing in a theorem. Thus, the theorem X + X7 = X implies that 
ab + c + (ab + c) (de + fg) = ab + c. 

Single-variable Theorems 

The switching-algebra theorems which involve only a single variable 
are shown in Table 3.4-1. Three of these theorems, T2, T3, and T3', are 
especially noteworthy since they are false for ordinary algebra. Theorems 
T3 and T3' can be extended to X + X + X + • ■ ■ + X = nX = X 
and XXX • • • X = X n = X. Theorem T5' can be used to simplify 
the path-tracing method of contact-network analysis. Whenever the 
same variable occurs both primed and unprimed in a path (Fig. 3.4-1), it is 
not necessary to include a term corresponding to this path in the algebraic 
expression for the network transmission. 


Fig. 3.4-1. Example of a network 
in which a variable w 
occurs both primed and 
unprimed in the same 
path. 


Path 



T = wz + xyz + w'y + ( ww'x) 
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Two- and Three-variable Theorems 

Table 3.4-2 lists the switching-algebra theorems which involve two or 
three variables. Theorems T7 and T7' are useful in eliminating terms 
from algebraic expressions and thereby eliminating elements from the 
corresponding networks. Theorem T10' is noteworthy in that it is not 
true for ordinary algebra even though its dual T10 is. 

O +-y i-tv? 

Table 3.4-2. Switching-algebra Theorems Involving Two or 
Three Variables 


' (T6) 

X + Y = Y + X (T6') 

XY = YX 

(Commutative) 

✓ (T7) 

X + XY = X flT) 

X(X + Y) = X 

(Absorption) 

(T8) 

(x + F')F = xr v'ers') 

XT' + 7 = X + 

7 

(T9) 

(X+Y)+Z = X + (Y + Z) = X+Y + Z 
(T9') (XY)Z = X(YZ) = XYZ 

(Associative) 


(T10) XY + XZ = X(7 + Z) 

V(T10') (X + 7)(X + Z) = X + YZ (Distributive) 

J (Til) (X + 7)(X' + Z)(Y + Z) = (X + 7)(X' + Z) . 

(TIT) XY + X'Z + Y Z = XY + X'Z ^ onsens us; 

(T12) (x + y)(x r TzT=~xFTx 7 y~r 


In reducing algebraic expressions, Theorems Til and TIT are very 
important and are used frequently, as is illustrated in the example which 
follows. This example shows how the theorems are used to manipulate a 
given algebraic expression into some other form. Very frequently the 
form desired is one which has as few literals occurring as possible. The 
number of literal occurrences corresponds directly to the number of con- 
tacts in a contact network and roughly to the number of diodes in a gate 
network. 

Example 3.4-1. By use of the theorems, the expression (c' + abd + 
b'd + a'b)(c + ab + bd ) is to be shown equal to b(a + c)(a' + 
c') + d(b + c). 

(c' + abd + b'd + a'b)(c + ab + bd) 

(T12) c'(ab + bd) + c(abd + b'd + a'b) 

(T10) abc' + bc'd + abed + b'cd + a'bc 

(T6) abc' + abed + bc'd + a'bc + b'cd 

(T10) ab{c' + cd) + bc'd + a'bc + b'cd 
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(T8') ab(c' + d) + he'd + a'bc + b'cd 

(Til) ab(c' + d) + bc'd + a'bc + a'bd + b'cd 

(T10) abc' + abd + bc'd + a'bc + a'bd + b'cd 

(T6) (abd + a'bd) + abc' + bc'd + a'bc + b'cd 

(TIO) bd(a + a') + abc' + bc'd + a'bc + b'cd 

(T5) bd( 1) + abc' + bc'd + a'bc + b'cd 

(TIT) bd + abc' + bc'd + a'bc + b'cd 

(T6) bd + bc'd + abc' + a'bc + b'cd 

(T7) bd + abc' + a'bc + b'cd 

(T6), (TIO) d(b + b'c) + abc' + a'bc . I b *4 

(T8') d(b + c) + abc' + a'bc > 0 " ‘ o 

(TIO) d(b + c) + b(ac' + a'c) r O ^ .a 

(T12) d(b + c) + b(a + c)(a' + c') °\ ,\;!/- ' ‘ 

Theorem T12 has no dual (T12'), for the dual would be identical with 1 , 
the original theorem. This theorem shows how a break-make transfer 
contact can be used to provide the same circuit operation as a continuity 
transfer contact. In the network corresponding to XZ + X'Y, there is a 
momentary open circuit when Z = 1, Y — 1 and a break-make transfer 
contact used for X and X' is changing position. If a continuity transfer is 
used for X and X' or if the network corresponding to (X + Y)(X' + Z) 
is used with a break-make contact, there is no momentary open circuit. 


n-Variable Theorems 


The switching-variable theorems that involve an arbitrary number of 
variables are shown in Table 3.4-3. Three of these theorems (T13, T13', 
and T14) cannot be proved by perfect induction. For these theorems, the 
proofs require the use of finite induction [9, p. 11]. Theorems T13 and 
T13' are proved by first letting n = 2 and using perfect induction to 


Table 3.4-3. Switching-variable Theorems Involving 
n Variables 


(DeMorgan’s theorems) 

(Ti3) (Zx + x, + ■ ■ • + x n y = x[x' 2 • • • z; 

(Ti30 (z x z, • • • z„y = x[ + z; + • • • + z: 

(Generalized DeMorgan’s theorem) 

(T14) /(Zx,Z„ . . . ,Z„, + ,■)'= /(Z'Z;, . . . X • , +) 

(Expansion theorem) 

(T15) /(XZ,, • • • X) = X/( 1,Z,, . . . ,Z„) 

+ X]/(0,Z 2 , . . . ,Z n ) 

(T15') /(X,Z 2 , . . . ,Z„) = [Zx +/(0,Z 2 , . . . ,Z„)] 

[z; + /(i,z 2 , . . . ,z,)j 
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prove their validity for this special case. It is then assumed that the 
theorems are true for n = k, and this is shown to imply that they must 
then be true for n = k + 1. This completes the proof, the details of 
which are given in [9, p. 340]. Theorem T14 is proved by using Theorems 
T13 and T13' along with the fact that every function can be split into the 
sum of several functions or the product of several functions (the argument 
here is similar to that used in connection with Fig. 3.2-1) . By successively 
splitting the function into subfunctions and using T13 and T13' it is 
possible to prove T14. 

Theorem T14, which is a generalization of T13, forms the basis of a 
method for constructing complementary networks. Two networks hav- 
ing outputs T i and T 2 are said to be complementary if r J\ = T' 2 . The 
complementary network for any given network can be designed by writing 
the output T i for the first network, then forming T[ by means of T14, 
and then designing a network having ouput T[. For example, if 
Ti— (x + y)[w(y' + z) + xy], then T[ = x’y' + ( w ' + yz')(x' + y'). 

Theorems T15 and T15' show that, for any arbitrary contact network, 
a design is always possible which requires only one transfer contact on one 
of the relays. An example of this is shown in Fig. 3.4-2, where the net- 
work is modified by Theorem T15 to require only a single transfer contact 
on the X relay. 

It was pointed out in connection with Figs. 3.3-1 and 3.3-2 that the 
canonical networks are generally uneconomical. By manipulating the 


w x xx 



Fig. 3.4-2. Modification of a network by means of 
Theorem T15 to require only a single 
transfer contact on the X relay. 


88 




3.5 general gate networks 


canonical sum or product with the aid of the theorems just presented, it is 
usually possible to obtain algebraic expressions which correspond to more 
economical networks than the canonical networks. The following exam- 
ple shows how this is done for the networks of Figs. 3.3-1 and 3.3-2. The 
final expressions correspond to the networks of Figs. 3.3-lc and 3.3-2c. 


Example 3.4-2 


f = x[x',x 3 + x[x 2 x ' 3 + x\x 2 x 3 

/ = x' x x' 2 x 3 + x;x 2 x 3 + x' x x 2 x ' 3 

/ = x;x;x 3 + X[X 2 X 3 + X[X 2 X 3 + x[x t x ' 3 
f = X[X 3 (X' 2 + Xt) + X[X 2 (X 3 + X 3 ) 
f = x;x 3 (d + x;x 2 (i) 

/ = x;x 3 + x;x 2 

/ = X[(X 3 + X 2 ) 


+ x x x' 2 x ' 3 
+ x x x' 2 x 3 
+ x,x[x ' 3 
+ x 1 x' 2 x 3 
+ X 1 x' 2 x , 3 
+ x 1 x , 2 x , 3 
+ xx 2 x 3 


Many of the theorems of ordinary algebra are also valid for switching 
algebra. One which is not is the cancellation law. In ordinary algebra 
it follows that X=Z if X-\-Y=Y + Z. In switching algebra this is 
not true. For example, it is generally true that I + IF = X + 0, but 
it is not necessarily true that IF = 0. This can be easily verified 
by writing out the tables of combinations for /i(X,F) = I + IF, 
f 2 (X,Y) = X + 0, and f 3 (X,Y) = XY. Similar remarks apply to the 
situation in which XY = XZ does not imply that Y = Z. 

More precise techniques for simplifying algebraic expressions will be 
presented in the following chapter. 


3.5 GENERAL GATE NETWORKS 

The previous discussion of gate networks in this chapter has been con- 
cerned solely with networks constructed of AND gates and OR gates. 
This can be considered only an introduction to the topic of gate networks, 
for other types of gates are equally important. In this section other types 
of gate networks will be considered. 

Complete Sets 

The discussion in connection with Theorem 3.3-1 showed that any 
arbitrary switching function could be realized by a network of AND gates, 
OR gates, and inverters. A natural question to ask in this connection is 
whether all three types of elements are necessary. Inverters are required 
if the inputs to the network consist of signals representing the input 
variables but not of signals representing the complements of the input 
variables. The situation when signals representing the complements are 
available is called double-rail logic, and when the complements are not 
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f(x,y) = x+y f ( x, y) = ( x'y')'= x + y 


Fig. 3.5-1. Realization of an OR gate by means of an 
AND gate and inverters. 

availa ble, the term si ngle-rail logi c is used. Both techniques are employed, 
but for the purposes of the present discussion it will be assumed that 
complements are not directly available (single-rail logic). Any function 
which can be realized by a network of AND gates and OR gates but no 
inverters must have a corresponding algebraic expression which does not 
contain any complemented variables or parentheses. It has been shown 
[10, 11] that only certain functions, called frontal functions , can be so 
expressed and that the majority of functions require complementation. 
For example, the function /(x) = x' cannot be realized by a network of 
AND gates and OR gates only. In fact, a technique has been developed 
for calculating the minimum number of inverters required for a function 
[12]. In this development it is shown that a network having three 
inputs x\, x 2 , and x 3 and three outputs corresponding to the functions 
/ i(xi,x 2 ,x 3 ) = x[, / 2 (x i,x 2 ,x 3 ) = Xj, and / 3 (x i,x 2 ,x 3 ) = x' 3 can be realized 
with only two inverters and a quantity of AND gates and OR gates. 

It is clear that inverters are required to realize arbitrary functions, but 
the possibility of using only AND gates and inverters still exists. That 
the OR gates are not necessary is easily demonstrated, for it is possible to 
construct a network having the function of an OR gate and using only 
AND gates and inverters. This is done by making use of DeMorgan’s 
theorem — X + Y = (X'Y 1 )' — as is illustrated in Fig. 3.5-1. Thus any 
network consisting of AND gates, OR gates, and inverters can be changed 
into a network containing only AND gates and inverters by using the 
replacement shown in Fig. 3.5-1 to remove the OR gates. By duality, a 
similar technique can be used to remove the AND gates instead. 

Since it is not possible to use only inverters to realize arbitrary func- 
tions, a minimum set of elements has now been determined. Because it 
is possible to construct a network containing only AND gates and inverters 
for any arbitrary function, the AND gate and inverter are said to form a 
complete gate set. Similarly, the OR gate and inverter form a complete 
gate set. 

An important characteristic of the OR-NOT gate described in Chap. 1 
is that it forms a complete gate set by itself. In Sec. 1.7 it was shown 
that the OR-NOT gate was equivalent to an OR gate whose output was 
connected to an inverter. Thus the algebraic expression for the output 
of an OR-NOT gate with inputs Xi, x 2 , . . . , x m is (xi + x 2 + • • • 
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( a ) [d) 


Fig. 3.5-2. OR-NOT gates connected as an inverter and 
' as an OR gate, (a) Inverter; ( 6 ) OR gate. 

+ x m )' = x\x 2 ■ ■ ■ x' m . If all inputs of an OR-NOT gate are connected 
together to the same input x as shown in Fig. 3.5-2 a, the output /is given 
by / = (x + x + ■ • • + x)' = x' . Clearly the OR-NOT gate has been 
converted into an inverter. By connecting an OR-NOT gate with all its 
inputs tied together to the output of another OR-NOT gate it is possible 
to obtain the same performance as that of an OR gate. This is illustrated 
in Fig. 3.5-2 b. It would thus be possible to replace all OR gates and 
inverters in a network by OR-NOT gates. Since it is possible to realize 
any function by means of a network containing only OR gates and 
inverters, it follows that it is possible to realize any function by means of 
a network containing only OR-NOT gates. 

A dual argument applies to AND-NOT gates. An AND-NOT gate 
with inputs x h x t , . . . , x m has an output equal to (xix 2 • • • x m )' = 
X\ + x' 2 + • • • + x' m . The AND-NOT gate is a complete set by itself. 

Another important type of gate is the sum modulo two, or EXCLUSIVE 
OR gate,f which has a high output only when an odd number of its inputs 
are high. The table of combinations for a two-input EXCLUSIVE OR 
gate is given in Table 3.5-1. This table shows that the output of an 
EXCLUSIVE OR gate with inputs Xi and x 2 is given by Xi © x 2 = 
x[x 2 + xix'z. It is easily demonstrated that the EXCLUSIVE OR opera- 

f The term EXCLUSIVE OR is used since a two-input gate has a 1 output if one 
but not both of the inputs is equal to 1. The OR gate (sometimes called INCLUSIVE 
OR) has a 1 output if one or both inputs are equal to 1. 

Table 3.5-1. Table of Combinations for a Two-input 
EXCLUSIVE OR Gate f = x[x 2 + xix 2 


Xi 

x 2 

/ 

0 

0 

0 

0 

1 

1 

1 

0 

1 

1 

1 

0 
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Fig. 3.5-3. Equivalent networks of EXCLUSIVE OR 
gates. 

tion is commutative and associative ; that is, 

x © y = y © x and (x © y) © 2 = x © {y ® 2 ) 

If both inputs of an EXCLUSIVE OR gate are connected together to x, 
the output is given by x © x = xx' + x'x = 0. The fact that this opera- 
tion is associative means that any network composed only of EXCLUSIVE 
OR gates is equivalent to a single EXCLUSIVE OR gate with all inputs 
connected directly to it. This is illustrated in Fig. 3.5-3. Because of the 
facts that x © x = 0 and x © 0 = x it is possible to remove any duplicated 
inputs so that the resulting network contains only one gate for which no 
input appears more than once. Since this gate, called the reduced gate, 
cannot function as an inverter, it follows that no network containing only 
EXCLUSIVE OR gates can be equivalent to an inverter. Thus the 
EXCLUSIVE OR gate is not a complete set by itself. 

The EXCLUSIVE OR gate can perform as an inverter if a signal repre- 
senting a constant 1 is available, since x ® 1 = xl' + x'l = x' (see 
Fig. 3.5-4). It is still not possible to construct an OR gate by using 
EXCLUSIVE OR gates and a 1 signal, for the output of the reduced gate 
will still be of the form X ® Y © 1, which does not equal 1 when either 
one or both of X and Y are equal to 1. A complete set can be formed by 
using both AND gates and EXCLUSIVE OR gates. As demonstrated 
above, any arbitrary function can be realized by a network containing only 
AND gates and inverters. By using EXCLUSIVE OR gates as in Fig. 
3.5-4 to replace the inverters it is possible to obtain a network containing 
only AND gates and EXCLUSIVE OR gates. 

In Sec. 3.3, canonical expressions involving AND, OR, and inverter 
operations were derived. It is possible to obtain similar canonical 
expressions for any complete set. The canonical expression using AND 
and EXCLUSIVE OR for two-variable functions is 

f(x,y) = go © gi • x © g t • y © g 3 ■ x • y 


Eig. 3.5-4. Use of a constant 1 signal to form an 
inverter from an EXCLUSIVE OR 
gate. 
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Fig. 3.5-5. A network of AND-NOT gates. 


where 

ffo = fo <7i = fo 0 fl <72 = fo ® fl <73 = fo © fl © fi ® fi 
Thus for 

f(x,y) = 2(0,3) = x'y' + xy 

Oo = 1 <7i = 1 02 = 1 <73 = 0 

so that 

f(x,y) = 1 ® x © y 

Analysis of AND-NOT Networks and OR-NOT Networks 

The analysis technique for gate networks which was presented in 
Sec. 3.2 is not restricted to AND and OR gate networks but is more 
general, as was pointed out in Sec. 3.2. This technique can thus be used 
to analyze networks constructed of AND-NOT gates or OR-NOT gates. 
Direct applications of the analysis technique to such gates can be quite 
cumbersome and inefficient. A network of AND-NOT gates is shown in 
Fig. 3.5-5. The outputs of the internal gates of this network are labeled 
with the variables w, x, y, and z to facilitate the following discussion of the 
analysis of the networks. The steps in a straightforward application of 
the Sec. 3.2 analysis technique to the network of Fig. 3.5-5 are summarized 
in Table 3.5-2. Part a of this table shows the intermediate results when 
DeMorgan’s theorem is used to remove primed parentheses as soon as 
possible, and part b shows the results when no primes are removed from 
parentheses until the output expression has been obtained. Both 
approaches have undesirable features. That of part a requires unneces- 
sary effort in converting the same expression (eg, for instance) back 
and forth several times, and that of part b requires that many levels of 
primed parentheses be kept, with the consequent danger of error. These 
drawbacks can be eliminated by use of the modification to be described 
next [13]. 
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Table 3.5-2. Intermediate Steps in the Application of the 
Sec. 3.2 Analysis Technique to Fig. 3.5-5 


(a) Primes on parentheses removed whenever possible 


w x = ( dw )' y 

z = (xy)' 

f = (az)' 

0 eg Y 
e' + g' 

[d(e' + g')]' 
d! + eg 

(be)' 
b' + c' 

\(d’ + eg) (b' + e')]' 
d(e' + g') + be 

(a[d(e' + g') + 6c])' 
a' + [d(e' + g') + 6c]' 
a' + (d' + eg)(b' + c') 

(6) Primes on parentheses not removed until end 

w x = (dw)' y 

z = (xy)' 

/ = (az)' 

(eg)’ 

ld(eg) ')' 

(be)' 

([d(eg)']'[be]')' 

Ko)([d(e»)']'[6c]')' 
a' + ([dte)']'[6c]') 
a' + [d' + eg][b' + c'] 


Figure 3.5-6a shows the network of Fig. 3.5-5 redrawn so as to make 
use of the gate symbol corresponding to the expression x' + y' as well as 
that corresponding to the ( xy )' form. In Fig. 3.5-66 a fragment of this 
network is again redrawn, this time with detached inverters used rather 
than circles on gate inputs or gate outputs. This figure illustrates the 
fact that there are, in effect, two inverters in series between the output of 
the eg gate and the input of the x gate. Because of the involution theorem, 
( X')' — X, these inverters have no logical effect and can be ignored. 
This observation leads to the following conclusion : Whenever a lead has a 
circle output at one end and a circle input at the other end, both circles 
can be ignored. Thus the network of Fig. 3.5-6a can be transformed to 


94 


3.5 general gate networks 




(A) 


Fig. 3.5-6. Network of Fig. 3.5-5 using two types of 
gate symbols, (a) Network; (6) frag- 
ment. 


the network of Fig. 3.5-7 for the purposes of analysis. The analysis of 
Fig. 3.5-7 is shown in Table 3.5-3. It should be emphasized that the 
technique just presented is merely a trick to avoid some unnecessary work 
in writing down an expression for the output of an AND-NOT gate net- 
work. An exactly analogous technique can be used for networks of 
OR-NOT gates. 

Whenever an AND-NOT or OR-NOT gate network has the property 
that each gate output is connected to only one gate input, it is possible to 
transform the network diagram so that no internal inversion symbols 
remain [14]. If the network does not have this property, some inversion 
symbols may still remain. This is illustrated in Fig. 3.5-8. 



Fig. 3.5-7. Network of Fig. 3.5-5 redrawn so as to 
eliminate internal inversion symbols. 
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Fig. 3.5-8. OR-NOT gate network for which it is not pos- 
sible to remove all inversion symbols, (a) 
Before removal of inversion circles; (b) after 
removal of inversion circles. 


The technique just described for analyzing networks of OR-NOT or 
AND-NOT gates is also useful in the design of such networks. If a net- 
work has been designed using OR gates and AND gates, it can be converted 
into an OR-NOT or an AND-NOT gate network by inserting inversion 
circles in the appropriate places. This is illustrated in Fig. 3.5-9. Notice 


Table 3.5-3. Intermediate Steps in the Analysis of the 
Network of Fig. 3.5-7 


W X = d' + W Y Z = XY f = a' + z 


eg 

d' + eg 


b' + c' 


{d' + eg)(b' + c') 
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(c) 





Fig. 3.5-9. A network for f(A,B,C,) = 2(1, 3,5,6 ) using AND 
and OR gates transformed into a network using 
AND-NOT gates and a network using OR-NOT 
gates, (a) AND gates, OR gates, and inverters; 
(b) AND-NOT gates; (c) OR-NOT gates. 


that the OR-NOT gate requires an additional gate at the output. This 
can be avoided by redesigning the original gate to have an AND gate as 
the output gate. 


3.6 BOOLEAN ALGEBRA 

The switching algebra developed in Sec. 3.1 is a particular example of a 
more general type of mathematical system called a Boolean algebra. 
Boolean algebras can be interpreted in terms of sets and logical proposi- 
tions as well as switching variables. A general development of Boolean 
algebra will be presented next, and then the application to sets and logic 
will be discussed [4,5]. 

A set is a collection of objects or elements. The members of a set can 
be specified by listing them explicitly or by specifying some property such 
that all elements satisfying this property are members of the set, while all 
other objects are not members of the set. For example, the set 
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X = {a,b,c} , or the set Y = {all integers x such that x can be expressed as 
2 y for some integer y } . Of course the set Y consists of all the even integers. 
The notation a£Z will be used to express the fact that the element a is a 
member of the set X. Two sets are said to be equal, written X = Y, if 
and only if they contain exactly the same elements. 

In order to associate an algebraic structure with a set, it is necessary to 
specify one or more rules of combination or binary operations between the 
elements of the set. There are four such binary operations normally 
associated with the real numbers: addition, multiplication, subtraction, 
and division. Formally, a binary operation on a set is a rule which assigns 
to each ordered pair of elements of the set a unique element of the set. 
The fact that the element assigned to the ordered pair is also a member of 
the set is often called the closure property. The following formal defini- 
tion of a Boolean algebra can now be stated : 

Definition. A set B of elements {a,b,c, . . .} and two associated 
binary operations + and ■ form a Boolean algebra if and only if the 
following postulates are satisfied: 

(Al) The operations are commutative, 

a + b = b + a and a ■ b = b ■ a 

(A2) Each of the operations distributes over the other, 

a(b + c) = a ■ b + a ■ c and a + b ■ c = (a + b) ■ (a + c) 

(A3) There exist identity elements 0 and 1 for + and • 
respectively, 

0 + a = a and 1 • a = a for all a S B 
(A4) For each a SB there exists an a'S B such that 
a + a’ = 1 and a ■ a' = 0 

From this set of postulates it is possible to prove the following 
theorems : 


o + a = a a • a — a 

0 + 1 = 1 a ■ 0 = 0 

(a')' = a 

a + ab = a a(a + b) — a 

o + (b + c) = (a + b) + c a ■ (b ■ c) — (a • b) • c 

(a + b)' = a' • b' (a- b)' = a' + b' 


(Idempotent) 

(Null elements) 
(Involution) 
(Absorption) 
(Associative) 
(DeMorgan’s laws) 


3.6 boolean algebra 


These theorems are formally identical with the corresponding theorems 
proved for switching algebra. The remaining theorems of switching 
algebra can also be proved to follow from the postulates given above. It 
is not obvious that perfect induction can be used in proving these theorems, 
since the variables are not restricted to the two symbols 0 and l.f In fact 
nothing in the definition restricts the set B to containing only a finite 
number of elements, and it is possible to have a Boolean algebra with an 
infinite set B. The proofs of the theorems will not be discussed here since 
they can easily be found in the literature [4, chap. 2]. 

This discussion shows that the switching algebra developed earlier is 
simply a Boolean algebra for which the set B consists of only two elements 
0 and 1. An example of a Boolean algebra with more than two elements is 
given by B = {0,a,/3,l } , with + and • defined by the accompanying tables. 


+ 

0 

a 

13 

1 


0 

a 

0 

1 

0 

0 

a 

0 

1 

0 

0 

0 

0 

0 

a 

a 

a 

1 

1 

a 

0 

a 

0 

a 

0 

0 

i 

0 

1 

0 

0 

0 

0 

0 

i 

i 

i 

1 

1 

i 

0 

a 

0 

i 


Propositional Logic 

Another interpretation of a Boolean algebra with two elements in the 
set B is in terms of propositional logic. This interpretation will be dis- 
cussed next. A proposition in this context is the content or meaning of a 
declarative sentence for which it is possible to determine the truth or 
falsity. Thus a sentence must be free of ambiguity and must not be self- 
contradictory in order to qualify as a proposition. The statements 

“The sun is shining” 

“All men have three heads” 

are propositions. The first is sometimes true, while the second is always 
false. The statement “All men are tall” is not a proposition, since it is 
ambiguous, and the statement “The statement you are now reading is 
false” is not a proposition, since it is self-contradictory. 

The lower case letters p, q, r, s, t, . . . will be used to represent arbi- 
trary or unspecified propositions, i.e., propositional variables. Two 
propositional constants are necessary also: one for a proposition that is 

f The fact that perfect induction is applicable in this general case is proved in 
[4, p. 36]. 
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always false, which will be represented by the symbol F, and one for a 
proposition that is always true, which will be represented by the symbol 
T. Two propositions p and q are said to be equal if whenever one is true 
the other is true, and vice versa. Thus the expression p = F represents a 
statement to the effect that the proposition p is always false. If p repre- 
sents the proposition “x is an even integer” and q represents the proposi- 
tion “ x can be expressed as 2 y, with y an integer” then it follows that 
p = q. 

Corresponding to any given proposition p, it is possible to form another 
proposition which asserts that p is false. This new proposition is called 
the denial (or complement, or negative) of p and is written as p (or p' or 
or —p). It is clear that, if p is true, p is false, and vice versa. This 
can be stated formally by means of the accompanying table. If p is the 




V 

V 

T 

F 

F 

T 


statement “It is raining,” then p is the statement “It is false that it is 
raining” or “It is not raining.” 

It is also possible to combine two propositions to form a new proposi- 
tion. Thus, if p and q are two propositions, it is possible to form a new 
proposition called the conjunction of p and q, written p A q (or p & q or 
p • q), which is true only when both p and q are true and is false otherwise. 
The table expressing this relationship is shown herewith. 


p q p A q 

F F F 

FT F 
T F F 

T T T 


A rule for combining two propositions to form a new proposition is 
called a logical connective. The logical-connective conjunction corre- 
100 sponds to the common usage of “and” to combine two statements. Thus, 
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if p represents the proposition “It is raining” and q represents the proposi- 
tion “The sun is shining,” p A q represents the proposition “It is raining, 
and the sun is shining.” 

Another common means for combining two statements involves the 
use of “or.” The usage in this case is not entirely unambiguous. This is 
illustrated by the following two statements: 

1. “To get a degree, a student must take an economics course or a 
history course” 

2. “Each student is to leave the room by the front door or the side 
door” 

The meaning of the first sentence is clearly economics or history or both, and 
thus the usage corresponds to an “inclusive or.” In the second sentence it 
is presumably impossible to leave by more than one door; so an “exclusive 
or” is intended — one door or the other but not both. In propositional logic 
it is necessary to distinguish clearly between these two usages of “or.” 

The disjunction of two propositions p and q, written p V q, is defined 
as a proposition which is true when either p or q or both are true. Thus 
disjunction corresponds to the inclusive or. The table for disjunction is 
shown herewith. Of course, it is also possible to define a logical connective 
which corresponds to the exclusive or. 


V 


9 


V V q 


F F 
F T 
T F 
T T 


F 

T 

T 

T 


The system of propositional logic which has just been described can 
be shown to be a Boolean algebra with a set B consisting of the two 
propositional constants T and F. The two binary operations are conjunc- 
tion corresponding to • and disjunction corresponding to +. To show 
that propositional logic does form a Boolean algebra with this interpreta- 
tion for B, +, and •, it is necessary to verify that the four postulates are 
satisfied : 

(PI) p V q = q V p and p A q = q A p 
(P2) p A (q V r) = (p A q) V (p A r) 

p V (9 A r) = (p V q) A (p V r) 

(P3) FVj) = j) and T A p — p 

(P4) p V p = T and p A p = F 
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The correctness of the PI postulate follows directly from the defini- 
tions of conjunction and disjunction. The remaining three postulates 
can be verified by using truth tables, such as those used to define conjunc- 
tion and disjunction, in much the same fashion as tables of combination 
were used to verify the theorems of switching algebra in Sec. 3.4 (perfect 
induction). 

It follows from the fact that propositional logic is a Boolean algebra 
that no additional logical connectives are necessary in order to be able to 
express any arbitrary propositional function. In fact, because of 
DeMorgan’s theorem, p V q = (p A q), so that only conjunction and 
negation are really necessary. It is convenient to have more than this 
absolute minimum set of connectives available. An additional logical 
connective, called material implication, is of considerable importance in 
propositional logic. This connective corresponds to the compound state- 
ments “p implies xj" or “If p, then q” in everyday usage. The formal 
definition of material implication, written p —■ ► q, is that p — > q is false 
only when p is true and q is falsef. This is shown in the accompanying 
table. For the proposition p — » q to be true, it is necessary only that q 


V 


F 

F 

T 

T 



be true whenever p is true. If p is false, the proposition p — » q is true 
independent of the truth value of q. Thus if p is the statement “The 
moon is a planet” and q is the statement “The moon is made of blue cheese,” 
then p — > q is true since p is false. It is possible to relate the material- 
implication connective to disjunction and negation : p — > q = p V q. 

A switching algebra can be developed for gate networks and contact 
networks directly in terms of propositional logic. This is done by asso- 
ciating propositions with circuit elements, as is shown in the following 
table. If leads i and j are inputs to an AND gate and lead k is the output 
lead of the AND gate, then it follows that z* = xi A x , since there 
will be a high voltage on lead k only when leads i and j both have high 
voltages. 
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Element 

Proposition 

Symbol 

Relay X 

“Relay X is operated” 

X 

Make contact on 

“A closed path exists between the two termi- 

X 

relay X 

nals of each make contact on relay X” 


Break contact on 

“A closed path does not exist between the two 

X 

relay X 

terminals of each make contact on relay X” 


Lead i in a gate 

“A high voltage is present on lead i” 

Xi 

network 




Algebra of Sets 

Another system whose structure is formally identical with Boolean 
algebra is the algebra of sets. This algebra is concerned mainly with the 
ways in which sets can be combined. Thus the union of two sets X and Y 
is written as X KJ Y and is defined as the set containing all elements which 
are in either X or 7 or both. If X = {0,1, 2, 3} and Y = {0,2,4}, then 
X VJ Y — {0,1, 2, 3, 4}. The intersection of two sets X and Y is written as 
X C\ Y and is defined as the set containing all elements which are in both 
X and F. For the particular X and F given above, XH F = {0,2}. 

If two sets have exactly the same members, they are said to be equal. 
If a set X has only elements which are also elements of another set F, X is 
said to be a subset of F or X is said to be included in F, written X C F. 
If F contains elements which are not also in X, then X is a proper subset 
of F, written X C F. This relation of inclusion has the following 
properties : 


If 

X c X 

X C F 

and 

FCX 

then 

(Reflexive) 

X = F 

If 

X C F 

and 

FCZ 

then 

(Antisymmetric) 
X C Z 


(Transitive) 

A relation such as C which has these three properties is said to be a 
partial ordering. 

If the two sets X and F happen to have no elements in common, their 
intersection X (~\ Y will be empty. It is customary to define a special 
set, the null, or empty, set, which contains no elements. The null set is 
represented by the symbol 4>, so that X (X Y = <j> if X and F have no 
common elements. The other special set which is necessary is the universal 


103 


Switching Algebra 




Fig. 3.6-1. Venn diagram. 


set, written U, that by definition contains all elements under discussion. 
It is then possible to associate with each set X another set X', called the 
complement of X, which contains all members of U which are not in X. 
If only integers are being discussed so that U is the set of all integers, and 
X is the set of all even integers it follows that X' is the set of all odd inte- 
gers. The set inclusion property can be related to intersection and com- 
plementation since X C Y if and only if X IX Y' = </>. There can be no 
elements of X which are not in Y. 

From the definitions just given it can be easily shown that the following 
rules hold : 

(51) XU Y = YU X and X IX Y = Y IX X 

(52) X IX (Y U Z) = (X IX Y) U (X IX Z) 

XU (Y/XZ) = (XU Y)iX(XUZ) 

(53) <t>UX = X and U IX X = X 

(54) XUX’ = U and X IX X' = <\> 

This shows that the algebra of sets is formally identical to Boolean algebra 
if the elements of B are chosen to be the subsets of some universal set U 
and the connectives IX and U take the place of • and +. In fact it has 
been shown [4, p. 42] that for any abstract Boolean algebra there is a corre- 
sponding set U such that the algebra of the subsets of U has the same 
structure as that of the abstract Boolean algebra. In other words, there 
is no abstract Boolean algebra which cannot be interpreted as the algebra 
of subsets of some universal set U. 

Visualization of the combination of sets is often possible by using a 
Venn diagram in which each set is represented by a certain area. Specifi- 
cally the universal set U is represented by the interior of a rectangle, and 
each other set is represented by the points inside a circle or closed region 
inside the rectangle. This is illustrated in Fig. 3.6-1. 

Boolean Rings 

Another important interpretation of a Boolean algebra is as a Boolean 
104 ring. The theory of rings is an important topic in abstract algebra. 
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problems 


Definition. A set R of elements {a,b,c, . . .} and two associated 
binary operations © and • form a ring if and only if the following 
postulates are satisfied : 

(Rl) a © (b © c) = (a © b) © c (Addition is associative) 

(R2) a © b = b © a (Addition is commutative) 

(R3) The equation a © X = b has a solution x in R 

(R4) a(bc) = ( ab)c (Multiplication is associative) 

(R5) a(b © c) = ab © ac, ( b © c)a = ba © be 

(Distributivity) 

If in addition to these properties it is also true that a ■ a = a for all 
elements of R (idempotent law), then the ring is said to be a Boolean 
ring [5,15]. Any Boolean algebra forms a Boolean ring if the same 
operation is used for multiplication in both systems and if ring addition is 
defined by 

a © b = a'b + ab' 

Since the theory of switching circuits does not make any substantial use 
of Boolean rings, they will not be discussed further here. 


Problems 

1. For the networks of Fig. P3-1 : 

(a) Write the output function. 

(i b ) Fill in the table of combinations, 
(c) Write the decimal specifications. 




Fig. P3-1 


105 



£\- 


Switching Algebra 



2. For the network of Fig. P3-2 write the algebraic expressions for each of the 
outputs fa, ft, fc, fi in terms of the inputs x and y. Assume that the symbol 1 
has been assigned to Eh, the high input-voltage level. 









3. A relay X is controlled by a contact network containing contacts from relays 
W, Y, Z as well as X itself. The network is shown in Fig. P3-3. 

(a) What must be the status of the W, Y, and Z relays before relay X can 
operate ? 

(b) Once operated, under what conditions can relay X be deenergized? 
Explain your answer fully. 



problems 


4. Figure P3-4 shows a network consisting of a diode and contacts from relays 
W, X, Y, and Z. This network controls the operation of relay A. 

(a) When will relay A operate? 

(b) Redraw the network with the diode replaced with a contact from one 
of the relays W, X, Y, Z so that the conditions of operation of relay A are 
unchanged. 


Fig. P3-4 




5. The single-error-correcting code in the tabulation is to be used to transmit 
messages over a noisy channel. When the message bits are received, they 


Message 

Code word 


■5 v 



u 

■t 



Xi 

Xi 

Xi 

x t 

*5 

Xi 

1 

0 

1 

1 

1 
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2 

1 
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1 

0 

1 

0 

3 

1 
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0 

0 

0 

1 

4 

1 

1 

0 

1 

1 

0 

5 

1 

0 

1 

1 

0 

1 

6 

0 

1 

1 

0 

1 

1 

7 

0 

0 

0 

0 

0 

0 

8 

0 

0 

0 

1 

1 

1 



must be “decoded” in order to determine which message was sent. Write 
.the decimal specification for the decoded output which corresponds to 
message 1 being sent. 

3 A lock circuit is to be designed with 10 toggle switches, x 0 , X\, . . . , x, as 
inputs. The lock is to be open only when the switches are alternately up 
and down. Write the decimal specification for the corresponding switching 
function. 


7. 



An indicator circuit is to be designed for a room which has two swinging 
doors Di and Z) 2 . Associated with each door there are two switches, ei and 
Xi for Di, ei and x 2 for Z) 2 . The e, switch is closed only when the corre- 
sponding door Di is open in, and the x, switch is closed only when the 
corresponding door Di is open out. An indicator lamp is to be lit whenever 
there is a clear path through the room (one door open in and the other door 
open out). 

Fill out a table of combinations for the function corresponding to the 
indicator light. 

Write the canonical sum and the canonical product for each of the following 
functions : 

(а) f(x,y,z) = 2(0, 3, 6) 

(б) f(x,y,z) = 11(1,2,7) 
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9. 


10 . 




Prove the following identities without using perfect induction: 
ab' + be' + ca' = a'b + b'c + c'a 
ab + a'c + bed = ab + a'c 
Find the complements of the following functions: 
f = a + be 
f = (a + b){a'c + d) 
f = ab + b'c + ca'd 

Prove that your answers are correct by showing that / ■/' = 0 and / + /' = 1 
Prove whether or not the following identities are valid. Do not use perfect 
induction. P 

(а) ab'+ c'ti' + a'bcd' + ab'c'd = (o + d')(b + c') ft _( t 

(б) , (a + b')(b + cO (c + a') = (a' + 6) (&' + c) (c' + a) \ f 

(c) (a + b)(b + c)\c + a) = (a' + b')(jb' + c')(c' + a') 

(d) ab + a'b'c = (c + a)(c + b) 

(a) Write the transmission function for the network of Fig. P3-12. 

(i) By use of P sets (tie sets) 

(ii) By use of S sets (cut sets) 

(b) Show that the expressions obtained in (i) and (ii) are equivalent. 



Fig. P3-12 


[ 13 , Redesign the networks of Fig. P3-13, using as few gates or contacts 
^ possible. 



( b ) 
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problems 



14. Design a contact network whose transmission is the complement of the 
transmission of the network of Fig. P3-14. 


Fig. P3-14 



15. In order to increase the reliability of a combinational circuit constructed 
of AND and OR gates, three copies of the desired circuit are to be built. 
An additional circuit, whose inputs are the outputs of the three copies 
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of the desired circuit and whose output signal agrees with the majority of 
the input signals, is to be constructed of very-high-reliability components. 
The overall circuit will thus have the correct output even though the output 
of one of the copies of the desired circuit is in error (see Fig. P3-15). 

(a) Form the table of combinations for the majority circuit M. 

(b) Write the equivalent decimal specification. 

(c) Write a simplified algebraic expression for to as a function of z i, z%, z 3 . 

16. Design a circuit using AND-NOT gates with the following performance: 

(а) If inputs x and y both equal 1, the circuit output z is also equal to 1. 

(б) If input x equals 0 and input w equals 1, the circuit output z is to equal 0. 
(c) For all other values of the input variables w, x, and y the output remains 
at the value last assumed in order to satisfy (a) or (6). 

17 . Let x\y = x'y' . 

(a) Does {x[y)[z = x!(yjz)? Prove your answer. 

(6) Express the function / = x'y'z ' , using only the j connective. 

18 . Show that the operation / = x'y' = x\y, which is called joint denial, forms 
a complete set. 

19 . Does the operation f = x’ + y = x — > y, which is called implication, form 
a complete set? If it does not, what must be added in order to form a com- 
plete set? 

20 . (a) For the circuit of Fig. P3-20 write algebraic expressions for A and B. 

( b ) The box S represents a circuit for which y = 0 and y’ = 1 if A equals 0. 
If A = 1, y = 1 unless B = 1, in which case y = 0. Write an expression 
for y in terms of w and x. 

( c ) Give a word statement for the dependence of y on w and x. 



Fig. P3-20 

zih Write the output function for each of the networks of Fig. P3-21. 
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problems 



Fig. P3-21 (i) 



Analyze the circuit in Fig. P3-22. 

(a) Write an algebraic expression for z. 



23. (a) If / = x © y, express / in terms of x, x', y, y', +, and ■. 

(6) Prove that (x ® y) © z = x © (y © z). 

(c) Prove that if x © y = z 
then 

x © z = y 

and 

x ® y © z = 0 

(d) Prove that x © y = x + y if xy = 0. 

(e) Prove that (a + 6) © (a + c) = a'(b © c). 

24. Analyze the network of Fig. P3-24, showing each step of your work clearly. 
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SIMPLIFICATION OF 
SWITCHING FUNCTIONS 


In Chap. 3 it was shown how a combinational switching circuit 
can be specified by means of a table of combinations, how an 
algebraic expression (the canonical expansion) can be derived from 
the table of combinations, and how the canonical expansion can be 
simplified by using the switching algebra theorems. Algebraic 
simplification is satisfactory for only the simplest functions; for 
other functions more powerful methods are necessary. It is the 
object of this chapter to present these methods, which will be used 
throughout the remainder of the book. 


4.1 THE MAP METHOD [1,2] 

— The simplest sum-of-product-terms form of a function will be 
called a minimal sum. f The precise definition will be discussed 
later, but for the present the sum-of-products form which has the 
fewest terms will be taken as the minimal sum. If there is more 
than one sum-of-products form having the minimum number 
of terms, and if these forms do not all contain the same total 
number of literals, then only the form(s) with the fewest literals 
will be called the minimal sum(s). For example, the func- 
tion / = x'yz + xyz + xyz' can be written as / = yz + xyz', 
f = x'yz + xy, and / = yz + xy. Each of these forms contains 
two terms, but only the third form is a minimal sum, since it 
contains four literals, while the other two forms contain five 
literals each. 

The minimal sum corresponds to a diode gate circuit in which 
the circuit inputs are connected to AND gates and the outputs of 
the AND gates form the inputs to an OR gate whose output is the 

f This is called minimal rather than minimum, since there may be more 
than one such form. 


4.1 the map method 


circuit output. Such a circuit is called a two-stage circuit, since there are 
two gates connected in series between the circuit inputs and output. It is 
also possible to have two-stage circuits in which the circuit inputs are 
connected to OR gates and the circuit output is obtained from an AND 
gate. The minimal sum just defined corresponds to the two-stage 
circuit in which the output is derived from an OR gate and which contains 
the minimum number of gates. The basic method for obtaining the min i- \ 
mal sum is to apply the theorem XY -j- X'Y = Y to as many terms as \ 
possible and then to use the theorem XY + X'Z + YZ = XY + X'Z to 
eliminate as many terms as possible. / 

Example 4.1-1 

f = x'y'z' + x'y'z + xy'z + xyz 
x'y'z' + x'y'z — x'y' 
xy'z + xyz = xz 

f = x'y' + xz Minimal sum f 

Example 4.1-2 

f = w'x,'y'z + w!<t' yz + w'xy'z + w'xyz + wxy'z' 

+ wxy'z + wx'y'z' + wx'y'z 
w' x'y'z + w'x'yz = w'x'z w'xy'z + w'xyz = w'xz 
wxy'z' + wxy'z = wxy' 
wx'y'z' + wx'y'z = wx'y' 
w'x'z + w'xz = w'z 
wxy' + wx'y' = wy' 
f = w'z + wy' Minimal sum f 

Example 4.1-3 

f = xyz + x'yz + xy'z 

xyz = xyz + xyz 

f = (xyz + x'yz ) + {xyz + xy'z) 

S — yz + xz Minimal sum) 

Example 4.1-2 illustrates the fact that it may be necessary to apply 
the theorem XY + X' Y = Y several times, the number of literals in the 
terms being reduced each time. A single term may be paired with more 
than one other term, as shown in Example 4.1-3. 

The process of comparing pairs of terms to determine whether or not 
the theorem XY + X'Y = Y applies can become very tedious for large 
functions. This comparison process can be simplified by using an n-cube 
map. 


t It is possible to prove that this is a minimal sum. This will be discussed 
subsequently. 
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x Fig. 4.1-1. Two-variable 

y 
o 

t 


Maps for Two, Three, and 

A map for a function of two variables, as shown in Fig. 4.1-1, is a square 
of four cells or a 2-cube map. The value 0 or 1 which the function is to 
equal when x = 1, y = 0 (the entry in the 10 location or 2 row of the table 
of combinations) is placed in the cell having coordinates x = 1, y = 0. 
In general, the scheme for filling in the map is to place a 1 in all cells whose 
coordinates form a binary number which corresponds to one of the funda- 
mental products included in the function and to place a 0 in all cells 
whose binary numbers correspond to fundamental products not included 
in the function. This is done very simply by writing a 1 in each cell 
whose decimal designation (decimal equivalent of the binary number 
formed by the coordinates) occurs in the decimal specification of the func- 
tion and writing 0’s in the remaining cells. 

The maps for functions of three and four variables are direct extensions 
of the two-variable map and are shown in Figs. 4.1-2 and 4.1-3. Discus- 


1 


(A) 

Four Variables 


map. (a) Gen- 
eral form; (b) 
map for f = x'y' 
+ xy' = 2(0,2) 
= * (1,3). 



xy xy 


z 

00 

01 

1 1 

to 

Z 

00 

01 

1 1 

10 

0 

^0 

h 

' 6 

U 

0 

1 

1 

0 

0 

1 

'l 

h 

'7 


1 

0 

0 

1 

0 


(a) l£) 


Fig. 4.1-2. Three-variable map. (a) General form; 

(6) map for f = x'y' s' + x'yz' + xyz; f = 
S (0,2,7) = x(l,3,4,5,6). 


w x 


/<? 

00 

00 

01 

1 1 

10 

^0 

U 

f \z 

>8 

01 


h 

fn 

^9 

1 1 

h 

h 

'15 

'ii 

10 


^6 

f 1 4 

^10 


(a) 


wx 


y* 

00 

00 

01 

1 1 

10 

1 

0 

0 

0 

01 

1 

0 

0 

0 

1 1 

0 

1 

1 

0 

10 

0 

i 

1 

0 


(t) 


Fig. 4.1-3. Four -variable map. (a) General form; (6) 
map for f = w'x'y'z' + w'x'y'z + w' xyz' + 
w'xyz + wxyz' + wxyz;f = 2,(1,6,7,14,15) = 
*■( 2,3,4,5,8,9,10,11,12,13 ). 
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sion of maps for more than four variables will be postponed temporarily, 
since such maps are more complex. 


Prime Implicants 

Two fundamental products can be “combined” by means of the 
theorem XY + XY' = X if their corresponding binary numbers differ in 
only 1 bit. For the fundamental products wxyz and wxyz ' , 

wxyz + wxyz' = wxy 

The corresponding binary numbers are 1111 and 1110, which differ only 
in the lo west-order bit position. The fundamental products wxyz and 
w'xyz' cannot combine, and their corresponding numbers, 1111 and 0110, 
differ in the first and last bit positions. 

In terms of the distance concept introduced in Chap. 2, two funda- 
mental products combine only if the corresponding points on an n-cube or 
n-cube map are distance 1 apart. Points distance 1 apart on an n-cube 
become adjacent cells on a map, so that cells which represent funda- 
mental products which can be combined can be determined very quickly 
by inspection. In carrying out this inspection process it must be remem- 
bered that cells such as / 4 and f 6 or /i and / 9 in Fig. 4.1-3 must be con- 
sidered to be adjacent. 

In a four-variable map each cell is adjacent to four other cells corre- 
sponding to the four bit positions in which two binary numbers can 
differ. In inspecting a map to determine which fundamental products 
can be combined, only cells with 1 entries (1 cells) need be considered, 
since these correspond to the fundamental products included in the func- 
tion. Figure 4.1-4 shows a four-variable map with adjacent 1 cells 
encircled. Notice that the 0111 cell is adjacent to two 1 cells. The rule 
for writing dow n the algebrai c expression corresponding to a map is that 
there will be one product term for each pair of adjacent 1 cells and a funda- 
mental product for each 1 cell which is not adjacent to any other 1 cell. 
The fundamental products are written down according tp the rule given in 
Chap. 3: any variable corresponding to a 0 in the binary number formed 
by the coordinates of the corresponding 1 cell is primed; the variables 
corresponding to l’s are left unprimed. The product teirms corresponding 

to pairs of adjacent 1 cells are obtained by the same rffle, with the excep- 

- f ‘ 

wx 


Fig. 4.1-4. Four-variable map with adjacent 
1 cells encircled, f = 2(0,5,7,8,15 ) 
= x'y'z' + w'xz + xyz. 
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wx 


yt 

00 

01 

1 1 

10 

00 

(E 
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01 





1 1 





10 






(b) 


wx 



wx 



(d) 


Fig. 4.1-5. Four-variable maps showing sets of cells 
corresponding to four fundamental products 
which can be combined. («) f = w'z; (b) 

/ = y'*'i (c)/= x’y’; (d)/= *V. 

tion that one variable is not included in the product. The variable 
excl uded is that corresponding; to the bit po sition in which the coo rdinates 
of the two 1 cells differ (see Fig. 4,1-4). 

The situation where it is possible to combine two of the terms obtained 
from pairs of the fundamental terms as in Example 4.1-2 must be con- 
sidered next. In such a situation four of the fundamental products can 
be combined into a single product term by successive applications of the 
XY + XY’ = X theorem. A function which is the sum of four such 
fundamental products is / = wxyz + wxyz’ + wxy'z + wxy’z’ . Applica- 
tion of the theorem to this function yields 

/ = ( wxyz + wxyz’) + ( wxy’z + wxy’z’) = wxy + wxy' = wx 

The characteristic property of four fundamental products which can be 
combined in this fashion is that all but two of the variables are the same 
(either primed or unprimed) in alkfour terms. The corresponding four 
binary numbers are identical in all but two bit positions. The corre- 
sponding cells on a map form “squares” (Fig. 4.1-5a) or “lines” (Fig. 
4.1-56) of four adjacent cells. For such a group of four cells on the ma p 
of a function the corresjponding product term is written just as for tw o 
adjacent cells, except that two variable s corresponding t, n the two bit 
positions for which the cell coordinates change must be omitted. 

It is also possible that eight of the fundamental products can be 
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(a) 
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wx 



Fig. 4.1-6. Four-variable maps showing sets of cells 
corresponding to eight fundamental prod- 
ucts which can be combined. (a) f = x; (6) 
/= 


Fig. 4.1-7. Map showing prime im- 
plicants. 
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10 






f = HO, 5,7,8,11,13,15) = xy + xy'S+wys 


combined. In this case all but three of the variables are identical (either 
primed or unprimed) in all eight terms. Figure 4.1-6 shows some sets of 
eight cells on a map which have all but three coordinates fixed. The 
general rule is that, if in 2* fundamental products all but i of the variables 
are identical (primed or unprimed), then the 2‘ products can be combined 
and the i variables which change can be dropped. 

In s earching for a mini mal sum for a function by means of a map, the 
first step is to encircle/all sets of cells corresponding to fundamental prod- 
3 combined) 


ucts which can be combined) (see Fig. 4.1-7). If one such set is contained-, 

I 1 _ i . 1 j 1 t X . t 


in a larger se t, on ly the larger set is encircled. t In Fig. 4.1-7 the set 
(0101, Oi 11) is not encircled. The encircled sets and the corresponding 
product terms will be called prinie~Tm y l icantsf~ These are exactly the 
terms which would result from repeated applications of the theorem 
XY + XY' = X. The terms appearing in the minimal sum will be some 
or all of the prime implicants. 



Maps for Five and Six Variables 

While the map is most useful for functions of four variables, it is also 
helpful for five- and six-variable functions. A five-variable map is formed 


f This corresponds to using the theorem X + JF = X. 

t This term was introduced by W. V. Quine [3]. It is derived from the terminology 
of mathematical logic, but it has received widespread use in connection with switching 
theory. 219 
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v=0 v = 1 

mx mx 



Fig. 4.1-8. Five-variable map. 


by using 2 four-variable maps (Fig. 4.1-8), and a six-variable map is 
composed of 4 four-variable maps (Fig. 4.1-9). 

In the five-variable map, one of the four-variable maps represents all 
rows of the table of combinations for which v = 0, and the other four- 
variable map represents all rows for which v = 1. Similarly one of the 
four-variable maps making up the six-variable map represents all rows of 
the table of combinations for which u = 0 and v = 0, and another four- 
variable map represents all rows for which u = 0, v = 1, etc. 

The basic rule for combining cells for five- or six-variable maps is the 
same as for four-variable maps : it is possible to combine any set of 1 cells 
for which some of the coordinates remain fixed while the remaining 
coordinates take on all possible combinations of values. For cells on the 
same four-variable map, the patterns of sets of cells which can be combined 
are the same patterns discussed in connection with four-variable maps. 
Two cells which are on different four-variable maps can be combined only 
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Prime implicants: (0,4,8,12,16,20,24,28); (11,15,27,31) 


Fig. 4.1-10. Five-variable map for f = 2(0,4,8,11,12,15, 
16,20,24,27,28,31 ) =y'z'+tvyz. 

if they occupy the same relative position on their respective four-variable 
maps. In Fig. 4.1-8 the cells containing / 4 and / 20 can be combined, but 
it is not permissible to combine the cells containing / 4 and / 16 . For the 
six-variable map, only cells from two maps which are horizontally or 
vertically adjacent can be combined — a cell from the map labeled u = 0, 
v = 0 cannot be combined with a cell from the map labeled u = 1, v = 1, 
since the two cells differ in two coordinates rather then in one, as required. 
Four cells, such as those labeled /#, f„, f M (in Fig. 4.1-9), which all 

occupy the same position in their individual four-variable maps can all be 
combined. 

The first step in the procedure for picking the minimal sets on a five- 
or six-variable map is to determine the prime implicants for each of the 
individual four-variable maps (Fig. 4.1-10). Each prime implicant must 
now be compared with the prime implicants of the (horizontally and 
vertically) adjacent maps. If there is an identical prime implicant in an 


v = 0 v =1 

** wx 



Prime implicants : (5,7,13,15); (13,15,29,31) 


Fig. 4.1-11. Five-variable map for f = 2(5,7,13,15,29,31) = 
tv xz + v'xz. 
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Fig. 4.1-12. Five-variable map for f = 2(9,11,13,15,21,23, 

29,31) = v'ws + vxz. 

adjacent map, the two prime implicants are combined into one prime 
implicant (Fig. 4.1-10). 

If, in one four-variable map, there is a prime implicant (such as A in 
Fig. 4.1-11) which is identical with a subset ( B , Fig. 4.1-11) of a prime 
implicant ( C , Fig. 4.1-11) in an adjacent map, a new prime implicant is 

u = 0, v = 0 u =0, r-1 

wx WX 



Prime implicants : (5,13, 21, 29, 37, 45,53,61) ; (33,37,41,45); 
(53, 55, 61,63) 


Fig. 4.1-13. Six-variable map for f = 2(5,13,21,29,33,37, 
41,45,53,55,61,63) = xy'z + uv'y'z + uvxz. 
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formed from the original prime implicant A and the subset B. In such a 
case, the original prime implicant A is no longer a prime implicant, since 
it is included in the larger prime implicant A, B. The set C which included 
B is still a prime implicant. One further situation must be considered 
there may be two prime implicants D, E (Fig. 4.1-12) in two different \ 
four-variable maps which are not identical and for which neither is ] 
identical to a subset of the other, but which both have identical subsets I 
F, G (Fig. 4.1-12). The two identical subsets can be combined to form a 
new prime implicant. Both the original prime implicants remain as / 
prime implicants. For a six-variable map, it is also necessary to consider/ 
prime implicants made up of a four-variable prime implicant which is 
identical with prime implicants or subsets of prime implicants in all the 
three remaining four-variable maps (see Fig. 4.1-13). 

Formation of Minimal Sums 

As was shown in Chap. 3, it is possible to express a function as a sum of 
the fundamental products which correspond to rows of the table of com- 
b inations for which the function is to equal 1 (the canonical sum). It is 
al so possible to express any function as the sum of all its prime implicants . 
T his form of the function will be called the comvlete sum. This is a correct 
representation for the function, since it is possible to derive the complete 
sum from the canonical sum by use of the theorems XY + XY' = X and 
X = X + X. Moreover, just as there is only one canonical sum for any 
function and only one function corresponding to a given canonical sum, 
there is only one complete sum for each function, and vice versa. 

Usually it is a minimal sum rather than the complete sum that is desired. , 
As will be shown in the following section, the minimal sum always consists 
of a sum of the prime implicants. For some functions all the prime 
implicants must be included, and for these functions the minimal sum and 
the complete sum are identical. For most functions it is not nece ssa ry to 
include all p rime implicants, since some of them can be removed by use of 
the theorem X Y + X'Z YZ = XY + X'Z. The minimal sum can be 
obtained from the complete sum by using this theorem to remove as many 
prime implicants as possible. There usually are several orders in which 
prime implicants can be eliminated, and some of these orders of elimination 
will result in minimal sums and others may not. 

Example 4.1-4. For the function f(w,x,y,z ) = 2(2,3,5,6,7,9,11,13) 
the order in which terms are eliminated from the complete sum 
determines whether or not the minimal sum is obtained. 



Complete sum: 

/ = w'y + xy'z + w'xz + wy'z + x'yz + wx'z 


123 


Simplification of Switching Functions 


yz 

00 

01 

1 1 

10 


00 01 ^ 11 


(a) 


10 







(T) 

<E 

ID 

Ip 

ID 


GZ 

u 

1 y 




yz 

00 

01 

1 1 

10 


wx 

00 01 11 


Cl 


'i 

i 

i 

i 


D 


(A) 


10 


LL 


Fig. 4.1-14. Maps for f = X(2, 3, 5,6,7,9,11, 13) showing two 
simplified forms off. (a) / = w'y + w'xz + 
wy'z + x’yz; (6) / = w’y + xy’z + wx'z. 


First order of elimination: 

xy'z + w'xz + wy'z = x'yz + w'xz 
wy'z + x'yz + wx'z = wy'z + x'yz 
f = w'y + w'xz + wy'z + x'yz 
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No further eliminations are possible. 

Second order of elimination : 

w'xz + w'y + xy'z = w'y + xy'z 
wy'z + xy'z + wx'z = xy'z + wx'z 
x'yz + w'y + wx'z = w'y + wx'z 
f — w'y + xy'z + wx'z Minimal sum 

The maps corresponding to these two simplified forms of / are 
shown in Fig. 4.1-14. 

A sum-of-products form from which no term or variable(s) can b e 
deleted without changing the value of the expression is called an irredun - 
dant sum) ,Both the simplified expressions of Example 4.1-4 are irredun- 
dant sums. 

Once the prime implicants have been formed, the minimal sum can b e 
determined directly from the map. The rule that must be followed i n 
choosing the prime implicants which are to correspond t,o terms of the 
piinimal sum is that each 1 cell must be included in at least one of the 
c hosen prime implicants. < (The problem of obtaining a minimal sum is 
e quivalent to that of selecting the fewest prime implicants such that each 
.1 cell is included i n at least one of these prime implicants N This rule is 
based on the fact that, for each combination of values of the input varia- 
bles for which the function is to equal 1, the minimal sum must equal 1 
and therefore at least one of its terms must equal 1. More simply, the 
map corresponding to the minimal sum must have the same 1 cells as the 
map of the original function. 




4.1 the map method 




Fig. 4.1-15 . Determination of minimal sums, (a) f = 
2(5,7,17,15,75), minimal sum: f = xz + 
wyz; (b) f = 2(7,2,5,6,7,9,77,75,75), essential 
prime implicants; (c) Fig. 4.2-15b after 
removal of the essential prime implicants; 

(d) f = 2(5,6,7,72,75,77), no essential prime 
implicants present. 

A procedure for determining the minimal sum is first to determine 
whether any 1 cells are included in only one prime implicant. In Fig. 

4.1-15 an asterisk has been placed in each 1 cell which is included in only 
one prime implicant. A 1 cell which is included in only one prime impli- 
cant is called a, l dqs\UnQij.ixhe.d. 1 fell. 

A prime implicant which includes a 1 cell which is not included in any 
other prime implicant is called an essential prime implicant and must be 
included in the corresponding minimat sum(^) In FigT 4.T-15a both the 
prime implicants are essential and must be included in the minimal sum. 

A minimal sum does not always consist only of essential prime implicants. 

In Fig. 4.1-156, only the essential prime implicants are shown. Cell 7 is 
not included in any of these; so another prime implicant which includes 
cell 7 must be present in the minimal sum. Figure 4.1-15c shows the 
function of Fig. 4.1-156 after removal of the essential prime implicants. 

One of the two prime implicants shown must be included in the minimal 
sum, and the larger is chosen because the corresponding term contains 
fewer literals. The final minimal sum is / = y'z + wz + w'yz' + xz. 

There are some functions, such as that shown in Fig. 4.1-15d, which do 

t Actually an essential prime implicant must be included in all irredundant sums. 125 
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Fig. 4.1-16. Determination of minimal sum 
for a function with d terms. 
Prime implicants used in mini- 
mal sums are shown darkened. 
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not contain any essential prime implicants. For such functions the 
minimum number of prime implicants required in the minimal sum can be 
determined by trial and error. f The function of Fig. 4.1-lod has two 
minimal sums, 

/ = wxy' + w'xz + xyz' 
and 

/ = wxz' + xy'z + w'xy 

Incompletely Specified Functions 

The addition of d terms does not introduce any extra complexity into 
the procedure for determining minimal sums. Any d terms which are 
present are treated as 1 terms in forming the prime implicants, with the 
exception that no prime implicants containing only d terms are formed. 
The d terms are disregarded in choosing terms of the minimal sum. No 
prime implicants are included in order to ensure that each d term is 
"contained in at least one prime implicant of the minimal sum. The 
explanation of this procedure is that the d terms are used to make the 
prime implicants as large as possible so as to include the maximum number 
of 1 cells and to contain as few literals as possible. No prime implicants 
need be included in the minimal sum because of the d terms, for it is not 
required that the function equal 1 for the d terms. An example of a 
function with d terms is given in Fig. 4.1-16. 

It is often convenient to avoid determining all the prime implicants. 
This can sometimes be done by searching for 1 cells which are contained in 
only one prime implicant and thus determining the essential prime impli- 
cants. A 1 cell is selected, and the prime implicant or prime implicants 
which include the 1 cell are determined. If there is only one prime 
implicant, it is essential and must be included in the minimal sum. This 
procedure is continued until all the 1 cells are included in prime impli- 
cants of the minimal sum. 

f Systematic procedures for such functions will be discussed in connection with 
tabular methods. 
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Fig. 4.1-17. Derivation of minimal product and minimal 
sum for f = 2(0,2,4,8,9,10,11,12,13). (a) 

Minimal product; ( b ) minimal sum. 


Minimal Products 

It is also possible to express a function as a product of factors. The « , a 
simplest such form will be called a minimal product. The definition of 
minimal product is analogous to the definition of minimal sum : the mini- 
mal product is the product-of-factors form which contains the fewest 
factors. If there is more than one such form, only the form or forms 
also containing the fewest literals are minimal products. Minimal prod- 
ucts are obtained by using the theorems (X + Y)(X + Y') = X 
and (X + Y)(X' + Z)(Y + Z) = (X + Y)(X' + Z) to simplify the 
canonical product. 

Example 4.1-5 

f = (x + y' + z')(x + y' + z)(x + y' + z){x' + y' + z) 

(x + y' + z')(x + y' + z) = (x + y') 

(x + y' + z)( x' + y' + z) = (y' + z) 
f = (x + y') (y' + z) M inimal product 




By combining 0 cells rather than 1 cells, a map can be used for minimal 
products in exactly the same way as it is used for minimal sums. The 
encircled sets arid t he correspondin g su m factors will be called prime 
i mvlicate s. The algebraic expressions are obtained from the map in the 
same way as the fundamental sums are obtained from the table of combi- 
nations. A variable corresponding to a 0 is left unprimed, and a variable 
corresponding to a 1 is primed. The rule for omitting variables is the 
same for prime implicates as for prime implicants. An example of the 
formation of a minimal product by means of a map is given in Fig. 4.1-17o. 

The minimal product corresponds to the two-stage diode gate circuit 
in which the output is derived from an AND gate and which contains the 
minimum number of gates. For some functions the minimal sum leads 
to a more economical circuit, and for other functions the converse is true. [27 
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For the function of Fig. 4.1-17 the minimal product requires fewer gates 
(three) than the minimal sum (five) . There is no known method for deter- 
mining which form will lead to a more economical circuit without actually 
obtaining both the minimal sum and product. 

In obtaining a minimal product, d terms are handled in exactly the 
same fashion as in obtaining a minimal sum. The process of forming a 
minimal product for a function f is exactly equivalent to that of writing a 
minimal sum for the complementary function If a minimal sum is 
written for/' and then Theorem 14f is used to obtain/, the result will be 
the minimal product for /. 

Additional techniques using maps are described in [4 and 5]. 



G ENER AL PROPERTIES OF MINIMAL SUMS AND 
PRODUCTS [6] 


There are several other definitions of minimal sum and minimal prod- 
uct besides the definitions given in the preceding section. Two factors 
affect the definition chosen: (1) the devices and circuits to be used and 
, (2) the difficulty of obtaining an expression satisfying the definition. The 
/ definitions for minimal sums and minimal products used in the preceding 
( section correspond to a two-stage diode gate circuit which contains the 
Vjninimum number of gates. This is appropriate for circuits constructed 
out of standard gate packages which are prewired for a fixed number of 
inputs. In such circuits, it is customary to minimize the total number of 
packages. When the circuits are to be built by interconnecting diodes 
and resistors, the common practice is to minimize the total number of 
diodes. For this, the desired expression is one in which the sum of the 
number of literals plus the number of terms (or factors) containing more 
than a single literal is a minimum. The number of terms (or factors) 
which contain more than a single literal is equal to the number of gates 
whose outputs are connected as inputs to the output gate. The number 
of literals is equal to the number of gate inputs which are connected to 
circuit inputs. Since the number of diodes equals the number of gate 
inputs, this is the proper quantity to minimize. These remarks apply 
only to two-stage circuits. Other types of circuits will be discussed in a 
later section. Anoth er possible definition of the m inim al sum would 
involve obtaining the expression containing the fewest literals. 


For the vast majority of functions, these three definitions of the mini- 
mal sum all result in the same final expression. Because of this, the exact 
definition used is relatively unimportant. Since the definition of the 
minimal sum given in Sec. 4.1 is ordinarily easier to use than the other 
definitions, this is the one which will be used here. 

t/(Xi, x„ ... , Xn, +, •)' = f(X[, X X' n> ; +). 


4.2 general properties of minimal sums and products 


In general, a rule is given for associating a number called the r.ost wi th 
each sum-of-products expression, and the minimal sum is defined as an 
expression for which this cost takes on its minimum value. The three 
definitions of the minimal sum given previously can all be restated in terms 
of this cost function. If the total number of literals is to be minimized, 
then the cost is just equal to the number of literal appearances in an 
expression. When the number of gate inputs is to be minimized, the cost 
is defined as the number of literals plus the number of terms (or factors) 
containing more than one literal. If the defi nition of Sec. 4 .1 is used, the 
appropriate cost is equal to the number of literals plus a large multiple of 
the number of terms containing more than one literal. This is necessary 
so that the cost will always be lower for an expression containing more 
literals but fewer terms than some other expression. 




Example 4.2-1 

f = w'y + xy'z + wx'y 
Ni = number of literals = 8 

N t = number of terms containing more than 1 literal = 3 

(Cost)A = Ni = 8 

(Cost) B = Ni + Nt = 8 + 3 = 11 

(Cost ) c = N, + 10W« = 8 + 3 X 10 6 

These three definitions of cost all have the property that the cost 
increases if a literal is added to any expression. The following theorenv 
shows that the corresponding minimal sums must always contain only 
prime implicants. 

It is usually true that the total number of inputs that any single gate 
can have is restricted. To be strictly accurate, this restriction should be 
taken into account in the cost function. Since there has been only limited 
success in including such considerations in the theory of combinational- 
circuit design [7], no further attention will be devoted to them here. 


Prime Implicant Theorem 

Theorem 4.2-1. A minimal sum must always consist of a sum of 
prime implicants if any definition of cost is used in which the addi- 
tion of a single literal to any expression increases the cost of the 
expression [3]. 


In order to prove this theorem, a more formal definition of prime impli- 
cant is required. It is convenient first to give the following preliminary 
definition : 




Definition. One function f(x i,x*, . . . ,x n ) is said to include another 
function g(x i,x 2 , . . . ,x„), written f^g or g C/, if, for each 
combination of values of the variables for which g = 1, it is also 
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true that / = 1. This does not exclude the case where / = g. 
In this case / 3 g and g 3 /• 

Thus, if / 3 g, then / has a 1 in every row of the table of combinations 
in which g has a 1. In terms of the decimal specification, / 3 g if every 
number which appears in the decimal specification of g as a canonical sum 
also appears in the decimal specification of / as a canonical sum. It 
follows from this definition that, if 

fix h x 2 , . . . ,x„) = fiixi,x 2 , . . . ,x n ) + f 2 (x h X 2 , . . . ,x n ) 
then / 3 / ! and / 3 / 2 , since / = 1 whenever /i or f 2 equals 1. 

Definition. A p rime implicant of a function fjx i,x 2 , . . . ,x n ) is a 
product of literals x*xt • • • x*_, m < n, wh ich is inclu ded in 
f—f 3 x*x* • • • x *„ — and which has the property that, if any 
literal is removed from the product, the remaining product is not 
included in /. 

The prime implicants which were discussed in connection with the 
n-cubc maps (Sec. 4.1) satisfy this definition. The product terms derived 
from the map equal 1 only for combinations of values of the variables which 
correspond to 1 cells of the map. Removing a literal from a product term 
corresponds to picking a larger set of 1 cells on the map, but this contra- 
dicts the rule of Sec. 4.1 that prime implicants correspond to sets of 1 cells 
which are not included in any larger set of 1 cells. 

proof of prime implicant theorem. Suppose that, for some func- 
tion /, a minimal sum exists in which at least one of the product 
terms is not a prime implicant. Let / = P + R, where P is a 
term which is not a prime implicant and R is equal to the remaining 
terms of /. Then / 3 P, as discussed previously. Since P is not a 
prime implicant, it must be possible to remove a literal from P, 
forming Q(P = x* Q), and have / 3 Q. Since Q equals 1 when- 
ever P = 1, f = Q -\- R. This is a sum-of-products expression 
which contains the same number of terms but one fewer literal than 
the given minimal sum, / = P + R. For any definition of cost 
which decreases with the removal of a literal, this proves that the 
original expression could not be a minimal sum and that any 
minimal sum must contain only prime implicants. 

This theorem does not apply to a situation in which only the gate cost 
is important and the number of gate inputs has no effect on the cost of the 
circuit. It is possible to prove a more general theorem which does apply to 
this situation and which shows it is always possible to obtain a minimal 
130 sum by considering only sums of prime implicants. 
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Generalized Prime Implicant Theorem 

Theorem 4.2-2. When a definition of circuit cost is used such that 
the cost does not increase when a literal is removed from the cor- 
responding sum-of-products expression, there is at least one mini- 
mal sum which is a sum of prime implicants. - 

proof. Suppose that a minimal sum exists which is not a sum of 
prime implicants. This means that there must be some product 
terms which are not prime implicants, because some of their literals 
can be removed without changing the fact that they are included 
in the original function. Consider the expression which results 
from removing all such literals. It must be a sum of prime impli- 
cants. Further it must be a minimal sum, since the removal of 
the literals does not increase the cost associated with the expression. 


4.3 MULTIPLE-OUTPUT NETWORKS 

Very often combinational circuits are desired which have several out- 
puts rather than just one. The design specifications for such a multiple- 
output network typically consist of several functions — fi(w,x,y,z), 
fi(w,x,y,z ), ■ • • , fm(w,x,y,z ) — of the same set of input variables. Each 
function refers to one of the output leads and specifies the relationship 
between the condition on this output lead and the conditions of the input 
leads. The methods described in the preceding sections for single-output 
networks can be extended to the multiple-output case, but certain modi- 
fications will be required [8,9]. 

Perhaps the most obvious technique to try for the multiple-output 
case is to find minimal sums for each of the output functions separately 
and then to construct a separate network for each output function. 
While this technique has the advantage of simplicity, it unfortunately 
does not lead to the most economical (two-stage) multiple-output net- 
work. The truth of this statement can be demonstrated by means of 
some simple examples. If the functions fi(x,y,z) = 2(1,3, 7) and 
h(x,y,z) = 2(3, 6, 7) are minimized separately, the network of Fig. 4.3-16 
results. A more economical two-stage network is shown in Fig. 4.3-lc. 
For this circuit it is fairly obvious that it is not necessary to include two 
AND gates to form the yz term appearing in both outputs. A less 
obvious example is shown in Fig. 4.3-2 for the functions/i(:r,t/,z) = 2(1, 3, 7) 
and fi(x,y,z) = 2 (2,6,7). In the most economical circuit for these func- 
tions, use is made of the term xyz, which is not a prime implicant of either 
of the output functions. For a single-output circuit, only the prime 
implicants need be considered in determining the minimal two-stage 
circuit. This example shows that it is not sufficient to consider only the 
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Fig. 4.3-1. An example of a multiple -output circuit, (a) Output func- 
tions; (b) circuit obtained from minimal sums for fy and ft; 
(c) minimal two-stage circuit for fy and ft. 


prime implicants of the output functions in designing multiple-output 
networks. A more general study of the multiple-output problem will be 
necessary before a synthesis technique can be arrived at. 

Multiple-output Prime Implicants 

The general form of a two-stage three-output circuit is shown in Fig. 
4.3-3. Each of the input gates must directly drive output gates because 
of the two-stage requirement. The only freedom which exists is in the 
number of output gates which are directly driven by a given input gate. 
The numbers inside the AND gates indicate to which outputs they are 
connected. Thus, the AND gates labeled 1 are connected only to output 
fi, those labeled 23 are connected only to outputs / 2 and f 3 , etc. The 
AND gates which “drive” a single output will be considered first. When- 
ever all the inputs to one of these gates are equal to 1, the output of the 
AND gate will be equal to 1 and the output of the OR gate to which it is 
connected will also be equal to 1. Thus the product x*x* ■ ■ ■ x* p 
realized by an AND gate labeled j must be included in the function 
132 (Whenever this product is 1, the function is 1.) The products realized by 
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Fig. 4.3-2. An example of a multiple-output circuit, (a) Output 
functions; ( b ) circuit obtained from minimal sums for 
f i and f^; (c) minimal two-stage circuit for fi and / 2 . 


the gates labeled j therefore satisfy the first requirement on the prime 
implicants of the function For the usual definitions of circuit cost it 
would be uneconomical to include any more inputs to these gates than 
necessary. Under these conditions, the AND gates with single labels 
must also satisfy the second prime-implicant requirement — none of the 
inputs to a gate labeled j can be removed without changing the function fj. 
Throughout the remainder of this section it will be assumed that the cost 
criterio n used is one for which the addition of an in put to any gate increase s 
the circuit, cost It follows from this that JKe'AWT) gates wKich are con- 
nected only to out-out, f.- must, corre spond to pr ime imvlicants of fi. . .I nput 
variables which are connected directly to output gates can be thought of as 
input AND gates with only one input. 

The situation for input gates which are connected to two outputs is 
more complicated. Whenever all the inputs to one of these gates are 
equal to 1, the gate output will be equal to 1 and both the circuit outputs 
to which this input gate is connected will be equal to 1. Thus the product 
x*x* ■ • • x* p realized by a gate labeled jk is included not only in fj and 
in f k but also in the function fj ■ f k , which is 1 only when both /, and f k 133 
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Fig. 4.3-3. General form of two-stage three-output circuit. 

are equal f to 1. If the circuit is minimal, removing one of the inputs 
to a gate labeled jk must change either/,- or f k or both. Thus the product 
realized by this gate satisfies both the requirements for prime implicants 
for the function /j ■ f k . From this it follows that the AND gates which are 
co nnected to both outv uts f, and A must correspond to prime imylicants of the 
function fj ■ fk. These AND gates need not correspond to prime impli- 
cants of fj, for example, since removing one of the input leads need not 
change /,- if f k is changed. Thus the second requirement for prime 
implicants of f, need not be satisfied. Removal of a different input lead 
might change /,- but not fk so that the product would be a prime implicant 
of fj ■ fk but not a prime implicant of f, or of f k . This situation is illus- 
trated by the functions /i and / 2 of Fig. 4.3-2. The product xyz is a 
prime implicant of /i -/ 2 = 2(7) but is not a prime implicant of either f x 
(because, for/i, the x can be removed, leaving yz) or/ 2 (because, for/ 2 , the 
z can be removed, leaving xy). 

t If fi(x,y,z) = 2(1, 3, 7) = x'z + yz and f k (x,y,z) = 2(2, 6, 7) = yz' + xy, then 
fi - fk = 2(7) = ( x'z + yz) (yz' + xy) = xyz. 
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The situation for gates which are connected to more than two outputs is 
a direct extension of the two-output case. The entire situation can be 
summarized as follows: an AND gate which is connected to all the nut.pu.hi 
X p/2,^ . . , f r must correspond to a vrime immlicant of the functicm J^-^A^ 

In the technique which was developed for single-output networks all 
the prime implicants were determined, and then a selection was made of 
those prime implicants which should appear in the minimal circuit. In 
this case the set of prime implicants corresponds to all the input gates 
which could possibly appear in a minimal circuit. For the multiple- 
output problem, the set of possible input gates corresponds to all the prime 
implicants of /i ■ / 2 , /1 -/ 3 , /s - / 3 , . . . , fi '/ 2 '/a, /1 • /*•/«, ... . In 
designing a multiple-output network it is necessary to generate the prime 
implicants of each of the individual output functions plus the prime impli- 
cants of the functions which are equal to all possible products of two output 
functions, of three output functions, etc. This collection of prime impli-N 
cants will be called the multiple-outp ut prime implican ts. The algebraic J 
expressions correspondingto the "minimal multiple-output circuits will b& 
called multiple- outpu t minimal sums . The selection of those prime impliy 
cants to be used m the minimal circuit is similar to the single-output 
technique. Naturally, all these remarks about multiple-output networks 
with OR gates as output gates apply equally well to networks using AND 
gates as output gates, provided that the obvious changes in terminology 
are made. The preceding discussion of multiple-output minimal sums 
can be summarized formally as follows: 


Definit ion . A multiple- output prime implicant of a set of functions 

{ f t(XljX 2 j ■ • • ,X„),/ 2 (Xl,X 2 , . . . ,Xn) , . . . tfm(.X 1,X 2 , . . . ,X n ) } 

is a product of literals x*x* ■ ■ ■ x*(h < n, 1 < ij < n), which is: 

1 . Either a prime implicant of one of the functions 

fk{.X 1,X 2 , . . . ,Xn) 

2 . Or a prime implicant of one of the product functions 

fi,(x 1,X2, . . . ,x„) -fj,(x i,x 2 , . . . ,x„) • • • fj,(x i,x 2 , . . . ,x n ) 

The fact that the multiple-output prime implicants are the only prod- 
uct terms that need be considered in designing a minimum-cost two-stage 
multiple-output network is demonstrated by the following theorem: 

Theorem 4.3-1. For any definition of network cost such that the 
cost does not increase when a gate or gate input is removed, there 
exists at least one minimum-cost two-stage network in which the 
corresponding expressions for the output functions /, are all sums 
of multiple-output prime implicants. All the product terms which 135 
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occur only in the expression for /, are prime implicants of all 
the product terms which occur in both the expressions for /, and /* 
but in no other expressions are prime implicants of fj ■ f k , etc. 

Essential Multiple- Output Prime Implicants and Maps 

The first step in obtaining a multiple-output minimal sum is to deter- 
mine the multiple-output prime implicants. One technique for doing 
this is to form all the appropriate product functions and then for each of 
these to obtain the prime implicants. This procedure is illustrated for a 
three-output example in Fig. 4.3-4. 

Once the multiple-output prime implicants have been determined, a 
selection must be made of the prime implicants to be used in constructing 
the minimal circuit. Just as in the case of single-output circuits these are 
essential prime implicants which must be included in any minimal multiple- 
output circuit. For example, in the map of Fig. 4.3-4 for/i the essential 
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Determination of multiple-output prime implicants for 
fi = ’2(0,2,5,6,13), fi = 2(0,5,11,13,15), and f 3 = 2(0,8,12). 
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4.3 multiple-output networks 

prime implicant A(w’yz') is shown darkened, since it is the only prime 
implicant which includes the distinguished fundamental product w'xyz' 

On the other hand, the prime implicant B(x'y'z') of/, is not essential even 
though it is the only prime implicant of f 3 which includes the funda- 
mental product w'x'y'z' . The reason why this prime implicant is not 
essential is that the fundamental product w'x'y'z' is also included in the 
prime implicant C {w'x'y'z') of /, • /* ■ /,. Basically, the reason why B is 
not essential is that there is a choice possible between using B or using C 
to ensure that/ 3 will be equal to 1 when w = x = y = z = 0 {w'x'y'z' = 1) 

In general, a multiple-output prime implicant is essential for a function /< 
if there is a fundamental product of f t that is included in only the one 
multiple-output prime implicant. 


Definition. Let {fi(x lt x h . . . ,x n ),f 2 {x h x ,, . . . . . . ,f m (*,, 

x 2 , . . . ,x n ) J be a set of output functions, and let { P h P 2 , 

Pi} be the corresponding set of multiple-output prime implicants. 
Then^ a fundamental prod uct of one of the output functions of the 
set, fi, is a distin guished, fundamental 'product, if a.nrl nnl v if 
^damental product is included in only one product of literals 
which is a multiple-output prime implicant of f, or of any of the 
p rbdiict functions involvin g /, {fi • /„■ • / , TT etc ) 


Definition. A multiple-output prime implicant of a set {f{x h x 2 , 
■ ■ ■ ) x n) ,} 3 {xi,x 2 , . . . ,x n ), . . . ,f m {xi,x 2 , . . . ,x n )} i s essentia.) 
- t r J^^E^ncUon J, if and only if it includes a distinguish^ 
fundamental product of f { . 



Fig. 4.3-5. Minimal circuit for the functions 
of Fig. 4.3-4. 
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Theorem 4.3-2. Let . . . ,x n ),ft(x h x t , . . . ,x n ), . . . , 

fm(x h Xi, . . . ,x n ) \ be a set of output functions, and let {£ , i(x 1 ,x 2 , 
• • • ,£n) ,E 2 (xi,x 2 , • • • ,Xn), • • • ,E m (x i,x 2 , . . . ,x n ) } be a set 
of multiple-output minimal sums corresponding to these functions. 
ILen a mu ltiple-output jmme-im plicant, which is essential for 
function" - // must appear^ i n the c 0 rres p onding — minimal-sum 
e gression Ej, 


In Fig. 4.3-4 the distinguished fundamental products are marked with 
an asterisk, and the corresponding essential prime implicants are shown 
darkened. The prime im plicant G is a little different from the others. 
It is an essential p rime "impli cant of / 2 but is also a prime implicant of 
Ji ' fa ‘ / 3- What this means is that it is necessary that (7 be used for / 2 
ai id lhflt It may also be used for /] ancf^fa. For examnle. it, is nossihle t.o 
use B rather than G for/3. It is not possible to reduce the total number of 
gates by not using G for f\ and /a as well as / 2 ; the only possibility is that 
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f 3 ~ wyz' 


Fig. 4.3-6. 


Determination of multiple-output minimal sums for 
/. = 2(0,2,5,6,13), f 2 = 2 (0,5,11,13,15), andf 3 = 2(0,4). 
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some inputs can be saved on the/i or/ 3 OR gates. This will be illustrated 
in a later example. J? is an example of a prime implicant of /i -/ 2 -/ 3 
which i s essen ti alonlyfor f 2 ; F is an example of a prime implicant of /i • / 2 
which is essential lor both and / 2 . 

The prime implicants A, D, E, G, and F of Fig. 4.3-4 have been deter- 
mined as essential. Only two fundamental products which have not been 
included in prime implicants remain: w'x'y'z' of /i and w'x'y'z' of / 3 . 
The obvious solution is to connect G to / x and / 3 as well as to / 2 , since this 
requires no additional gates. The resulting circuit is shown in Fig. 4.3-5. 

Figure 4.3-6 shows a three-output problem in which there is a prime 
implicant w'x'y'z' of/i ■ / 2 • / 3 which is used only for/i and/ 2 in the minimal 
circuit. The fundamental product w'x'y'z' is included in/ 3 , but it is not 
necessary to connect the w'x'y'z' gate output to/ 3 , since this fundamental 
product is included in the w'y'z' prime implicant which is essential for/ 3 . 
By not using the w'x'y'z' gate output it is possible to avoid using any 
OR gate in forming/ 3 . The circuit corresponding to Fig. 4.3-6 is shown in 
Fig. 4.3-7. 


If a realization is desired in which the outputs are derived from AND 
gates rather than OR gates (minimal products rather than minimal sums), 
the easiest procedure is to work with f[, f' 2 , . . . J' m to get minimal sums 
and then obtain minimal products by using DeMorgan’s theorem to 
obtai n ft f ro m v 

Unspecified output conditions are treated in exactly the same fashion \ 
as for single-output problems — the d entries are treated as l’s in forming \ 
the prime implicants and are then disregarded in forming the minimal ) 
vsums. v 
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Fig. 4.3-7. Minimal circuit for the functions 
of Fig. 4.3-6. 
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4.4 TABULAR DETERMINATION OF PRIME IMPLICANTS 

The map techniques described in the preceding sections are usually 
quite satisfactory for functions of four or fewer variables and are useful 
for some functions of five or six variables. In order to handle functions 
of larger numbers of variables, different techniques must be developed. 
What would be most desirable would be an algorithm for obtaining minimal 
sums which could be used for hand calculation and also could be pro- 
grammed on a digital computer. An algorithm satisfying these criteria 
will be described first for single-output functions [10] and will then be 
extended to multiple-output functions. 

Binary -character Method f 

In order to avoid any limitation as to the number of variables which 
can be handled, it will be necessary to avoid any attempt to rely on 
geometric intuition and to work directly with the fundamental products. 
Actually it will be more convenient to work with binary characters cor- 
responding to algebraic product terms than to work with the algebraic 
expressions themselves. Thus each fundamental product will be repre- 
sented by the corresponding row of the table of combinations; for example, 
the fundamental product w'xy'z will be represented by the binary char- 
acter 0101. The first step in this minimization procedure is to list in a 
column the binary characters corresponding to the fundamental products 
of the function for which the minimal sum is desired. This amounts to 
listing the rows of the table of combinations for which the function is to 
equal 1. Each row is labeled with its decimal equivalent. Such a list is 
shown in Table 4.4-la. Each pair of these binary chara cters is then 
compared to see whether they di ffer in only one coordinate (corresponding 
do being distance 1 apart on the n-cube). The fundamental products 
corresponding to two characters differing in only one coordinate could be 
combined by means of the theorem XY + XY' = X. Thus, for each 
pair of binary characters which differ in only one position, a new character 
is formed which has the same value as both the original characters in each 
position in which they agree and has a dash in the position in which they 
disagree. The label of the new row is made up of the labels of the two 
rows from which it is formed. These new characters are listed in Table 
4.4-16. They correspond to product terms which have one variable (the 
one corresponding to the dash) missing. A check is placed next to each 
character of the first column which is used in forming a character of the 
second column, since a character which can be combined with another 
cannot correspond to a prime implicant. 

The characters in Table 4.4-la have been arranged in a particular 
format in order to facilitate the comparison process. They have been 

fAdditional examples are available in the discussion of the Quine-McCluskey 
method on pages 145-156 of [4]. 
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Table 4.4-1. Determination of Prime Implicants for 

f = 2(0,2,4,6,7,8,10,11,12,13,14,16,18,19,29,30) 
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Fig. 4.4-1. Maps for Table 4.4-2. 


142 


arranged in groups so that all the characters in one group contain the 
same number of 1 entries. Since two characters that differ in only one 
position must also differ by exactly 1 in the number of l’s which they 
contain, it is necessary only to compare each character with each of the 
characters in the next lower group. Comparison with the next upper 
group is not necessary, since this would cause each comparison to be 
A carried out twice. A simple rule is that a new character is formed when 
( a character has l’s wherever the character (from the next upper group) 
V with which it is being compared has l’s. 

The characters in the second column are now compared in the same 
fashion, and a new character is formed whenever two characters are 
found which differ in only one position and which both have their dashes 
in the same position. Again the characters which are used in formingji 
new character have check marks placed next to them. This procedure 
corresponds to combining two product terms which both have the same 
variable missing and which are identical in all the other variables except 
one. This procedure will re s ult in a new co lumn such as Table 4.4-l c. 
The same procedure is repeated for each of th e new colu mns (always 
requiring t h at the d ashe s “line up” in two charact ers which can combine) 
until no further combinations are p ossible. Of course, one character can 
combine with several other characters to form new characters. The 
unchecked characters which remain after no further combinations are 
possible correspond to the prime implicants. 

One phenomenon should be pointed out in connection with this proc- 
ess. Each of the characters with more than one dash will be formed in 
more than one way. This is illustrated in Table 4.4-2, and the corre- 
sponding map is shown in Fig. 4.4-1. One way to avoid this repetition is 
to compare only pairs of jc haracter suSchuse lahehr-ffirm an increasing 
sequSmre-of _ decinratTmmbers. If this is done, care must be taken to 
place check marks not only next to all characters used in forming new 
characters but also next to each character which has all the numbers of its 

S el occurring in another character’s label. Th us, in Table 4.4-2 the 
ureters (5, 13) and (7,15) would not be compa red^ since their labels do 
i form an increasing seq uence, b ut they would boUFreceive chectcmarks 




4.4 tabular determination of prime implicants 


Table 4.4-2. An Example of the Two Ways of Forming a 
Character with Two Dashes 



because their labels are included in the (5,7,13,15) label. The other possi- 
bility is to ignore the labels and form each character several times as a 
check on the calculations but not to write down the repetitions of the 
characters. 

Use of Octal Numbers 

For hand calculation it is usually easier to work with octal numbers 
rather than the binary characters [11]. This can be done by making use 
of the fact that, if two binar y numbers differ in only 1 bit, the two cor re- 
s ponding octa l numbers must differ in only 1 octal digit (since each octal 
digit corresponds directly to 3 binary digits) and that the difference in th e 

single octal digit must be a power of 2 (1,2, or 4). This is illustrated in 

Table 4.4-3, which lists all the combinations possible for 3 binary digits, 
along with the corresponding differences in the octal equivalents. Table 
4.4-4 shows the use of octal numbers to determine the prime implicants 
for the function of Table 4.4-1. 

The octal equivalents of the binary numbers corresponding to the 
fundamental products are listed in a column according to the number of 
l’s in the binary numbers (Table 4.4-4a). Each number of this column is 
then compared with each number of the next lower group; and if two 
numbers differ in only one of their octal digits, the difference being a 
power of 2, an entry is made in the next column (Table 4.4-46). This 
entry is a double entry consisting of the smaller of the pair of octal num- 
bers which differ by a power of 2 and also the power of 2 by which they 
differ. Thus the two octal numbers 15 and 35 would give rise to a new 
entry 15,20. The smaller octal number is called the base label (15), and 
the power of 2 is called the difference label (20). These entries are parti- 
tioned into groups according to the number of l’s in their base labels. f 

t The easiest way to do this is to note that two entries will have the same number 
of l’s in their base labels only if they were formed from entries from the same pair of 
groups of the preceding column. 
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Table 4.4-3. Example Showing that Octal Equivalents of 

Two Binary Numbers Which Combine Always 
Differ by a Power of 2 
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—Difference in 
octal labels 


I 

Each entry of the second column (Table 4.4-46) is then compared with 
each entry of the next lower group having the same difference label. A new 
entry in the third column is formed whenever two entries of the second 
column are found which have the same difference label and which differ 
by a power of 2 in their base labels. The new entry has the same base 
label as the smaller of the two octal numbers from which it is formed and 
has a difference label made up of the difference label of the original pair of 
entries and also of the power of 2 by which the base labels of the two entries 
differ. Thus, the two second-column entries 02; 04 and 12; 04 will 
produce the third-column entry 02; 04, 10. 

This process is repeated, the r ule always being continued th at entries 
/caifEeliOTTffTmeiron ly it t heir difference labels are identical , untiTn oTurther 
combinations are possible. The rule about the difference labels arises 
from thTTfacHliat they specify the lo cations of the dashes lhtlie corre§bond- 
ing binary characters. The rule for assigning checkmarks is the same as 
in using binary characters, and the same remarks about the formation of 
an entry in more than one way also still apply. 

Table 4.4-5 illustrates the procedure for converting from the octal 
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Table 4.4-4. 
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Function of Table 4. 
Octal Numbers 


( 6 ) 


Base 

Difference 

00 

02 

y 


00 

04 

y 


00 

10 

y 


00 

20 

y 


02 

04 

y 


02 

10 

y 


02 

20 

y 


04 

02, 

y 


04 

10 

y 


10 

02 

y 


10 

04 

y 


20 

02 

y 


06 

01 


A 

06 

10. 

y 


12 

01 


B 

12 

04 

y 


14 

01 


C 

14 

02 

y 


22 

01 


D 

15 

20 


E 

16 

20 


F 


1 by Use of 


(c) 


Base 

Difference 

00 

02,04 

y 

00 

02,10 

y 

00 

02,20 

G 

00 

04,10 

y 

02 

04,10 

y 

04 

02,10 

y 

10 

02,04 

y 

(d) 

00 

02,04,10 H 



entries representing the prime implicants to the corresponding prime 
implicants. This is done by converting the base label to the equivalent 
binary number and then replacing by dashes the binary digits correspond- 
ing to the powers of 2 appearing in the difference labels. The binary 
numbers corresponding to the fundamental products included in a given 
prime implicant are obtained by replacing the dashes in the binary char- 
acter representing the prime implicant by all possible combinations of 0’s 
and l’s. For example, the binary numbers corresponding to -01- 
are 001 0, 001 1, 101 0, 101 1. Schemes have 
also been devised for working directly with the decimal equivalents [12] 145 
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Table 4.4-5. Formation of the Prime Implicants from the 
Unchecked Entries of Table 4.4-4 
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rather than the octal equivalents, but these decimal techniques are more 
involved than the octal method and are less generally useful. 

The techniques just described will resul t in a list of all the prime imp li- 
cants. Additional techniques are required for selecting the prime lmpli- 
~cant3'to be used in the minimal sum. 

4.5 PRIME IMPLICANT TABLES 

The b asic requirement which the terms of the minimal sum mus t 
satisfy is that each fundamental product of the function must be included 
in at least one of the terms of the minimal sum. The relation between 
the fundamental products and the prime implicants can be specified most 
conveniently by means of a prime implicant table [10] such as Table 4.5-1. 
Each row of this table corresponds to a prime implicant, and each colum n 
corresponds to a funda mental product. An X is placed at the intersec- 
tion of a row and column if the corresponding prime implicant includes 
the corresponding fundamental product. In terms of the table the basic 
requirement on the minimal-sum terms becomes that each column must 
have an X in at least one of the rows which correspond to minimal-sum terms. 

Essential Rows 

I| any column contains only a single X, the column corresponds to a 
distinguished fundamental product (it is included in only one prime 
implicant) and the row in which the X occurs corresponds to an essential 
prime implicant. Rows and columns corresponding to essential prime 
implicants and distinguished fundamental products will be called essential 
rows and distinguished columns, respectively. 


4.5 prime implicant tables 


Table 4.5-1. Prime Implicant Table for the Function of 
Table 4.4-1 

0 2 © (D © 6 1° 12 18 © © 13 14 © (§> © 



Minimal sum: f= (0, 2,4, 6, 8, 10, 12, 14) + (0,2,16,18) + (14,30) + (13,29) 
+ (18,19) + (10,11) + (6,7) 
f=vz+wxz + wxyz + wxy z + vw x y + v wx y + v w xy 


The first step in obtaining a minimal sum from a prime implicant table 
is. to determine the distinguished columns and essential rows (if any exist) . 

In Table 4.5-1 the essential rows are marked with an asterisk, and the 
labels of the distinguished columns are encircled. The next step is to 
draw a line th rough each column which contains an X in any of the 
essential rows, since inclusion of the essential rows in the solution will 
guarantee that these columns contain at least one X . The result of doing 
this for Table 4.5-1 would be a table in which all the columns were “lined 
out.” Thus, for this table, the essential prime implicants include all the 
fundamental products, and the minimal sum is just the sum of all the 
essential prime implicants. This function represents a special case, since 
for most functions the essential prime implicants do not cover all the 
fundamental products. Usually, after the essential rows have been dis- 
covered and the corresponding columns have been lined out, a reduced 
table in which each column has at least two X’s will result. 

Dominance 

A prime implicant table for which the essential prime implicants do not 
include all the fundamental products is shown in Table 4.5-2. The essen- 
tial rows are marked with an asterisk, and the labels of the distinguished 
columns are encircled. The reduced table which results when the 
essential rows and the columns in which they have X’s are removed is 
shown in Table 4.5-3 (row L has also been removed, since it has no X’s in 
the remaining columns) . Each of the columns of this reduced table con- 
tains at least two X’s. It is not possible to select any more rows which 
must be included in the minimal sum. However, certain rows can be 
eliminated, since it can be shown that at least one minimal sum exists 
which does not include the prime implicants corresponding to these rows. 147 
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Table 4.5-2. Prime Implicant Table for f = 2 ( 1 , 4 , 5 , 7 , 8 , 9 , 11 , 

, 28 , 29 , 30 ) 

30 


F = I K = M remove / ond M 


Rows and Corresponding Columns from 
Table 4.5-2 





4.5 prime implicant tables 


For example, in Table 4.5-3, row F is identical with row I, and row K is 
identical with row M. Also, the gates corresponding to the rows F, I, 
K, M all have the same number of gate inputs. (This can be seen in Table 
4.5-2 by noting that each of these rows contains four X’s.) Thus, these 
four rows correspond to gates which all have the same cost regardless of 
whether gates or gate inputs are being minimized. It follows from this 
that the cost will be the same for two circuits which are identical, except 
that: one circuit contains a gate corresponding to row F and the other con- 
tains instead a gate corresponding to row I. Since rows I and F include 
the same set of fundamental products, it makes no difference if one of 
these rows is chosen rather than the other. A decision to exclude one of 
these rows from the minimal sum being sought cannot prevent the dis- 
covery of at least one minimal sum. If a minimal sum exists which con- 
tains row F, then another minimal sum containing I instead of F must 
exist. Thus, it is possible to remove rows I and M from Table 4.5-3 and 
work with the reduced table shown in Table 4.5-4. This table still 
contains at least two X’s in each column so that further reduction must 
be attempted before any rows can be chosen for inclusion in the minimal 
sum. 

Rows K and F of Table 4.5-4 both correspond to gates having the same 
cost, and row F has an X in column 29, while row K has X’s in column 29 
and also in column 28. Thus any minimal sum which contains row F will 
also be a minimal sum if row F is replaced by row K. The converse is not 
true, since replacing row K by row F could cause column 28 to be left 
without any X in a row of the “minimal sum.” From this it follows that 
row F can be removed from Table 4.5-4 without preventing the obtaining 
of a minimal sum. The reasoning is analogous to that used for equal 

Table 4.5-4. Table Which Results from Table 4.5-3 after 
Removal of Rows I and M 

7 11 14 28 15 23 29 30 

D 
E 
F 
G 
H 
K 
N 
0 
P 
0 

K=> F, G => H, E => 0 remove F, H , 0, 
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Table 4.5-5. Table Which Results from Table 4.5-4 after 
Removal of Dominated Rows 


7 © 14 28 15 <§) @ 30 

D 
£ 

** G 
** K 
N 
0 
P 



(5.7.13.15) 
(5,7,21,23) 

(9.11.13.15) 

(20.21.28.29) 

(24.26.28. 30) 

(14.15) 

(14.30) 


f = v'y'z + w'xy'+ *xy'+ vx’y 


+ w’xz + v’wz + vn y'+ ... 
E G K 


rows. In Table 4.5-4, row G contains X’s in all the columns where row H 
has X’s. Since rows G and H do not differ in their corresponding costs, 
row H can be removed from the table. Row Q has an X only in column 
23, while row E has X’s in columns 23 and 7. These two rows do not 
necessarily correspond to gates of equal cost. From Table 4.5-2 it can be 
seen that row Q corresponds to a gate with four inputs, while row E corre- 
sponds to a gate with three inputs.! In Table 4.5-4 row E includes all 
the fundamental products which row Q includes and also corresponds to a 
gate of equal (if gates are being minimized) or smaller (if gate inputs are 
being minimized) cost than row Q. Row Q can be removed from the table, 
since replacement of Q by E in a minimal sum cannot increase (and may 
actually decrease) the corresponding circuit cost. The table which 
results from removal of rows F, H, and Q from Table 4.5-4 is shown in 
Table 4.5-5. Before proceeding with Table 4.5-5, the reductions discussed 
in connection with Table 4.5-4 will be summarized in general terms. 


Definition. Two rows I and J of a prime implicant table which 
have X ’s in exactly the same columns are said to be equal (written 
I = J). 





V 
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Definition. A row K of a prime implicant table is said to dominate 
jl, ^ another row L of the same table (written K D L) if row K has X ’s 
f in all the columns in which row L has X ’s and if, in addition, row K 
has at least one X in a column in which row L does not have an X . 

f Row Q contains two (2 1 ) X’s, indicating that it corresponds to the combination 
of two fundamental products and therefore to a product having one fewer variable 
than a fundamental product. Row E contains four (2 2 ) X’s. It corresponds to the 
combination of four fundamental products and thus to a product term containing two 
fewer variables than a fundamental product. 



4.5 prime implicant tables 

Table 4.5-6. Table Which Results from Table 4.5-5 after 
Removal of Essential Rows and 
Corresponding Columns 

14 30 

D 

N x 

0 x 

** p X X 

Minimal sum 

f= v'y'z + w'xy' + wx y' + i/xy + w'xz 
+ v’wz + i >xy'* wxyz’ 

Theorem 4.5-1. A row I of a prime implicant table can be removed 
and at least one minimal sum can still be obtained from the reduced 
table (with row I missing) if (1) there is another row J of the table 
which is equal to row I and which does not have a higher cost than 
row I f or (2) there is another row K of the table which dominates 
row I and which does not have a higher cost than row I. 

Table 4.5-5 contains three columns which have only a single X • The 
corresponding rows must therefore be chosen. These rows are marked 
with a double asterisk on the figure and are called secondary essential rows. 

The reason for the qualifier “secondary” is that an essential row is one 
which must appear in all minimal sums (in fact it must appear in all irre- 
dundant sums) , while a secondary essential row may not appear in some of 
the minimal sums. For example, if the secondary essential row was one 
of a pair of equal rows (for example, K and M ) , another minimal sum will 
exist which includes the other member of the pair. After removal of the 
secondary essential rows and corresponding columns from Table 4.5-5, 

Table 4.5-6 is obtained. In this table row P dominates rows N and 0. 

Row 0 can be removed, since it has the same cost as row P. With row 0 
removed, row P is secondary essential. Selection of row P completes the 
process of obtaining the minimal sum, since row P has X ’s in both columns 
of Table 4.5-6. 

The relation of dominance between rows has been presented and 
shown to be useful for “solving” prime implicant tables. There is a 
similar relation between columns of a prime implicant table which is also 
useful. 

Definition. Two columns i and j of a prime implicant table which 
have X’s in exactly the same rows are said to be equal (written 

i = j)- 

t Of course, only one of a pair of equal rows can be removed, and the row of higher 
cost is the one which should be removed. Since the theorem applies to the removal 
of rows one at a time, this is automatically taken into account. 


N <^P 
0 *=■ P 
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Table 4.5-7. A Table to Illustrate Column Dominance 


A 

B 

C 


12 3 4 

XXX 
XX X 

XXX 



/ 


<2 


Definition. A column i of a prime implicant table is said to domi- 
nate another column j of the same table (written i D j) if column i 
has X ’s in all the rows in which column j has X ’s and if, in addition, 
column i has at least one X in a row in which column j does not 
have an X. 

In Table 4.5-7, column 2 dominates column 1. Column 1 requires 
that either row A or row B must be selected, while column 2 requires that 
row A or row B or row C must be selected. If the requirement of column 
1 is satisfied, that of column 2 will automatically be satisfied (column 1 
will cause row A or row B to be selected and this selection will satisfy the 
column 2 requirement). RemoyaLof-column 2 from this table will thus 
hav ejjxixdiuem^--qn _the finaTminimal sum T~~It is Sometimes possible- 
first to use column dominance to eliminate some columns, and then elimi- 
nate rows by row dominance, and then have some additional column 
dominance develop so that more columns can be eliminated, etc. This 
will be illustrated in an example in the section on Multiple-output Prime 
Implicant Tables. 

Theorem 4.5-2. A column i of a prime implicant table can be 
removed without affecting the minimal sum being sought if (1) there 
is another column j of the table which is equal to column i or 
(2) there is another column h of the table which is dominated by 
column i. 

Note that, for rows, t he dominate^row is removed and that, for columns, 
the dominating column is removed. It is not always true that removing 
sential rows, dominated rows, and dominating columns will suffice for 
the “solution” of a prime implicant table. It can happen that a table 
results in which each column contains at least two V ’s a nd no rows or 
columns can be removed. Such a table is called a/cyclictat 

Cyclic Prime Implicant Tables' 

Table 4.5-8 shows a prime implicant table which contains one essential 
row and one secondary essential row. When these and the dominated rows 
(there are no dominating columns) are removed, the cyclic table of Table 
4.5-9 results. This table cannot have any rows or columns removed from 



4.5 prime implicant tables 


Table 4.5-8. Prime Implicant Tables for 

f = 2 ( 0 , 4 , 12 , 16 , 19 , 24 , 27 , 28 , 29 , 31 ) 

(a) Removal of essential row G and dominated row I 



/ / r / 

v w y z 

r r r r 

w x y z 

/ / ; 
v xy z 


/ / 
wxy z 

vwy'z' 

vx'yz 

v wxy ' 

vwyz 

vwxz 


U>) Removal of secondary essential row J and dominated row H 
0 4 16 12 24 28 29 31 


A 

B 

C 

D 

E 

F 

»» J 


X 

X X 

r 

f. 


f = vx'yz + vwxz + . 
G J 


-H^F 


Table 4.5-9. The Cyclic Prime Implicant Table Which 
Results from Table 4.5-8 


0 4 16 12 24 28 
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Table 4.5-10. The Branching Method Applied to 
Table 4.5-9 

(a) After selection of row A 


~G ' x - 

** 0 x x 

£ x x 

f I 

F — x 

f - vx'yz + vwxz + v'w'y f z r + vx'y'z' + wxy'z' 
6 J A D E 


) After selection of row A 
16 12 24 28 

ac p 

— x- 

N X 

X X 

r 

X X 


(b) After selection of row B 


**C x x 
D x 

£ x x 

£ xx 

f = vx'yz + vwxz + w'x'y'z' + v'xy'z'+ vwy'z' 
G J B C £ 


4 12 24 28 

x 

X X 

X 

X X 

X X 


it so that a new technique is required for selecting the remaining terms of 
the minimal sum. 

One method for “solving” cyclic tables consists in arbitrarily selecting 
one row for inclusion in the minimal sum and then using the reduction 
techniques to remove rows and columns from the table which results after 
removal of this row. This entire process must then be repeated for each 
row which could replace the original selected row, and the final minima^ 
sum is obtained by comparing the costs of the expressions which result 
from each arbitrary choice of a selected row. This process is commonly 
called the branching method [10, sec. 61. In Table 4.5-9 column 0 requires 
that either row A or row B must appear in the minimal sum. If row A is 
arbitrarily chosen, Table 4.5-10a results. In this table row B is dominated 
by row D. After removal of row B, row D is secondary essential, and after 
selection of row D, rows C and F are dominated by row E and row E must 
be selected. There is no guarantee that the rows selected from Table 
4.5-10a actually correspond to a minimal sum. It is necessary to deter- 
mine also the result of arbitrarily selecting row B instead of row A (col- 
umn 0 ensures that either A or B must be in the minimal sum) . If row B 
is selected, Table 4.5-106 results, and the corresponding sum turns out to be 
of the same cost as the sum for Table 4.5-10a. For this particular func- 
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tion, there happen to be two minimal sums. This is not true in general, 
and, for this reason, all alternative arbitrary selections must be checked 
in detail. 

The choice of column 0 in this example is purely arbitrary. Any other 
column could equally well have been used. If column 12 was chosen, 
first row C and then row E would have to be selected and the resulting 
“minimal” sums determined. Usually it is convenient to choose a column 
with only two X’s. If a column with more than two X’s is chosen, then 
more than two alternative solutions will have to be determined. 

It is possible for another cyclic table to result after the arbitrary selec- 
tion of a row and the resulting reduction of the table. If this happens, 
another arbitrary selection must be made and all alternative “minimal” 
sums determined. 

Cyclic tables can be “solved” by means of another method which 
produces all the irredundant sums [10, sec. 9].f The costs of the irre- 
dundant sums are then compared in order to choose the minimal sum. In 
this method a binary variable is associated with each row of the prime 
implicant table. This variable is set equal to 1 if the corresponding row is 
selected and is set equal to 0 if the row is not selected. Since these are 
binary variables, it is possible to interpret them as switching variables and 
to specify a new switching function which is equal to 1 only when each 
column has an X in at least one of the selected rows. This function will 
be called a prime implicant f unction, J or p function, and will be repre- 
sented by p. A p function could be specified by a table of combinations, 
but this would not usually be satisfactory because of the large number of 
variables involved. Another possibility is to write an algebraic expression 
for p directly from the prime implicant table. This can be done for Table 
4.5-9 by observing that the p function for this table must be equal to 0 
when the variables A and B are both equal to 0. This must be true 
because, if A and B are both 0, neither of these rows is selected and no 
selected row can have an X in column 0. If the p function has the form 
p = (A + B)q, where q is a function of A, B, C, D, E, F which is as yet 
undetermined, p will be 0 when both A and B are 0. In a similar fashion, 
column 4 requires that p = 0 when A = 0 and C = 0. This means that 
p must also have (A + C) as a factor and must be of the form 

P = (A + B){A + C)r 

Either the condition A = B = 0orA = C = 0 will thus make p equal to 
0. By similar reasoning, each column will contribute a factor to p which 
contains those variables which correspond to rows in which the column 
has X’s. It is also true that this product of factors completes the speci- 

f This technique is sometimes called Petrick’s method. 

t It should be remembered that this is a new function in which each variable 
corresponds to a prime implicant of the original function. 
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fication of p. The p function should equal 0 if and only if there is some 
column of the prime implicant table which does not have an X in any 
selected row. The product of factors corresponding to the columns will 
equal 0 only when some factor is equal to 0, and a factor can equal 0 only 
if there are no selected rows having X’s in the corresponding column. 
The p function for T able 4.5 J fl -i» 

V = (A + B)(A + C)(B + D)(C + E){D + F)(E + F) 

The preceding remarks will be summarized before the procedure for 
determining the irredundant sums is presented. 



Definition. The prime implicant function, or p function, corre- 
sponding to a given prime implicant table is a switching function 
which is equal to 1 only when each column of the table has an X in 
at least one row for which the corresponding switching variable is 
equal to 1 (selected rows). 


Theorem 4.5-3. The p function for a prime implicant table can be 
expressed as a product of factors. Each factor corresponds to one 
column in the table and is equal to the sum of the variables which 
correspond to rows in which the column has X’s. 

If the total number of gates is to be minimized, the minimal sum 
corresponds to the fewest variables which when set equal to 1 will cause 
| p to equal 1 . It is difficult to discover these variables when p is expressed 
f as a product of factors. If the factors are “multiplied out” by using the 
I theorems of switching algebra, a sum-of-product-terms expression will 
« result. When all the variables of any of these product terms are equal to 
1, the function will equal 1. Thus the product terms involving t he small- 
' — est num ber of variables corr espond to the minimal sums . The p function 
for Table 4.5-9 is multiplied out as follows: 


P = (A + B)(A + C)(B + D)(C + E)(D + F)(E + F) 
p = (A + BC)(D + BF) (E + CF ) 
p = (AD + ABF + BCD + BCF)(E + CF) 
p = ADE + ACDF + ABEF + ABCF + BCDE + BCDF 

+ BCEF + BCF 

p = ADE + ACDF + ABEF + BCDE + BCF 

V — 

This shows that the minimal sums contain t he prime imp licants corre- 
'sponding either to rows A, D, and E " OFTcTrows B, C, and t. inis 
agreeg~~witlt-the- r es ult s ef-T able 4. 5- IQ. — T he uLlie r produ c t t ermsTtf p 
correspond to other irredundant sums. 

If a different cost criterion is used, the procedure is to associate a cost 
with each of the rows of the prime implicant table. The cost correspond- 
ing to each term of the associated p function is found by adding the costs 
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for each of the variables in the product term. The minimal sum then 
corresponds to the term with lowest cost. This will be illustrated by an 
example in connection with multiple-output minimal sums. 


4.6 TABULAR METHODS FOR MULTIPLE-OUTPUT 
CIRCUITS 

For multiple-output problems which are too large or complicated to be 
solved by map techniques, it is necessary to turn to a tabular method for 
either hand computation or digital-computer usage [8,9]. The most 
obvious way to extend the single-output technique would be to form each 
of the product functions — -/i • /2 • /a • • ■ — and then to determine the 
prime implicants for all the original functions and all the product functions. 
Although this approach is straightforward, it is unnecessarily lengthy. 
All the required prime implicants can be obtained without ever forming the 
product functions explicitly. This is done by forming a binary ch aracter 
fo r each fundamental product t hat appears i n any of the output functions. 
This binary character is made up of t wo parts — thy_ identifier, whic hjs-Fhe 
same as the single-output binary character and identities the correspond- 
ing fundamental product, and th e jog, w hich specifies which of the output 
functions include the fundam ental 1 produ ct specified by the identifier *** 
portion of the character . Each symbol of the identifier corresponds to 
one of the variables and is 0, 1, or - depending on whether the variable is 
primed, unprimed, or missing. Each symbol of the tag corre sponds to 
one of the output functions and is either 0 or - depending on whether the 
c orresponding fundamental product is not included in the output function 
or is included in the output function. These multiple-output characters 
are shown in Table 4.6-la. They have been ordered according to the 
number of l’s in their identifiers. T he first step in forming the multiple- 
outp ut prime impl ic ants is to compare each pair of characters to determine 
whe ther or not the identifier portions differ in only one coordinate, t If 
two characters whose identifiers satisfy this condition are found, a new 
character is formed. The identifier of the new character is formed in the 
same way as in the single-output technique. _ The tag portion o.f the new 
character will have 0’s in all coordinates in which either of the original char- 
acters has 0’s and dashes in the remaining coordinates (Table 4.6-16) . 
The reasoning behind this tag-formation rule is as follows : The new char- 
acter corresponds to a product term which is included in those functions 
which include both the fundamental products used in forming the product 
term. This is why there are dashes in the new tag only where there are 
dashes in both the original characters. This is illustrated in Fig. 4.6-1, in 

t The rules for this comparison are the same as in the single-output case. Only 
characters which differ by 1 in their total number of l’s need be compared. 
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Fig. 4.6-1. Illustration of the rule 
for formation of binary- 
character tags. 


which three maps are shown corresponding to the three functions of 
Table 4.6-1. Only the entries corresponding to the 2, 3, and 6 fundamental 
products are shown. The (2,3) character of Table 4.6-16 has dashes corre- 
sponding to / 1 and fi, since both the 2 character and the 3 character of 
Table 4.6-la have dashes for/i and/ 2 . In Fig. 4.6-1 it is evident that the 
2 cell and the 3 cell can be combined on both the / 1 and / 2 maps. On 
the other hand, the (2,6) character of Table 4.6-16 has a dash only for / 2 . 
In Table 4.6-la, the 2 character has dashes for /1 and / 2 , while the 6 char- 
acter has dashes for / 2 and f 3 . The only function for which both these 
characters have dashes is / 2 . In Fig. 4.6-1, the 2 and 6 cells can be com- 
bined only on the / 2 map. 

Just as in the single-output technique, it is necessary to check off some 
of the characters, since they do not all correspond to prime implicants. 
The rule for this is as follows: A binary character is checked when (1) it is 
used in the formation of a new binary character and (2) the new character j 
has dashes in the same positions as the character to be checked. Thus, in 
Table 4.6-1, when the (2,3) character is formed, both the 2 character and 
the 3 character are checked. However, when the (2,6) character is formed, 
neither the 2 nor the 6 character should be checked. The reasoning 
behind this rule can be seen by considering Fig. 4.6-1. Even though the 
6 cell is combined with the 2 cell for / 2 , the 6 celt itself is still a prime 
implicant of / 2 • / 3 . 

The multiple-output prime implicants are obtained by continuing the 
process of comparing binary characters, using the single-output rule for 
forming new identifiers, and using the rule just stated for forming new tag 
portions. The characters which remain unchecked after the completion 
of this process correspond to the multiple-output prime implicants. Of 
course, a binary character with an all-0 tag portion need not be written 
down, since it corresponds to a product which is not included in any of the 
output functions. Octal numbers can also be used for the identifiers, but 


/ 
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Table 4.6-1. Determination of Multiple -output Prime 

Implicants for fi(w,x,y,z) = 2(2,3,5,7,8,9,10,11, 

13,15 ),Mw,x,y,z) = 2 (2,3,5(6j7, 10, 11,14, 15) , 
and f 3 (w,x,y,z) = 2(6,7,8,9,13,14,15) 
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the details of this technique will not be described, since they are so similar 
to the octal technique for single-output prime implicants. 

Multiple -output Prime Implicant Tables [9] 

The process of selecting those prime implicants which are used in form- 
ing the multiple-output minimal sums is carried out by means of a prime 
implicant table which is quite similar to the one used in the single-output 
case. There must be a column of this table for each fundamental product 
of each of the output functions. The table is partitioned into sets of 
columns so that all the fundamental products corresponding to one of the 
output functions are represented by a set of adjacent columns as in Table 

4.6- 2. If a funda ment al product occu rs in more than one of the f unctions , 
it wil l be represented by more than one column of the tab le. (In Table 

4.6- 2, there are two columns labeled 2, one for / 1 and one for / 2 .) _Each 
row of the table corresponds to one of the multiple-output prime impli- 
cants. These are also partitioned into sets of rows by listing f irst the 
rows which correspond to prime implicants of /i, then those for / 2 ,_ . . . , 
those for /i • f 2 , et c. 

Just as in the single-output case enough rows must be selected so that 
there is at least one X in each column. Ag ain, a column w hich contain s 
only one X is a distinguished column, and the corresponding row repre- 
sents an essential prime implicant. In Table 4.6-2 there are five distin- 
guished columns — those with their labels encircled. The fact that the 
2 column of / 1 is distinguished shows that the (2,3,10,11) prime implicant 
(row F) is essential for f i. This prime implicant is a prime implicant of 
both fi and / 2 ; however, it is essential only for / 1. This is illustrated in 
Fig. 4.6-2. It has been determined that the solid connection from the 
x'y gate to the / 2 gate (shown dotted) is also possible, but it has not yet 
been determined whether or not it should be present in the minimal circuit. 
Thus, the fact that the 2 column of / 1 is distinguished shows that the / 1 
portion of the F row must be selected. This has been indicated on the 
table by darkening the X’s in the/i portion of row F. The 2,3,10, and 11 
columns of /i can now be removed from the table, since they will have X ’s 
in the selected portion of a selected row. The 2,3,10, and 11 columns of 
/ 2 cannot be removed, since this portion of row F has not been selected. 
Similar remarks apply to column 5 of/ 2 and columns 6,8, and 14of/ 3 . The 



Fig. 4.6-2. Illustration of the fact 
that x'y is a prime im- 
plicant of fi fi but is 
essential only for f,. 


Table 4.6-2. Multiple-output Prime Implicant Table for the Functions of Table 4.6-1 
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corresponding rows F,G,J,K have been marked with an asterisk to indi- 
cate that they are essential and have been selected. The table which 
results after removal of the appropriate columns is shown in Table 4.6-3. 

Dominance can be used to remove rows and columns from Table 4.6-3. 
The same basic dominance rules apply as in the single-output case, but 
column dominance rules apply only to two columns from the same func- 
tion. A dominating column can be removed only if the column it domi- 
nates refers to the same function. Since these rules depend on the costs 
corresponding to the rows, these costs have been listed in Table 4.6-3. 
Both the gate cost C 0 and the gate-input cost Cd have been listed. The 
C 0 for row A is 1, since one gate will have to be added if row A is selected. 
The Cd for row A is 3, since the prime implicant corresponding to row A 
contains two literals: two inputs will be required on the corresponding 
AND gate plus one input on the /i OR gate. The C„ for row D is 0, since 
the corresponding prime implicant has only one literal, and the Cd is 1, 
since only one input on the output / 2 gate would be required for row D. 
Row F also has a C„ equal to 0 and a Cd equal to 1, but for a different 
reason from row D. A gate is already necessary for row F, since it has 
already been determined that the corresponding prime implicant is 
essential for /i. If row F is selected for / 2 , it is not necessary to form an 
additional gate — just one additional gate input is required on the/ 2 output 
gate. (In a sense, the costs listed are incremental costs.) Rows J and K 
have the same costs as row F, for the same reasons. Rows E,H,I, and L 
have two values listed for Cd- This is because these rows can be used for 
either one or two functions. If they are used for two functions, one more 
output-gate input is required than if they are used for only one function . 

Examination of Table 4.6-3 shows that row C is equal to row J (C = J) . 
Since the costs for C are greater than the costs of J, row C is removed. 
Rows F,K, and L can also be removed, for they are dominated by lower- 
cost rows D and E. Row G is dominated by row B, but row G cannot be 
removed, since it has lower costs than row B. Columns 7 and 9 of /i can 
be removed, since they dominate columns 5 and 8 of /i. In / 2 , column 2 
equals column 10, and column 6 equals column 14, so that columns 10 and 
14 can be removed. Also in / 2 , columns 3,11, and 15 can be removed 
because they dominate columns 2 and 6. The table which results after 
the removal of these rows and columns is shown in Table 4.6-4. 

In Table 4.6-4a there are three distinguished columns (shown encircled) 
and two essential rows D and J. Selection of row D completes the forma- 
tion of the minimal sum for/ 2 . Also, rows A, E, and I can be removed, 
for they are dominated by rows of equal cost, B and H. Row G is 
dominated by row B, but it cannot be removed, for row B is of higher 
cost than row G. Column 13 of /i dominates column 13 of / 3 , but it 
cannot be removed, since the two columns refer to different functions. 
The table which results after the removal of these rows and columns is 
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Table 4.6-4. Tables Which Result after Removal of 
Dominated Rows and Dominating 
Columns of Table 4.6-3 


ia) 


(9, 11, 13, 15) 

(5, 7, 13,15) 

**(2,3,6,7,10, 11, 14, 15) 
(3, 7, 11, 15) 

*(5,7) 

(13, 15) 

(9,13) 

***( 8 , 9 ) 


A *2 



a <= b 


B 

D 


E<^A,B,H 

G^B 

H 

I cH 


J 


Cq c d 
1 3 

1 3 

0 1 
1 3 

0 1 
1 4 

1 4 

0 1 


Remove rows A, E, I, D , J, 
columns 8 of 7, 
2,6 of t z 


f . | = (2,3,10,11) + (8,9) + 

= (5,7) + (2,3,6,7,10,11, 14,15). 
f-$— (8,9) + (6,7, 14, 15) + 


(i) Table which results offer removal of rows and columns from (a) 


h 

5 13 15 © C Q C d 

(5, 7, 13,15) 

(5,7) 

(13,15) 


XXX 


X 


X X X 


B 1 3 

G <=B 0 1 

H 1 4 


Remove column 13 


f 3 = (8,9) +(6,7,14,15) + (13,15) 


(c) Table which results from (A) after removal of column 13 of /j 


(5,7, 13,15) 

(5,7) 

(13,15) 


u 

5 13 15 

XXX B 

x G <= B 

x x H <= B 


Cg C d 
1 3 

0 1 
0 1 


p = (B + G) [B + H) = B + GH 
(1,3) (0,2) 


W) Minimal sums (&*£)£ ft 1 ^ 

/j = (2, 3,10,1 1) + (8, 9) + (5,7) + (13,15) = x'y + wx'y'+ w'xz + wxz 

f 2 = (5,7) + (2,3,6,7,10,11,14,15) = w'xz +y 

f 3 = (8,9) + (6,7,14,15) + (13,15) = wx'y'+xy + wxz 
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shown in Table 4.6-41). In this table, column 13 of / 3 is distinguished, 
and row H must be selected for/ 3 . This completes the formation of the 
minimal sum for / 3 . The table which results after removal of column 13 
of / 3 is shown in Table 4.6-4c. Rows G and H of this table are dominated 
by row B, but since row B has higher cost than rows G and H, no rows can 
be removed from the table, which is thus cyclic. The p function is shown 
in Table 4.6-4c. This p function has two product terms B and GH after 
it has been multiplied out. The costs for row B are (1,3), and the sums 
of the costs for rows G and H are (0,2) . The minimal sum is thus obtained 
by choosing rows G and II since they are of lower cost. The multiple- 
output minimal sums are shown in Table 4.6-4d. 


4.7 ITERATIVE CONSENSUS 

The preceding methods for forming minimal sums all assume that the 
functions are originally specified by means of a canonical sum, table of 
combinations, or some equivalent form which specifies each fundamental 
product directly. A function can also be specified by means of an arbi- 
trary sum-of-products expression which is not a minimal sum and which 
can contain product terms which are not prime implicants. As an example 
of a situation in which such a specification could arise, consider the prob- 
lem of monitoring a chemical process involving four different raw mate- 
rials. If the process is not constantly attended, it is necessary to have a 
circuit for stopping it whenever one of the raw materials is not being 
supplied. Many chemical processes are potentially explosive so that it 
may be necessary also to provide an emergency signal if particular 
partial combinations of the raw materials occur. The specification for 
this emergency signal might take a form such as the following: 

Turn on the emergency signal if : 

1 . raw material z is being supplied and either 

raw material x is being supplied and raw material w is not supplied, 
or 

raw material w is being supplied and raw material y is not supplied, 
or 

raw material y is being supplied and raw material x is not supplied, 
or 

2. raw materials z and w are not being supplied, and raw material y is 
supplied. 


For this specification it is reasonable to write the expression 
/ = w'xz + x'yz + wy'z + w'yz' 
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as a definition of the circuit to be designed. This expression is neither a 
minimal sum nor a canonical sum. It is considered in more detail 
subsequently. 

Since it is always possible to write the table of combinations which 
corresponds to such an expression, it is always possible to obtain a minimal 
sum by the methods already given. On the other hand, the resulting 
canonical sum can contain many more fundamental products than there 
were product terms in the original expression. It is possible to avoid this 
difficulty by deriving the complete sum (sum of all the prime implicants) 
directly from the original sum-of-products expression by means of the 
method to be presented next. 


The Consensus Operation 



Use was made of the theorems XY + XY' = X and X + XY = X 
in the methods for deriving the complete sum from the canonical sum. 
The theorems XY + X'Z = XY + X'Z + YZ and X + XY = X form 
the basis for the method to be described next. 



Definition. LetP = xy*y* •••?/* and Q = x'z*z* ■ • • z*, where 
it is possible that y* = z* for some i and j. The consensus of P 
and Q, written P £ Q, is defined to be y*y* • • • y*z* 2 * ’ • • z* 
(with any repeated literals removed) unless y* = (z*)', in which 
case the consensus is said not to exist. 


For example, wxy'z £ w'xu'v = xy'zu'v, while wxy'z i w'x'u'v does not 
exist. Figure 4.7-1 shows some examples of the formation of consensus 
terms plotted on the appropriate maps. For both cases shown in Fig. 
4.7-1 the consensus term is included in the sum of the two terms from 
which it is derived. Moreover there is no other product of literals which 
contains fewer literals (more fundamental products) than the consensus 
term and which is not included in one of the original terms but is included 
in their sum. The following theorem shows that this property is not 
peculiar to the examples of Fig. 4.7-1 but is true in general. 

yz 

00 

01 
1 1 
10 


Fig. 4.7-1. Some examples of consensus on maps. 

(a) w'x i wy'z = xy's; ( b ) w'x fS wxz = 


wx 
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Theorem 4.7-1. Let A, B, and C each represent a product of literals. 
Ifl+52C,iiC,andBiC, then A l B^C. 

proof. Set all the literals of C equal to 1 so that C is equal to 1. 
Since 4 J C and BJC, neither A nor B can be identically equal 
to 1. Let A/C be the product of those literals of A which are not 
present in C and B/C be the product of those literals of B which 
are not present in C. For example, if A = w'x, B = wxz, and 
C = xy'z, then A/C = w' and B/C = w, which are the results of 
setting the literals of C equal to 1 in A and B. Then, since 
A+S3 C, it must be true that A /C + B/C = 1, while A/C ^ 1 
and B/C ^ 1. This is possible only if A/C = {B/C)'. Since 
A/C and B/C are both products of literals, it follows that A/C 
must be a single literal, say, w, and B/C must be w' . Thus the 
consensus of A and B, A £ B, must exist, since there is exactly one 
literal which occurs primed in one and unprimed in the other. 
Further, since neither A nor B can contain any literals other than 
w which are not present in C and since w and w' are absent from 
A j B, it follows that A <k B 2 C. Thus A i B is the “largest” 
product of literals included in A + B but not included in A or B. 
If A = w'x, B - wxz, and C = xy'z, then A l B = xz Z) xy'z. 

Complete Sums 

It will be shown in the following that the successive addition of con- 
sensus terms to a sum-of-products expression and the removal of terms 
which are included in other terms {X + XY = X) will result in a com- 
plete sum. This method is called iterative consensus, ^ Before presenting, 
a precise formal statement of the method and proving"!" thCoreifTfothe 
effect that a complete sum is obtained, it will be illustrated by means of an 
example. 

Figure 4.7-2a shows the expression / = w'xz + wy'z + x'yz + w'yz' 
plotted on a map. This is an irredundant sum for the function 

f(w,x,y,z) = 2(2,3,5,6,7,9,11,13) 

It is not a minimal sum. The consensus terms which result from compar- 
ing all pairs of terms from this expression are shown in Fig. 4.7-25. If 
these consensus terms are added to the original expression, the expression 
f = w'xz + wy'z + x'yz + w'yz' + xy'z + w'yz + w’xy + wx'z + w'x'y 
results. Comparison of pairs of terms in this expression for consensus 
shows that w'yz' </ w'yz = w'y, as shown in Fig. 4.7-2c. Thus w'y can be 
added to the expression, and since w'y 3 w'yz', w'y 2 w'yz, w'y 3 w'xy, 
w'y 3 w'x'y, these terms can be removed from the expression, leaving 
/ = w'y + w'xz + wy'z + x'yz + xy'z + wx'z, which is the complete sum 
for this function. Note that it is particularly simple to test whether or 
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Fig. 4.7-2. Application of iterated consensus tof = w'xz + 
wy'z + x'yz + w'yz' . (a) Map for f = w'xz + 

wy'z -f- x'yz -j-w’yz'; (6) map showing consensus 
terms derived from terms in (a); (c) map show- 
ing consensus term resulting from terms in (a) 
and ( b ). 

not one product term includes another product term, since the including 
product term must contain no literals which are not present in the included 
product term.f In order to show that the process illustrated in Fig. 4.7-2 
always leads to a complete sum it is necessary to prove the following 
theorem [13]: 

Theorem 4.7-2. A sum-of-products expression E = P t + P 2 + 

‘ ‘ ' + P m for the function f(xi, Xt, . . . ,x n ) is a complete sum for 
/ if and only if : 

1. No product term includes any other product term, P, ^ P } 
for any i and j, i j. 

2. The consensus of any two product terms, Pi £ P jt either does 
not exist or is included in some other product term, Pi j Pj C P k . 

There are two propositions contained in the statement of this theorem. 
The proposition “The sum-of-products expression 

E = Pi + P 2 + ■ • • + P m 

is a complete sum” will be represented by the symbol a. The proposition 
“The sum-of-products expression E = Pi + P 2 + • • • + P m is such 
f Some writers, notably Quine [13], refer to subsumption rather than inclusion and 
say that one product term is subsumed by another if it includes the other. Thus, if 
A and B are product terms and A 3 B, then B is said to subsume A. 
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that (1) no product term includes any other product term, P t P } , and 
(2) the consensus of any two product terms either does not exist or is 
included in some other product term” will be represented by the symbol ft. 
The theorem states that a implies ft(a — > ft) , that whenever a is true ft 
must be true also, and that ft implies a(ft — > a ) . Thus, in order to prove the 
theorem it is necessary to prove that a —> ft and ft — > a. 

The more difficult implication to prove is the one stating that ft — > a, 
and this will not be proved directly. Instead, its contrapositive, a' — > ft', 
will be proved. Thus it is necessary to show that the fact that 
E — Ti + P 2 + • • • + P m is not a complete sum implies that either 
Pi 2 Pj for some i and j or that some consensus Pi i P, exists which is not 
included in any P k . The validity of proving the contrapositive a' — > ft' 
in order to prove ft — * a is discussed in [14, pp. 53-54] and is illustrated 
in the accompanying truth table. 


a ft ft—>a a' — * ft' 


F F T T 

F T F F 

TFT T 
T T T T 


Some simple examples of implications and the corresponding contra- 
positives are 

Implication : 

If x is an even integer, then x can be expressed as 2 y, with y an integer 
Contrapositive : 

If x cannot be expressed as 2 y, with y an integer, then x is not an even 
integer 

Implication : 

If John is married, then John has a spouse 
Contrapositive : 

If John has no spouse, then John is not married 

It will now be assumed that E — Pi + P 2 + • • • + P m is a 
sum-of-products expression but not a complete sum for the function 
f(xi,x 2 , . . . ,x n ). It will then be shown that there must be some F< and 
Pj such that Pi 3 Pj or that Pi i Pj exists for some i and j and there is no 
Pk such that Pi3 (P i i Pj). There are two possible reasons for E not 
being a complete sum. Either one of the Pi is not a prime implicant, or 
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some prime implicant of f(x i,x 2 , . . . ,x n ) is missing from E. If P t is not 
a prime implicant, there must be some prime implicant x of /(xi,x 2 , . . . ,x„) 
which includes Pi, x 3 P„ If x occurs as one of the products, say, P, = x, 
then it follows that P, 3 P it If x does not occur as one of the P,, then 
this is the situation where at least one of the prime implicants is missing 
from E. 

It will thus be assumed next that there is some prime implicant x of 
f(x i,xt, . . . ,x n ) which is missing from E. Since x is a prime implicant 
and is not identical with any of the Pi, it follows that Pi 32 x for any i. 
It may be possible to add some literals to x, forming a product term x 
which still has the property that P, ^ x for all i. For example, if the 
function of Fig. 4.7-2, f(w,x,y,z) = 2(2,3,5,7,9,11,13), is taken as / and 
the expression w'xz + wy'z + x'yz + w'yz' is taken as E, then x = w'y is 
a prime implicant which does not appear in E. Further the literal z can 
be joined to x to form x = w'yz. Note that w'yz is not included in any 
single term of E = w'xz + wy'z + x'yz + w'yz' . It is also possible to 
add x to x to form x = w'xy. In general there may be several product 
terms satisfying the requirements placed on ft. In this case f is defined as 
one of those product terms which satisfies the requirements given and 
contains as many literals as any other product term satisfying these 
requirements. Note that if xy'z rather than w'y is chosen as x, then it is 
not possible to join an additional variable to x without having the result- 
ing product included in one of the P,. In a case such as this, x is defined 
to be x itself. 

In summary x is defined as one of the product terms for which : 

1. x 2 ♦. 

2. Pi 32 x for any i. 

3. No product term exists having more literals than x and satisfying 
(1) and (2). 

4. it contains no variables other than x h x 2 , . . . , x„. 

It follows from the definition of it that one of the Xi variables, say, x h , 
will be missing from it. If x had all the x, variables appearing in it, then 
■it would be a fundamental product. There is only one combination of 
values of the Xi for which a fundamental product is equal to 1. Since P, 
does not include x, Pi must equal 0 for this combination of values. This 
must be true for all the Pi so that E and thus / will equal 0 for this com- 
bination of values. However, x is a prime implicant of /(x i,x 2 , . . . ,x n ) 
so that / 3x3f. It is thus not possible for / to equal 0 and it to equal 1 
for the same combination of values for the x,-. Since the assumption that 
it includes all the x, variables leads to a contradiction, it follows that at 
least one of the x<, say, Xh must be missing from x. 

Next, the terms formed by joining Xh and x' h to it, Xh.it, and x' h it must be 
considered. In the example with E = w'xz + wy'z + x'yz + w'yz' , 
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r = w'y, and # = w'yz the variable x is missing from #. Thus the terms 
to be considered are xw'yz and x'w'yz. In general the terms x h t and x' h t 
both satisfy conditions 1 and 4. Unless xtfi and x’ h f fail to satisfy condi- 
tion 2, it is clear that if could not have satisfied condition 3 as originally 
assumed. Thus x h * and x' h t must violate condition 2, and there must be 
some P r and P, such that P r 3 Xtfi and P, 3 x' h f. In the case of 
x h f = xw'yz, x h it = x'w'yz, these relations are P r = w'xz 3 xw'yz and 
P . = x'yz 3 x'w'yz. 

From the facts that P r 3 Xht and P r l£) if it follows that the literal x% 
must appear in P T so that it must be possible to express P r as P r = XhQ r - 
Similarly it must be possible to express P s as P s = x' h Q s . In the example 
these expressions are P r = xQ r = x{w'z) and P„ = x'Q s = x'(yz). It 
follows from the fact that P r = x h Q r 3 x h f, that Q r 3 iff and similarly 
that Q , 3 so that Q r • Q s 3 # and thus Q r ■ Q s is nonzero. In the exam- 
ple, Q r - Q s = w'yz 3 w'yz. This shows that P r <t P s = Q r ■ Q, exists and 
is nonzero. All that remains to be shown is that there exist no P,- such 
that P, 3 P r £ p s = Q r ■ Q s . This is not possible, for if Pi 3 Q r ■ Q SI 
then because Q r ■ Q s 3 if it follows that P, 3 which contradicts the 
definition of if. This completes the proof that if a sum-of-products 
expression F = P i + P 2 + • • • + P m is not a complete sum then either 
P < 2 P, or Pi £ Pj exists and there is no P h such that P h 3 P, i P,. 

In order to complete the proof of the theorem, it is necessary to show 
that if E = Pj + P 2 4- • • • + P m is the complete sum for the function 
f(.Xi,x 2, . . . ,£„), then (1) no product term includes any other product 
term (Pi ^ Pj) and (2) the consensus of any two product terms either does 
not exist or is included in some other product term (a — > / 3) . Each of the 
Pi is a prime implicant by definition, and it follows from the definition of a 
prime implicant that it is not included in any other prime implicant of the 
same function. If the consensus Pi <j: Pj exists, it is a product of literals 
which is included in /(xi,x 2 , . . . ,x n ). By the definition of a prime impli- 
cant, any product of literals which is included in/(xi,£ 2 , . . . ,x n ) must be 
included in some prime implicant of f{x i,x 2 , • . . ,x n ), and thus Pi t Pj 
must be included in one of the P k . 

An Algorithm 

In order to make use of the theorem just presented in forming a com- 
plete sum from a sum-of-products expression, it is necessary to convert the 
original expression into one in which the consensus of any two terms is 
included in some other term and in which no term includes any other. 
This is done by comparing each term with every other term in the expres- 
sion and (1) removing any term which is included in another term and 

t XhQr 2 x h T if and only if (x h Q r ) ' (**«•) = (x' h + Q' r )(x h tr) = Q' r x h ft = 0. Since 
neither Q r nor jr contains x h , it must be true that Q' r i r = 0 and thus that Q r 2 tr. If 
Qr 2 r, and Q. 2 r, then Q' r ■ i = Q' t ■ i r =0 and (Q' r + Q' t ) ■ i- = 0 so that Q r ■ Q, 2 *. 
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(2) adding the consensus of any two terms to the expression, provided that 
the consensus term is not included in some other term. A tabular tech- 
nique for carrying out this process is shown in Table 4.7-1. The sum-of- 
products expression used in forming this table is 

/ = w'xz + wy'z + x'yz + w'yz' 

The same rule is used for representing the product terms by l’s, 0’s and 
— ’s as was used in Table 4.4-1. The algorithm is carried out as follows: 

(j). Each row of the table is compared with each row above it in the 
table. 

12) If any row is found to be included in another row (to have l’s 
wndrever the other row has l’s and 0’s wherever the other row has 0’s), 
the included row is removed from the table. 

® If any two rows have a consensus, the consensus term is compared 
with all other rows of the table and then added at the bottom of the table if 
it is not included in any other row. Two rows have a consensus if there is 
only one column in which one row has a 1 and the other row has a 0. The 
consensus row has a dash in the column in which the twoTmgmal rows 
differ and in any column in which both the original rows have dashes. 
It has a 0 in any column in which either of the original row s has a 0 and a 1 
in anv column in which either of the original rows has a 1 . 


Table 4.7-1. The Use of Iterative Consensus to Obtain a 

Complete Sum for f = w'xz + wy'z + x'yz + w'yz’ 



w x y z 

A 

0 1-1 

B 

1-01 

C 

- 0 1 1 

D 

0 - 1 0 V 

B i A 

- 1 0 1 

CiB 

10-1 

C £ A 

0 - 1 1 v 

Df.C 

0 0 1 - s/ 

D£A 

0 1 1 - v/ 

(C i A) £D 

0 - 1 - 


Initial sum-of-products terms 


Complete sum : / = w'y + wx'z + xy'z + x'yz + wy'z + w'xz 
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(jp This process terminates when every row has been compared with all 
rows lower down in the table. The rows which remain in the table corre- 
spond to all the prime implicants. The consensus of any pair of rows 
either must appear as a row of the table or must be included in some row of 
the table. In Table 4.7-1, rows D, C f A, D £ C , and D i A are removed 
from the table because they are included in row (C i A) / D. 


This iterative consensus algorithm can be directly extended to multiple- 
output circuits by using the identifier and tag representation described in 
Sec. 4.6. In carrying out the steps of the algorithm no distinction is made 
between the tag and identifier portions of the rows in checking for inclu- 


Table 4.7-2. An Example of the Use of Iterative Consensus 
to Obtain Multiple-output Complete Sums 

(a) Original specification 

/ 1 = w'x'y'z' + w'yz' + xy'z 

fi = w'x'y'z' + wx'yz + wxz + w'xy'z 

f 3 = w'x'y'z' + x'y'z' + wxy'z' 


(i b ) Table 



w x y z 

/l fi fi 

A 

0 0 0 0 

_r 

B 

0-10 

- 0 0 

C 

- 1 0 ,1 

- 0 O x/ 


10 11 

O' - — 0W E i D 

E 

11-1 

0-0 

F 

0 10 1 

0 - 0 vf F£E 

G 

- 0 0 0 

0 0 - 

H 

110 0 

0 0 - V 

B 1 A 

0 0-0 

- 0 0 

EiD 

l ^ l 1< 

0-0 / 

F iE 

-10b 

TL^- 0 <4 

C,F iE 

- 1 0 1 

- - 0 

H £G 

1-00 

0 0 - 


(c) Multiple-output complete sums 

/ 1 = w'x'y'z' + w'yz' + w'x'z' + xy'z 
fi = w'x'y'z' + wxz + wyz + xy'z 
f 3 = w'x'y'z' + x'y'z' + wy'z' 
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sion or consensus terms. One additional rule must be added for the 
multiple-output case: 

r 5 / If two rows have identical identifier portions and differ in their tag 
positions, a new row is formed having the same identifier and dashes wher- 
ever either of the original rows have dashes in their tags. The original 
rows are then removed from the table [8]. 

Table 4.7-2 shows an example of the use of iterative consensus for 
multiple-output complete sums. The next-to-the-last row of part b of 
the table is formed by use of rule 5. 

It is always possible to form a prime implicant table from the complete 
sum and then to obtain a minimal sum. In order to form the table, a 
process equivalent to expanding the complete sum must be carried out. 
This is often undesirable, since there may be a very large number of 
fundamental products in the complete sum. Some results on techniques 
for obtaining a minimal sum without resorting to a prime implicant table 
have been published [15,16], but a satisfactory general method is not yet 
available. 


Problems 

; 1. Find minimal sums and minimal products for each of the following functions: 
— (®) 2(0,2,4,8,10,12) 

-ib) 2(2,3,6,7,8,9,12,13) 

-(c) 2(0,2,3,4,6,7,8,9,10,12,13,14) 

(d) 2(1,4,6,7,13) 

(e) 2(1,3,7,13,15) 

(/) 2(9,11,12,13,14,15,16,18,24,25,26,27) 

(g) 2(8,9,13,14,15,24,26,30) 

(h) 2(8,9,10,11,17,19,21,23,25,27,41,43,44,45,46,47,56,57,58,59) 

-<») 2(3,5,7,11) + d(6,15) 

~Tj) 2(3,5,7,11,12,29,31) + <*(1,2,6,10,28) 

(k) 2(2,7,9,10,11,12,14,15) 

2. For each of the functions listed below : 

(а) Determine the complete sum. 

(б) Underline the essential prime implicants. 

(c) Show (on a map) one minimal sum. 

(d) Determine the number of different minimal sums. 

(e) If there are any irredundant sums which are not minimal sums, display 
one of these irredundant sums on a map. 

^Mw,x,y,z) = 2(1,5,6,7,11,12,13,15) 

-/*(«,*,»,*) = 2(2,3,5,7,8,10,12,13) 
v- fz(w,x,y,z ) = 2(0,2,5,6,7,8,9,12,13,15) 

U(w,x,y,z) = 2(0,1,4,5,6,7,9,10,13,14,15) 

/.(»,*, V,z) = 2(3,5,6,7,9,10,11,12,13,14,15) 
f 6 (w,x,y,z) = 2(0,1,2,3,5,6,7,8,9,10,12,13,14,15) 
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3. For the function f(v,w,x,y,z) = 2(4,5,8,9,12,13,14,15,16,17,20,21,22,23,24, 
25,26,28,29,30,31): 

(a) Plot the function on a map, encircling the prime implicants. 

(b) How many prime implicants does this function have? 

(c) How many essential prime implicants does the function have? 

4. For the function f(w,x,y,z) = 2(1, 4, 5) + d(2, 3, 6, 7, 8, 9, 12, 13): 

(o) Determine a minimal sum. Of 1 / o 

A (6) Determine a minimal product. 

For the circuit of Fig. P4-5: pdio * ‘JJ n -j 

'(a) Writ e an algebraic ex pression for /. // 

(6) Write the decimal specification for/. x 

(c) Design the analogous circuit for/, using OR-NOT gates having at most 
three inputs to a gate (nine gates are sufficient, no inverters). 

oJ 




O - 1 ' yjVj> 


yV l' 


( fto> 


. — Fig. P4-5 w- ^ I 

iV For the circuit of Fig. P4-6: " 

(а) What must g be in order that f(w,x,y,z) = 2 (0X2,3^, 8,1 Q? 

(б) Draw a map for g. ^ 

(c) Draw a two-stage diode gate circuit for g. Use the minimum number 
of gates. (Four gates are sufficient.) 

T\ ^ / 


Fig. P4-6 


/ < l / 

W A 9 4 


- *r/ / // / 


7. Given that a: © y = xy' + a:'y and that a: © (y © z) = (x © t/) ® z: 

(a) Prove that x + y = x@y®xy. 

(b) If the canonical sum for a function / is given by / = p,-, + Pi 2 + 
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• • ‘ + Pi r , where the pt are fundamental products, prove that 
f = p^ ® Pi,® ■ ■ ■ ® Pi, 

(c) Given that x ® x = 0 and that / = 2(5,7,8,9,12,13,14,15), design a 
circuit in which the output is derived from a © gate and the inputs are con- 
r ~ — i nected to AND gates. (Use the minimum number of gates.) 

8. / A circuit is to be constructed for the function f(v,w,x,y,z) = 2(0,3,5,7,8,11, 
'i 13,15,20,21,22,23,28,29,30,31). The gates which are to be used are OR 

gates and AND gates. Each gate has either two or four inputs, and gates 
with one, three, or five inputs are not available and cannot be used. Design 
a two-stage circuit for this function, using the minimum number of gates: 

(а) With an OR gate as the output gate 

(б) With an AND gate as the output gate 

9. For the function f(w,x,y, z) = 2(0,1,2,3,4,5,7,10): 

(a) Write the minimal product. 

(b) Multiply this out, using the theorems ( X + Y)(W + Z) = WX + WY 
+ 1 Z + XZ and XX = X, XX' = 0, X + XY = X. Your result should 
be a sum-of-products expression. 

(c) Write a minimal sum for/. 

(d) Compare the results of (6) and (c) — can you make any general state- 
ment as a result of this comparison? 

10. A function f(x i,Xj, . . . ,Xn) is to equal 1 only when exactly one of the 
variables (x h . . . ,x i7 ) is equal to 1. 

(а) How many prime implicants does this function have? 

(б) If a circuit for this function was constructed and then the input leads 
were relabeled 


Xi lead changed to x 2 lead 
x 2 lead changed to x 3 lead 


Xu lead changed to Xn lead 
xn lead changed to xi lead 

what function would the circuit with the new labels realize? 

11 . (a) Write an expression for the output of the circuit shown in Fig. P4-11. 

( b ) Design a two-stage circuit using only OR-NOT gates which realizes 
the same function as the circuit of Fig. P4-11. 


A 

D 

B 

C 
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Fig. P4-11 


problems 



Show that the following definitions of inclusion are equivalent to those given 
in Sec. 4.2: 

(a) / 2 g if and only if f'g = 0. 

(b) f 3 g if and only if f + g' = 1. 

Design a minimal multiple-output two-stage (AND-OR or OR-AND) circuit 
for the following functions: — • - — 


/i = 2 (0,4,5) 
h = 2 ( 0 , 2 , 3 , 4 , 5 ) 

U = 2(0, 1,2) 

14. Determine the multiple-output minimal sums for each of the following sets 
of functions: 


67 


(a) /i = wxz + w'y'z 

f 2 = x'z' + wxz + xy'z 
f 3 = x'z' + wxyz + w'x'y' 

(b) fi = yz + wz 

fi = yz + wz + wxy 
f 3 = wy'z + w'xyz' 

(fi) fi = wx' + x'z + xy'z' 

fi = wz + xz' + xy + w'x'z 
(d) fi = y'z + w'z 

fi = w'xy' + wy'z + wx'y + x'yz' 
f 3 = xyz' + wx'z 

Design a minimal-gate multiple-output two-stage network (using AND 
gates, OR gates) for the following functions: 


h(w,x,y,z) = 2(1,4,5,7,13) + d(3,6) 
fi(w,x,y,z) = 2(3, 5, 7) + d( 6) 
f 3 (w,x,y,z ) = 2(3,4,11,13,15) + d(9,14) 

16. For each of the following specifications, plot functions satisfying these 
specifications on n-cube maps. (Use variables v, w, x, y, z.) 

(a) A five-variable function containing no essential prime implicants 

(b) A five-variable function for which all the prime implicants are essential 

(c) A four-variable function which is unchanged when the variables y and z 
are interchanged 

(d) Two four-variable functions for which the multiple-output minimal 
sums contain none of the prime implicants of the product function 

(e) A four-variable function having at least two terms in its minimal sum 
and having no variables primed in the minimal sum 

(/) A function having at least two different irredundant sums 

17. For the function /(a:i,x 2 ,a:3,a:4,a;5, *6,*?) = 2(0,5,16,21,32,37,45,48,53,61,64,69, 
80,96,112,117,125) use a tabular method to find 

(a) All prime implicants 

(b) A minimal sum 

18. Use a tabular method to determine a minimal multiple-output two-stage 
circuit (AND-OR) for the following functions : 

fi(w,x,y,z) = 2(1,5,7,8,12,13,14,15) 

Mw,x,y,z) = 2(0,1,5,8,14) 
f 3 (w,x,y,z) = 2(0,2,3,6,8,9,10,11,14) 
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Use the iterated consensus technique to obtain a complete sum for each of 
the following functions: 

— (a) f(v,w,x,y,z) = vy + v'y' + w'z + vxy + wxy' + vwxz 


(b) f(t,u,v,w,x,y,z) = t'u'w'y'z' + t'w'y'z + t'uw'x + u’vx'y + tu'v'w'ry + 
tumvy'z' + t'u'vwyz + tu'v'wz 

20. (a) Prove that A {A j B) never exists. 

(b) The consensus operation can be interpreted as a binary connective. Is 
this connective commutative? Associative? Does it distribute over addi- 
tion? Multiplication? 


21 . 



Write factored algebraic expressions which contain as few literals as pos- 
sible for each of the following functions : 

(а) f{x,y,z) = 2(0, 1,2,5, 6) 

(б) f(w,x,y,z) = 2(0,3,12) 

(c) f(w,x,y,z) = 2(0,1,2,13,14) 

(d) f(w,x,y,z) = 2(0,1,2,5,14) 

Design a circuit to realize the function / = x,x 2 x 3 + x[x 2 + x' 2 x t : 

(a) Using only AND-NOT gates 

( b ) Using only OR-NOT gates 
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SEQUENTIAL - CIRCUIT 
ANALYSIS 




The methods developed in the preceding chapters are applicable 
to co mbin ational circuits — \ circuits whose autputs_are. determined 
completely by their present inputs. Many digital circuits satisfy 
this restriction; however, there are also many circuits which do 
not. Circuits whose outputs depend not only on the present inputs 
but also on previous inputs are called sequential circuits. This 
chapter will introduce the various types of sequential circuits and 
show how they are analyzed. The following chapter will then 
present techniques for synthesizing sequential circuits. 


5.1 INTRODUCTION 


The difference between a combinational circuit and a sequential 
circuit is analogous to the difference between the two types of 
combination lock shown in Fig. 5.1-1. Whether the lock of Fig. 
5.1-la is open or not depends not only on which number the pointer 
is selecting but also on which numbers the pointer stopped at 
previously. Similarly, the output of a sequential circuit depends 
-pn previous as well as present inputs. The lock of Fig. 5.1-16 is' 
open or closed depending only on the present setting of its dials; 
past settings are unimportant, just as, in a combinational circuit, 

. past inputs are unimportant in determining the present circuit 
V outputs. 


Illustration 

In order to gain some insight into the-performance of sequential 
circuits, the circuit of Fig. 5.1-2 will be analyzed intuitively before 
any formal methods are developed. The outputs of this circuit 
(zi and z 2 ) depend not only on the circuit inputs (xi and x 2 ) but 
also on the outputs of the two flip-flops ( y x and yi). The flip- 


5.1 introduction 


Fig. 5.1-1. Two types of com- 
bination lock. 



x; 



5*1 - *1 * 2 » / P ^ — ^2 > ^2 — ^2 i ^ 2 ~ * 2 

'l + > , 2) + /l /2 

^2 = 4 (/l + /2) + /l/2 


Fig. 5.1-2. Illustrative sequential circuit. 

flop outputs in turn depend on the past and present circuit inputs, f If 
xi = x 2 = 1, then flip-flop 1 must be set and y\ must equal 1; and if 
xi = xi = 0, then flip-flop 1 must be reset and y\ must equal 0. How- 
ever, if x\ = 0 and x 2 = 1 or x\ = 1 and x 2 = 0, neither input to flip- 

f The operation of these flip-flops is assumed to be the same as described in Chap. 1 : 
When a 1 signal is present on the S (set) lead (S = 1), a 1 signal is present on the 
y lead ( y — 1). When a 1 signal is present on the R (reset) lead (R = 1), a 0 signal 
is present on the y lead (y = 0). When neither the S lead nor the R lead has a 1 signal 
(S = R =0), the signal on the y lead is determined by which of the S and R leads 
last had a 1 signal present. There should never be a 1 signal present on both the 
S and R leads. 
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flop 1 is energized and this flip-flop remains in the state (set or reset) 
caused by previous inputs. It is customary to make the assumption 
that only one of the inputs to a circuit changes at a time. This is a very 
reasonable assumption, since physically it is, in effect, impossible to have 
simultaneous changes. Also, the effects of the input changes will propa- 
gate through the circuit at different speeds so that the effects of the input 
changes will not be simultaneous throughout the circuit. This discrep- 
ancy in propagation of signals can lead to unreliable operation, and thus 
simultaneous changes are usually forbidden. Throughout this book, 
single changes of input signals will be assumed unless a different assump- 
tion is stated specifically. With x\ and x 2 restricted to changing one at a 
time, the state of flip-flop 1 is determined either by the present values of 
x\ and x 2 or by their values before the last input change. Thus, if 
xi = 0 and x 2 = 1 or xi = 1 and x 2 = 0, y\ = 1 if the previous values 
of x\ and x 2 were x\ = 1 and x 2 — 1, and y 2 = 0 if the previous values of 
Xi and x 2 were x 2 = 0 and x 2 = 0. Another way of stating this same 
conclusion is that, when x x = 0 and x 2 = 1 or Xi = 1 and x 2 = 0, y 2 = 1 
if the previous value of yi was 1 and y 2 = 0 if the previous value of y 2 
was 0. A similar statement can be made for y 2 . These conclusions are 
summarized in Table 5.1-1. 


Table 5.1-1. Flip-flop Conditions for Fig. 5.1-2 


Previous 

Present 

Previous 

Present 

values 

values 

values 

values 

Xi 

X 2 

Xi 

X 2 

y i 

Vi 

2/i 

2/2 

1 
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1 

d 

1 

1 

1 

0 

1 

1 

1 

d 

0 

1 

0 

1 

0 

0 

0 

d 

1 

0 

1 

0 

1 

0 

0 

d 

0 

0 

0 

1 

1 

1 

0 

1 

d 

1 

1 

0 

0 

1 

0 

0 
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0 

1 

1 

1 

0 

1 

1 

d 

1 

0 

0 

0 

0 
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0 
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1 


In analyzing a sequential circuit, what is desired is some scheme for 
determining what sequence of outputs will be produced by any sequence of 
inputs. Since the outputs are just switching functions of the circuit 
inputs and flip-flop outputs, the output sequences can be determined 
directly once the sequences of flip-flop outputs are known. For any given 
sequence of inputs, the flip-flop outputs can be determined by using Table 
5-1-1. The switching functions can then be used to determine the output 
sequence. Table 5.1-2 shows the sequences that result from a typical 
input sequence. 

For the sequence in this table, the values of Zi and z 2 are equal to the 
values of xi and x 2 before the last input change. It can be shown that 
this relationship is true, not only for the particular sequence of this table, 
but for any input sequence. Thus, this circuit performs like an asyn- 
chronous one-unit delay line. In order to establish that this circuit does 
have this same performance for any input sequence, a more general 
analysis technique is required. Such a technique will be described in the 
following section. It should be pointed out that the ultimate objective 
of this investigation is not really an analysis technique but a synthesis 
technique. The analysis technique to be developed will therefore be one 
which can be “turned inside out” and used for synthesis. 

An assumption about the way in which the circuit inputs are changed is 
implicit in the preceding discussion. Specifically, it has been assumed that 
the inputs are never changed unless the circuit is in a stable condition, i.e., 
unless none of the internal signals are changing. Whenever a sequentia l ^ ' 

circuit’s inputs are controlled so that this assumption is valid, the circuit 
is said to be operating in fundamental mode [1]. The following three 
sections apply specifically to fundamental-mode operation. In Sec. 5.5, 
the analysis of circuits not operating in fundamental mode is considered. 

Much of the theory of fundamental-mode operation was developed by 
Huffman [2]. 


Table 5.1-2. Input-Output Sequences for Fig. 5.1-2 

abcdefgh 
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5.2 FORMAL ANALYSIS OF CIRCUITS CONTAINING 
S-R FLIP-FLOPS 

As was pointed out previously, in a sequential circuit such as that of 
Fig. 5.1-2, the outputs are switching functions of the circuit inputs and 
the flip-flop outputs. The determination of the circuit outputs from the 
circuit inputs and flip-flop outputs is a straightforward combinational- 
circuit problem, and the techniques of Chaps. 3 and 4 can be used. The 
novel aspect of sequential circuits is the relationship between the circuit 
inputs and the flip-flop outputs. The flip-flop inputs are switching func- 
tions of the circuit inputs,! but the flip-flop outputs are not switching 
functions of the circuit inputs, and so the basic problem in analyzing 
sequential circuits is that of determining the relationship between the 
circuit inputs and the flip-flop outputs. 

Since the relationships between the circuit inputs and the flip-flop 
outputs are not characterized by switching functions, some new repre- 
sentation of this relationship will have to be developed. This develop- 
ment is one of the major objectives of this section. 

In order to investigate the relation between the circuit inputs and flip- 
flop outputs, let us consider a specific situation in the circuit of Fig. 5.1-2. 
Let the circuit inputs X\ and x 2 both be equal to 0 and the flip-flop outputs 
yi and y 2 also both be equal to 0. Now let X\ change to become equal to 1. 
Since S 2 is equal to x x x 2 , S 2 now becomes equal to 1 and flip-flop 2 must 
change state so that y 2 becomes equal to 1. From this little “experiment” 
it is clear that the circuit is unstable when x x = 1, x 2 = 0, y\ = 0, y 2 = 0 
and the y 2 flip-flop must change so that the stable state with X\ = 1, 
x 2 = 0, 2 /i = 0, 1 / 2=1 is reached. This transition from an unstable 
situation to a stable situation by a flip-flop changing is the key to sequen- 
tial-circuit behavior. 

In Table 5.2-1, all possible combinations of values of Xi, x 2 , y i, and y 2 
are listed. Each combi nat ion of v alu es of the circuit in puts and flip -flop 
outputs is called a total state of the sequential circuit, since all signals in 
the circuit (including the circuit outputs) can be determined from the 
circuit inputs and flip-flop outputs. Each stable total state in Table 5.2-1 
is encir cled, and an arrow is drawn from each unstable state to the stable 
state to which the circuit goes from the unstable state. The stable states 
and unstable-state behavior can be determined directly from the circuit or 
from Table 5.1-1. For example, row 1 of the table corresponds to the 
stable state with X\ = x 2 — y\ = y 2 = 0. Since the state is stable, the 
circuit will remain in this state until some input is changed. If aq is 

f The flip-flop inputs will, in general, depend also on flip-flop outputs. The 
method to be developed here will be applicable to circuits in which this dependency 
is present. 
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Table 5.2-1. Table Showing Stable and Unstable States 
for the Circuit of Fig. 5.1-2 
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0 
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1 

3 

1 

1 
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1 

0 

1 

0 

0 

1 


changed to 1, the circuit is then in the total state represented by row 13. 
This row represents an unstable state, and the table shows that a flip-flop 
change must take place so that the circuit enters the stable state repre- 
sented by row 14. 

By means of a table such as Table 5.2-1, the output sequence corre- 
sponding to any input sequence can easily be obtained. In a very real 
sense, the derivation of Table 5.2-1 completes the analysis of the circuit 
in that it permits the determination of the output sequence corresponding 
to any input sequence. On the other hand, it could be argued that the 
analysis is still incomplete because the word statement “The outputs are 
equal to the previous values of the inputs” has not been obtained. The 
analysis techniques to be developed here will not result in such word 
statements, for several reasons. First of all, many circuits do not have 
any simple word statement, since they are part of a larger system and their 
operation specifications are determined by the system. Second, since 
English is not a formal language in a mathematical sense, it is not really 
possible to have a formal procedure for obtaining word statements. This 
does not change the fact that some presentations of the circuit operation 
are more easily understood than others. The presentation in Table 5.2-1 
is not the most acceptable for ease of understanding, and hence a variation 
of this table is in common use. 
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Table 5.2-2. Table Showing Y i and Y 2 ( Next States of yi and 
2 / 2 ) for Each Total State in the Circuit of 
Fig. 5.1-2 



Transition T able 


'I 




s 4- ^ ft 






In Table 5.2-1, the transitions between unstable and stable states are 
shown by means of arrows. Another method of describing these transi- 
tions is to list, for each total state, the next values of the y\ and y 2 variables. 
In fundamental-mode operation the inputs do not change u ntil the flip- 
flops have reached their stable values, so that only the next values of the 
flip-flop variables need be listed. In Table 5.2-2, the next values of y : a nd 
2/2, symbolized bv Y, and To, are l isted for each total state of the circuit 
of Fig, 5.1-2 . The variables ?/i, 1/2, . . . will be called internal variables. 
or present-state variables, and E 1, Y 2 , . . . will be called next-state varia - 
bles. Values of Y 1 and Y 2 which are the same as the corresponding values 
of y 1 and y 2 are encircled, since they represent stable states. 

It is customary to draw Table 5.2-2 in a slightly different form which 
distinguishes more strongly between the circuit inputs and the flip-flop 
outputs. This form, called a transition table, is shown in Table 5.2-3a. 
Each column of this table corresponds to a specific assignment of values 
to the circuit-input variables, or to an input state. Each row of the table 
corresponds to a specific assignment of values to the flip-flop output varia- 
bles, or to an internal state. Each cell of the table corresponds to an assign- 
ment of values to the circuit inputs and the flip-flop outputs, or to a total 


5.2 formal analysis of circuits containing S-R flip-flops 


Table 5.2-3. Tables for the Circuit of Fig. 5.1-1 
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(c) Table 5.1-2 
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stale. The entries of the table are the appropriate next internal states for 
each total state. Thus, a change of input variable causes a change from 
one column of the table to another column without any row change. If, 
in the new column, the Ti 7 2 values disagree with the t/it/ 2 values for the 
row, a row change must take place to a new row whose y x yz values are the 
same as the TiF 2 values of the original row. It is sometimes helpful to 
think of an “operating point” which represents the total state of the circuit 
and which moves around on the transition table in accordance with the 
changes in the total state of the circuit. The operating points which 
correspond to the sequence of Table 5.1-2 have been plotted on Table 

5.2- 3a. Table 5.1-2 is repeated as Table 5.2-3c for the sake of convenience. 
The corresponding output states are shown in the output table of Table 

5.2- 3 b. 


The Transition Diagram and State Table 

A more pictorial representation of the transition table is sometimes 
used in which each stable total state is represented by a small circle and 
each unstable total state is represented by a dot. Arrows are drawn 
showing the transitions between unstable and stable states. This is 
called a transition diagram and is illustrated in Table 5.2-4c. 


r X;- 

*3- 


187 



Sequential-circuit Analysis 


Table 5.2-4. Tables for the Circuit of Fig. 5.1-1 


la) Transition table 
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(d) State table 
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(e) State table 
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Another form of the transition table is often used in which each internal 
state is replaced by an arbitrary letter or decimal number. This form of 
table is called a state table and is illustrated in Table 5.2-4d and Table 5.2-4e. 
By using a state table and an output table it is possible to determine the 
output sequence produced b y any input seque n ce. It is not possible to 
determine the sequence of states of the circuit flip-flops, but this informa- 
tion is not important to the external performance of the circuit. The state 
table is important because it will form the starting point for the synthesis 
of sequential circuits. 


The Excitation Table 

In discussing the transition and state tables and showing that they are 
reasonable forms in which to present the operation of a sequential circuit, 
the question of how these tables are obtained from the circuit diagram has 
not been discussed. In order to complete the formal analysis procedure, a 
formal technique must be determined for going from a circuit diagram to a 
transition table. The first step in this technique is to obtain, from the 
circuit diagram, the switching functions which describe the effect of the 
circuit inputs and flip-flop outputs on the flip-flop inputs. These switching 
functions are called excitation functions. The excitation functions for the 
circuit of Fig. 5.1-1 are shown in Table 5.2-5a. The excitation functions 







5.2 formal analysis of circuits containing S-R flip-flops 


Table 5.2-5. Excitation Table for the Circuit of Fig. 5.1-2 

(a) Excitation functions 
5 1 = /,xr 2 = Xy x 2 5 Z = , R z -*\*z 

(A) Excitotion table 
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are then used to fill in an excitation table. The excita tion table is the sam e 
as the ^ h ti I, j t,s entries are the values of th e flip-flop. 
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h- 


^rather than the next states (Y Y . . .1 of the 


flip-fldp~outputs . An excitation table is shown in Table 5.2-5 b. 

Z' The crucia l ste p in an alyzing a sequent ial circuit is t h at of going from \ 
I an _ excitation table to the corresponding transition table . One method o f 
doing this is to note that, whenever S and R are hot.h equal to 0. the value d 
of Y will be the same as the value of y ; whenever S = 1 and R = 0,Y will 
be equal to 1; and whenever S = 0 and R = 1, Y will be equal to 0. 
The situation where IS = R = 1 is assumed not to occur. By using these 
simple rules the transition table can readily be written down from the 
excitation table. This procedure can also be formalized by writing these 
rules down in a table of combinations and obtaining a function giving the 
dependence of Y on S, R. and v. This is done i n Tah le 5.2-fi, and-the 
function is shown to b e Y = S + R' v. This function is called the char- 
acteristic function for set-reset flip-flops. 

It is perhaps well to point out now that the variable Y is quite different 
from the other variables such as S, R, y, Z in that Y does not correspond to 
any 'physical signal in the circuit. The variable Y is in some sense a 
fictitious variable representing the next condition of the y variable. 

A formal technique for analyzing sequential circuits has been pre- 
sented. The steps in this procedure are illustrated in Fig. 5.2-1. The 
following sections will show how this technique is applied to sequential 
circuits using devices other than set-reset flip-flops and to circuits operat- 
ing in different modes. 
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Fig. 5.2-1. Sequential-circuit analysis. 
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Table 5.2-6. Relationship between S, R, y, and Y 


(a) Table of 
combinations 
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(c) Characteristic 
function for set-reset 
flip-flops. 

Y = S + Ry 


5I3— VARIOUS "MEMORY" DEVICES FOR / 

SEQUENTIAL CIRCUITS 

The preceding discussion has been concerned with sequential circuits 
containing set-reset flip-flops. There are, of course, many other devices 
which can be used to construct sequential circuits. The analysis technique 
which was presented for set-reset flip-flops will still be valid with minor 
modifications for circuits containing other devices. Speci fically, di fferent 
devices will require changes in the rules used for obtaining the transition 
table from the excitation table, but the rest of the technique will remain 
unchanged. Before considering some different devices in detail it seems 
appropriate to consider the question of what physical properties the devices 
used to construct sequential circuits must have. 

One essential feature of a sequential circuit is that there must be some 
signal or signals in the circuit whose value is determined not only by the 
present circuit inputs but by past circuit inputs as well. The devices 
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Fig. 5.3-1. General form of a sequential circuit. 




5.3 various “ memory ” devices for sequential circuits 

controlling these signals are usually calle d memory devices , internal 
devices, or secondary devices. In the circuit analyzed previouslypthe"" 
flip-flops were the internal devices. The mechanism by which these 
devices operate usually involves some sort of feedback to provide the 
memory, and it is customary to represent a generalized sequential circuit 
as a combinational circuit with some feedback loops (Fig. 5.3-1). In a 
flip-flop, these feedback loops are contained within the flip-flop_ circuit, but 
they are present nevertheless. 

Physical Requirements 

As an introduction to different types of memory devices, the require- 
ments on the electrical properties of the feedback loops will be considered 
[3]. Suppose that one of the feedback loops has been broken, as in Fig. 

5.3-2, and a terminating impedance added to simulate the impedance 
presented by the rest of the loop. There must be some set of values for 
the inputs ( Xi ) and the internal variables (?/,-) such that either a 1 or a 0 
can be present in this feedback loop. Assume that this set of values is 
present and that the loop characteristic is measured ( e 0 versus e*). When 
the loop is closed, e„ = e<; therefore, there must be two intersections of the 
open-loop characteristic with the e 0 = e, line. One of these intersections 
corresponds to a 1 stored in the loop and therefore occurs with e 0 = a = E H , 
and the other intersection occurs with e„ = d = E L and corresponds to a 
stored 0. These intersections are labeled A and B in Fig. 5.3-3. For 
these intersections to correspond to stable operating points, the slope of 
the open-loop characteristic must be less than the slope of the closed-loop 
characteristic. This is indicated by the heavy portion of the open-loop 
characteristic. The rest of the open-loop characteristic has to be a con- 
tinuous curve connecting the two heavy portions. Note that there is 






Sequential-circuit Analysis 



Fig. 5.3-3 . Feedback-loop characteristics. 


another intersection of the two curves (point C) , but this corresponds to 
an unstable operating point. The important feature of the open-loop 
characteristic is the region where the slope is greater than 1. In this 
region a change in e< will result in a larger change in e a . Clearly some sort 
of active device providing amplification must be present in the loop. 

There are many ways in which this amplification can be provided. 
When diode gates are used, it is customary to use vacuum-tube or transis- 
tor amplifiers for the gain . When AND-N OT or OR-N OT gates are used, 
the gain is provided by the transistors contained in the gates themselves. 
In flip-flops the tubes or transistors provide the gain, and in relay circuits 
the gain is made possible by the fact that the relay contacts can control 
more power than is required to operate the relay itself. 

Analysis of Sequential Circuits Constructed of Diode Gates 

A sequential circuit constructed of diode gates and amplifiers is shown 
in Fig. 5.3-4. The first step in analyzing such a circuit is to write down 
the excitation functions, in this case, the switching functions for the 
signals at the inputs to the feedback loop amplifiers, Ei and E 2 . The 
next step is to form an excitation table such as that shown in Table 5.3-la. 
To obtain the transition table, the effect of E i on y i must be determined, 
or, equivalently, the characteristic function must be obtained. In the 
case of an ordinary amplifier it is clear that the amplifier output y will 
cha nge to become equal to the amplifier input E. Because of this, the 
characteristic function is particularly simple, Y = E; and the transition 
table is identical with the excitation table. Passing from the transition table 
to the state table and the output table completes the analysis — Table 
5.3-16 and Table 5.3-lc. Since these are the same as Tables 5.2-4e and 
5.2-46, it can be concluded that the circuits of Figs. 5.1-2 and 5.3-4 have 
the same external performance. 


5.3 various “memory” devices for sequential circuits 



E \ = *1 *2 + /l <*1 + * 2 > *1 = /l / 2 + *! (/I +/2 ) 

f 2 = r, *2 +/ 2 (-r, + -Tg) / 2 = /, / 2 + Jfg(/, +jfe) 

Fig. 5.3-4. A sequential circuit using diode gates and amplifiers. 


Table 5.3-1. Tables for the Circuit of Fig. 5.3-4 


[a) Excitation and transition table (b) State table 
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(c) Output table 
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For relay circuits it also turns out that the excitation table and transi- 
tion table are identical. An example of a relay sequential circuit will be 
presented in the following section. 

Analysis of Sequential Circuits Constructed of AND-NOT Gates 

Figure 5.3-5 shows a sequential circuit constructed of AND-NOT gates. 
In this circuit there are two feedback loops (indicated by the heavy lines) 
each of which can contain either a 1 signal or a 0 signal. In order to analyze 
the circuit it is necessary to “break” these feedback loops and write switch- 
ing functions for the signals present in them. One way to do this is to 
imagine that there are amplifiers present in the loops, just as amplifiers 
were present in the diode gate circuit. Of course, it is not usually neces- 
sary to add amplifiers in AND-NOT gate circuits, for the gates themselves 
provide the necessary amplification; however, these fictional amplifiers 
are a convenient aid to the analysis procedure. In Fig. 5.3-5, the fictional 
amplifiers are shown by dotted lines. The usual procedure is to add the 
minimum number of fictional amplifiers which is sufficient to break all the 
feedback loops. Once the amplifiers have been added, the analysis is 
identical to the analysis of a diode gate circuit. In Fig. 5.3-5, the inputs 
to the amplifiers have been labeled Y i and Y 2 because the excitation 
variables E h E 2 have been shown to be equal to the next-state variables 
Yx, Y 2 . 
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Fig. 5.3-5. A sequential circuit constructed of AND-NOT gates. 




5.4 races in sequential circuits 


The next-state functions and output functions are 

Y i = xix 2 + yi{x i + x 2 ) 

Y 2 = X &2 + y 2 (xi + x' 2 ) 
zi = V\yi + x[{y! + y 2 ) 
z * = 2 /i 2/2 + x' 2 (yi + y[) 

Since these are identical with the functions for Fig. 5.3-4, the external 
performance of the circuits of Figs. 5.3-4 and 5.3-5 is the same. 

It is an interesting thing to compare the results of this analysis with 
the analysis obtained by “breaking” the feedback loops in different places. 
Since this operation of inserting fictional amplifiers is merely a convenience 
for analysis and does not affect the circuit performance, the same result 
should be obtained for different locations of the fictional amplifiers. This 
question will be studied further in the problems at the end of the chapter. 


5.4 RACES IN SEQUENTIAL CIRCUITS 

In Chap. 3 a mathematical model for digital circuits was developed, 
and a switching algebra was formulated. In order to obtain a simple 
model and an algebra which could be easily used, several idealizing assump- 
tions were made. One of the most serious of these was the assumption 
that no delay is involved in changing a signal from one of its values to its 
other value. While this assumption was not stated explicitly, it is implicit 
in the convention to represent all make contacts on the same relay by the 
same variable (any “stagger” in the opening or closing of the contacts 
being thus neglected) and in the theorems x + x' = 1 and xx' = 0 (which 
neglect the possibility of x changing before x' changes, etc.). The tech- 
niques of Chap. 3 are satisfactory for combinational circuits in which only 
the steady-state performance is important. As soon as the behavior of 
the circuit during input changes must be controlled, the Chap. 3 techniques 
are no longer sufficient and additional techniques must be developed. 
This situation will be treated further in Chap. 7 ; however, a very impor- 
tant aspect of sequential circuits involves the delay in the feedback loops, 
and it seems appropriate to consider some of the effects of this delay now.’ 

A relay sequential circuit is shown in Fig. 5.4-1, and the tables for the 
analysis of this circuit are shown in Table 5.4-1. When the inputs are 
both equal to 1 and y x = 0, y 2 = 1, the transition table shows that 
Fi = 1 and F 2 = 0 (indicated by the * in Table 5.4-1). This means that 
the F 1 relay is released and energized and the F 2 relay is operated and not 
energized, so that the F 1 relay must operate and the F 2 relay must release. 
If these two events occur simultaneously the transition specified in the 
transition table will actually take place. However, it is extremely unlikely 
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Table 5.4-1 

( a ) Excitation and transition table (A) Output table 
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(c) Transition diagram 
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that all the y i and y' 2 contacts will close at exactly the same time as all the 
y[ and y 2 contacts open. In practice, either Y i will operate before F 2 
releases, or vice versa. Thus, instead of going directly to the yi = 1, 
y 2 = 0 state, the circuit will go either to the y\ = 1, y 2 = 1 state or to the 
Vi = 0, 2/2 = 0 state. If the circuit goes to the y\ = 0, y 2 = 0 state, the 
Y i relay will still be unstable (since in this state Y i = 1 and Y 2 = 0) and 
the circuit will now go to the y\ = 1, y 2 = 0 state. In this case the desired 
operation is achieved. On the other hand, if the circuit goes to the y x = \, 
yi = 1 state, it will remain there, since this state is stable and the circuit 
operation will be incorrect. This situation where more than one of the 
internal variables are unstable is called a race. If the final stable state to 
which the circuit goes depends on the order in which the internal variables 
change, then a critical race is said to be present. 

In order to obtain reliable circuit operation, critical races must be 
avoided. One approach to eliminating these is to “fix” the races, that is, 
choose the relays so that the order in which they change is controlled by 
their electrical characteristics. For the circuit of Fig. 5.4-1, this would 
mean using a 7 2 relay whose operate time was definitely longer than the 
release time of the Y i relay. There are two difficulties with this technique 
for handling critical races. First of all, the electrical characteristics of the 
relays will change. What was a reliable circuit when first constructed may 
no longer be a reliable circuit after it has been in operation for some time. 
Also, there are tables in which it is impossible to fix the critical races. 
For example, if the entry in the t/i = 0, y 2 = 0 row of the X\ = 1, =1 




5.4 races in sequential circuits 
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Fi^. 5.4-1. A relay sequential circuit illustrating races. 




column of Table 5.4-la were 00 instead of 10, the critical race could not 
be avoided by controlling the electrical properties of the internal relays. 

In gate circuits, it is frequently possible to resolve critical races by using ^ 


- ~ — — — o 

additional “slow-up” capacitors or gates with slower switching times. 

A more generally satisfactory technique for avoiding critical races is to 
I arrange the transition table so that they never occur. A technique for 
I doing this will be presented in Chap. 6. Avoiding the situation where more | 
L. ^than one of the internal variables are unstable at one time is one methadj' 
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Fig. 5.4-2. Circuit for Table 5.4-2. 
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Table 5.4-2 
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Ic) Transition diagram 
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for eliminating critical races. The critical race can be removed from Table 

5.4- 1 without changing the circuit behavior by replacing the 10 entry for 
x\ = 1, Xt = 1, 2/i = 0, 2/2 = 1 by a 00 entry. The resulting tables are 
shown in Table 5.4-2, and the new circuit is shown in Fig. 5.4-2. 

-*t T here is still a race present in the x x = 1, x 2 = 0 column, but this is not 
a critical race, since t he final sta ble state must be 11, independent of the 

order in which tEfmternal variables change; — 

should be emphasized that this dlSOussioif of races holds for electronic 
circuits as well as relay circuits, since flip-flops and amplifiers have a delay 
in changing state just as relays do. The circuit corresponding to Table 

5.4- 2a and b is shown in Fig. 5.4-2. 
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5.5 pulse- mode operation 


The Flow Table 

A state table such as Table 5.4-2d describes some of the internal 
behavior of the corresponding circuit, since for = x 2 = 1 it specifies 
the multiple transition from state 2 to state 4 via state 1. As far as the 
external circuit performance is concerned this multiple transition is 
usually not important.! It is customary to describe the circuit per- 
formance by means of a flowlaSTe whichis identical with the state table 
except thatTmultiple transi t ions. are not, sho wn ; when the circuit goes from 
one unstable state to another unstable state, the entry specifying the first 
unstable state is replaced by an entry specifying the final stable state which 
is reached. Table 5.4-2e is the flow table corresponding to the state table 
of Table 5.4-2d. The 1 entry corresponding to X\ = = 1, s 3 - = 2 has 

tjeen replaced by a 4 entry, since the final stable state reached is 4. 
f The major importance of the flow table is in synthesis, since in specify- 
ing the desired performance of a circuit no information is available about 

[internal multiple transitions. It may be necessary to introdu ce m ultiple J 

transitions in the design procedure for economy or to avoid critical races. 

In summa ry, a flo w table specifies the final stable state which is reached . 
and a state table specifies the n ext state, whether this state is stable or 
unstable. 
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5.5 PULSE-MODE OPERATION 


Very often sequential circuits are designed to operate with inputs 
which are in the form of pulses. In its present form this statement does 
not have too much meaning, for it is not clear exactly what is meant by a 
pulse in connection with sequential circuits. A precise interpretation of 
the expression pulse input will be developed in the course of the analysis of ; 
the circuits to be presented in this section. For the present, it will be/hL^, 
sufficient to regard a pulse as a signal that is in the 1 state for a much^^ 


shorter period of time than it is in the 0 state. Certainly there is a large 
intuitive appeal associated with the concept of a pulse. 

The circuit of Fig. 5.5-1 is designed to operate with a series of pulses 
occurring on the input lead. The tables for the analysis of this circuit 
are shown in Table 5.5-1. It is clear from this analysis that there will be 
an output pulse on the z lead with every fourth pulse on the x lead and 
that the (level) signals on the Z\ and Z 2 leads will be a binary representa- 
tion of the number of input pulses which have been received modulo four. 
Thus this circuit can be considered both a modulo-four counter with 
respect to the Z\, Z 2 leads and a frequency divider with respect to the z lead. 

Under the proper conditions, the circuit shown in Fig. 5.5-2 will also 




f Unless a transient output is developed in the intermediate state. 
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- r r n r r r 

s, = */z/i R \=*zz/i 

Sz = i'/\ Zi R z = *'/\Zl 

Si = x(/\ + / 2 )(Zi' + Z 2 ) R i = *l/i + / 2 )(/i'+/ 2 ) 

A=/u A z=Zi + R i , i = i Z\ Zz Zi 

Fig. 5.5-1. Fundamental-mode counter circuit. 

perform as a modulo-four counter and frequency divider. The analysis 
for this circuit is shown in Table 5.5-2. According to this analysis, when 
x — 1 the circuit should just cycle through its four internal states. The 
final state reached when x again becomes equal to 0 should be determined 
on a random basis, depending on which state the circuit is “caught in” 
when the transition to 0 takes place. This reasoning is valid for pulses 
whose duration is very long compared with the time required for a flip- 
flop to change state. For very short pulses the situation is quite different. 
In order to see this, the detailed circuit actions will be traced for short input 
pulses. 

The operation of the circuit will be traced starting with the condition 
where x = 0 and y\ = y 2 = 0. This initial state is indicated in Fig. 
5.5-2a by the labels on the leads. (For those leads with two labels, the 
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Table 5.5-1. Tables for the Circuit of Fig. 5.5-1 


(a) Excitation table (£) Combined state -output table 



(c) Word statement 
/ pulse out with every fourth x pulse in 
ZiZ 2 counts number of pulses in modulo four 


Table 5.5-2. Analysis for Fig. 5.5-2 

(a) Excitation functions 
5i = x y 2 R\ = xyz Sz = xy\ /? 2 = xy\ 

* = *y\yi Z\ =/, z 2 = /, / 2 + y,/ 2 



(A) Excitation table 


(c) Output table 

/l/2 

0 

r 

1 

/l/2 

0 1 

00 

00 00 

01 10 

00 

0,00 

0, 00 

01 

00 00 

10 10 

01 

0,01 

0,01 

1 1 

00 00 

10 01 

1 1 

0, 10 

0, 10 

10 

00 00 

01 01 

10 

0,1 1 

1, 1 1 


5i R\ SzR z /, Z, Z 2 


(d) Transition table (?) State table 



>5»l 
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Fig. 5.5-2 ( Continued ) 
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x = 0 
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(e) 


Fig. 5.5-2 ( Continued ) 


label preceding the arrow pertains to the initial state.) The situation 
immediately following a change of x from 0 to 1 is also shown in Fig. 
5.5-2a. This change is represented symbolically as 0— >1. Thus the 
labels following the arrows represent the circuit conditions immediately 
after x changes. 

In assigning the labels on Fig. 5.5-2a, the assumption has been made 
that the delay between the time when x changes and the time when t his 
change appears at the inputs to the gates driven directly by x is the same 
for all such gates. This is not a crucial assumption for the situation 
being studied here and is made just to simplify the discussion. 

At the end of the time required to propagate the x change to the gate 
inputs, gates B and C of Fig. 5.5-2a will be unstable, since their inputs are 
all equal to 1 and the outputs equal 0. The next change in the circuit will 
therefore occur when these gate outputs become equal to 1 . This change 
is shown in Fig. 5.5-2 b. (Here the assumption has been made that the 
delays of these two gates in changing are equal. Again this is solely a 
matter of convenience.) At this time flip-flop 2 becomes unstable, since 
there is a 1 signal on its set lead, but it is in the reset state (y 2 = 0). Let 
us assume that, while flip-flop 2 is in the process of changing state, the 
input x changes back to 0. This situation is shown in Fig. 5.5-2c. Fol- 
lowing this, flip-flop 2 will change, producing the situation in Fig. 5.5-2 d. 

204 (Actually, it is possible that gates B and C may change their outputs before 
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yi changes. Again this will not affect the circuit operation.) Finally, 
the unstable gates, B, C, and F, will have their outputs change, and the 
final stable state shown in Fig. 5.5-2e will result. In order to ensure the 
possibility of returning the x input of gate A to 0 before the signal from j/ 2 
changes to 1, it may be necessary to insert a delay in the lead from the y 2 
output of flip-flop 2 to the input of gate A. The circuit can always be 
operated in the manner described if such a delay is provided. 

The result of the circuit actions just described is that a single input 
pulse has caused the circuit to change state from y\ = 0, y 2 = 0 to y\ = 0, 
2/2 = 1- The pulse count indicated by the Z 2 , Z 2 leads has been caused to 
increase by 1 (from 00 to 01). A similar detailed analysis for additional 
pulses would show that each pulse causes the circuit to change from one 
state to another well-determined state and the count indicated ontheZi,Z 2 
leads to increase by 1 (modulo four). With every fourth input pulse an 
output pulse will occur on the z lead. This is a circuit with pulses as 
inputs and with one output lead on which pulse signals occur and two 
output leads on which level signals are present. f 

In more general terms, the foregoing analysis has involved two basic 
assumptions about the length of the input pulses. First , the pulses were 
assumed to last long enough to cause the appropriate flip-flops to change 
state. This assumption must be satisfied for any sequential circuit 
operation, since the input signals must always be of sufficient duration to 
cause the circuit to respond. .Second, the pulse is assumed to he shor t 
enough so that it is no longer present at the circuits which generate the 
flip-flop input signals when the change in flip-flop outputs has propagated 
to the input circuitry, ll tins assumption is valid, each input pulse will 
cause only one change of internal state and a succession of internal-state 
changes in response to a single input pulse will be impossible. 

A circuit which is operated in this fashion is said to be operated in 
yulse mode. 


It is clear that a circuit can be operated in pulse mode only 

if more time is required to propagate changes in flip-flops to the flip-flop 
input circuitry than is required to cause a flip-flop to change state. This 
time difference can always be guaranteed by placing delays at the flip-flop 
outputs. The general form of a sequential circuit constructed with set- 
reset flip-flops is shown in Fig. 5.5-3 with the delays necessary for pulse- 
mode operation explicitly indicated. Only minor modifications in this 
figure are necessary if some other type of flip-flop is used. Since it is 
customary to employ circuits with flip-flops for pulse-mode operation, 
operation of circuits with feedback loops in pulse mode will not be discussed 
here. A discussion of this question can be found in [1], Another po ssi- 1 
bility is to make use of flip-flops which change state only when the input 

t Sequential circuits with pulse inputs and pulse outputs are sometimes called 
Mealy model circuits [4], and sequential circuits with pulse inputs and level outputs 
are sometimes called Moore model circuits [5]. 
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Fig. 5.5-3. General form of sequential circuit with set-reset flip-flops show- 
ing delays for pulse-mode operation. 


signal changes from 1 to 0 (flip-flops which trigger on the falling edges of 
pulses) [6, p. 99]. This guarantees that the input pulse is terminated 
before the flip-flop outputs change. The delays at the flip-flop outputs 
are not required when this type of flip-flop is used, but the flip-flop itself 
is more complex than the ordinary type of flip-flop which responds to the 
presence of signals. 

The circuits of Jigs. 5.5-1 and 5.5-2 differ in the following respects: 
The Fig. 5.5-2 circuit requires one fewer flip-flop but must have delays at 
the flip-flop outputs and must have the maximum length of the input 
pulses controlled. Thus, designing a circuit for pulse-mode operation can 
result in a saving in the number of flip-flops required ; however, a require- 
ment on the maximum length of the input pulses which is not present for 
fundamental-mode operation is introduced. 

The circuit of Fig. 5.5-2 cannot possibly be operated in fundamental 
mode, since it never stabilizes internally when x is equal to 1. However, it 
is possible to operate this circuit with the input signal held at 1 long enough 
for several changes of internal state to take place. In this case the circuit 
is not being operated in either pulse mode or fundamental mode. This 
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illustrates the fact that other modes of operation besides fundamental 
mode and pulse mode are possible. Emphasis is being placed on pulse- 
and fundamental-mode operation because these are by far the most com- 
mon modes in which sequential circuits are operated. 

Operating Points [7] 

In Sec. 5.2 the concept of an operating point on a state table or 
transition table was introduced in connection with fundamental-mode 
operation. The motion of the operating point is different for pulse-mode 
operation from that for fundamental-mode operation. In pulse-mode 
operation, a change of input produces a change in the excitation variables 
and a corresponding change in the next-state variables Y it but the present- 
state variables y, do not change to become equal to the next-state variables 
until after the input has changed back to its original value. Thus, for the 
operation which was considered in detail in connection with Fig. 5.5-2 d, 
the sequence of circuit conditions is that shown in Table 5.5-3. Note 
the third row of this table: the internal variables y x and t/ 2 are both equal 
to 0, the excitation variables are all equal to 0, but the next-state variable 
Y 2 is equal to 1. There is no cell of the transition table which corresponds 
to this circuit condition. Because of this it is not possible to show the 
exact sequence of circuit conditions on the transition table. Rather than 
introduce a more complicated table in which all the circuit conditions are 
explicit, it is customary for pu lse-mod e operation to represent the 
operatin g;-, po int path as a hori zontal lin e and a diagonal line, as shown in 
Table 5.5-2 d. T he horizontal line represents the change of the input 
variable when the input pulse starts, and the diagonal line represents the 
termination of the input pulse and the change of the internal variables. 

Thus for pulse-mode operation the operating point on the transition 
table follows a path composed of horizontal and slant line segments, and 
for fundamental-mode operation the operating-point path consists of 
horizontal and vertical line segments. 




Table 5.5-3. Sequence of Circuit Conditions Shown in 
Table 5.5-2d 



X 

f/il/2 

Sifli 

S 2 R 2 

f 1 t 2 

1 

0 

00 

00 

00 

00 

2 

l 

00 

01 

10 

01 

3 

0 

00 

00 

00 

01 

4 

0 

01 

00 

00 
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Fig. 5.5-4. Sequential circuit in which several in- 
ternal variables can be simultaneously 
unstable. 

"Traces in Pulse- mode Operation \ 

In Bee. 5.4 IKeT problem of races in sequential circuits was discussed, 
and it was shown that a race is present whenever more than one internal 
device is unstable. It was pointed out that critical races must be avoided 
. in order to ensure proper circuit operation. These remarks apply only to 
’f f undamental-mode oper ation , since race s jjannnt. result in improper nne.ra- 
circuit operating in pulse mod et J 

Thecircuit of Tig. 5.5-4 is aiTexaimple of a circuit designed to operate in 
pulse mode with several internal variables unstable simultaneously. The 
transition table for this circuit, Table 5.5-4d, shows that when yi = 0, 
2/2 = 1 or ?/i = 1, 2/2 = 1, and x = 1, both the internal variables are 
unstable. This is a ra ce situation, but it has no effect on the circuit 
<3g eratiom _jffBecause of the restriction on the pulse width, multiple transi- 
tions cannot occur. It is only because of the possibility of an incorrect 
\ niultiple- tra a s i tinn t . hat _ races have to r eceiv^ape cial att ention. ^ 
v The circuit of Fig. 5.5-4 has the same behavioras the circuit of Fig. 5.5-1 
but requires three fewer gates. Thus use of the fact that races can be 
present without affecting the pulse-mode operation of a circuit has resulted 

t In order to be completely accurate, this statement needs to be qualified. It is 
true provided that no changes of internal variables occur when the input pulses are 
not present. This means that the circuit must always go directly to a stable state 
when the input pulse terminates. Common practice is to design pulse-mode circuits 
so that this criterion is met; however, there is nothing to prevent a designer from violat- 
ing this condition. 
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Table 5.5-4. Tables for the Circuit of Fig. 5.5-4 

(a) Excitation functions 

s \ = '/1V2 R\ = xy y y z S z = xr// /? 2 = *y z 

' = '/ i / 2 Z ,= y , / 2 =/ 2 


( b ) Excitotion toble 
~ x 


S\R\ S 2 Rz 


(c) Output table 
« x 


/1/ 2 




/1/ 2 

00 

u 

1 

00 

00 00 

00 

10 

0 . 00 

0,00 

01 

00 00 

10 

01 

01 

0 , 01 

0 , 01 

10 

00 00 

00 

10 

10 

oj 3 o ' 

0 , 6*6 

1 1 

00 00 

01 

01 

1 1 

0 ] 1 1 
— i . 

( J >, 1 1 




(d) Transition table 
x 


Y,Y Z 


(ff) State table 
x 


00 


01 

5 

1 

© 

2 

01 


10 

2 

© 

3 

10 


1 1 

3 


4 

1 1 

© 

00 

4 

© 

1 



yi 



Y\ =/i l/i' + xr'l + x- (/,'+ x') 

Y z = {(/i' + -f' + / 2 ) [('' + /,') + / 2 ']}' 

Z\ = y 2 z 2 =/i / = + x' ,+ /2) , 

-fig. 5.5-5. OR-IWOT gate circuit having the same behavior as the 
circuit of Fig. 5.5-4. 
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Table 5.5-5. Tables for the Circuit of Fig. 5.5-5 

(a) Excitation functions 

y, = /i (/,'+/) + x (/,'+ x') = x'y, + xy( 

Y z ={(/,' + /+ / 2 ) ([/+/,']' +y 2 ')}' 
y 2 ={(y{ + x ,+ y 2 )Uy : + / 2 ')}' 

>2 = •f/l/2 + /2 U' + /i') 

A =/2 Zi =/i z =(/,' + xr' + / 2 )' = ^1/2 


(Z>) Excitation table, transition table (c) Output table 



5 


in a more economical circuit. Another circuit to have the same pulse- 
mode operation is shown in Fig. 5.5-5. This circuit is included to illustrate 
a pulse-mode circuit which does not use flip-flops. The analysis is pre- 
sented in Table 5.5-5. 


5.6 CLOCKED SEQUENTIAL CIRCUITS 

One common technique for designing digital systems makes use of a 
master-clock circuit which produces a periodic train of pulses [8]. The 
operation of each of the circuits composing the system is synchronized 
with these clock pulses. It is the purpose of this section to investigate 
sequential circuits which have such a train of pulses as one of their inputs 
and have the remaining inputs as level-type signals (such as the outputs of 
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Table 5.6-1. Tables for the Circuit of Fig. 5.6-1 


(a) Functions 


S = c x,x 2 R = cx,’x 2 


z = c (y'+x,'x 2 + x, X 2 )(y + x(x 2 + x, x 2 ) 


(i) Excitation table 


00 01 11 10 *'** 00 01 11 10 
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00 

00 

00 

00 

01 

00 

10 

00 
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00 

00 

00 

00 
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00 
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(c) Condensed form of excitation table 


c = 1 
X\ x 2 
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( e ) Output table 
c = 1 



o 

II 

00 

X\X Z 

01 1 1 

10 

0 

0 

0 

1 

0 

1 

1 

0 

1 

0 
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(d) Transition table 


c - 1 
x y x 2 


y 

c= 0 

00 

01 

11 
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0 

0 

0 
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0 

1 

1 

0 

1 

1 
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( f ) Combined state and output table 


c=1 

x,x 2 

S c =0 00 01 11 10 


A 

®.0 

®.0 

®. 1 

B ,0 

®. 1 

B 


A , 1 

®.0 

®.1 

®.0 


5 ,/ 


flip-flops) . A sequential circuit which has this type of input will be called 
a clocked j sequential circuit, and the pulse input will be referred to as the 
clock pulse, symbolized by c. As far as the circuit is concerned, whether 
or not the pulses are equally spaced is of no importance. Furthermore, in 
a digital system there may be several clocks which are not synchronized 
with one another. Again, this will be of no importance in the design 
procedure for the individual sequential circuits. (Of course, the design 
specifications will have to take into account the presence of more than one 
clock.) (The assumption will be made that the level inputs x\, x 2 , ■ . . 
. do not chang e while the clock pulse is present. Clocked sequential circuits 
< . are most comm only designe d for pulse-mode operation, for this typically 
leads to more economical circuits than those w hich operate in fundamental 
mod e. There is nothing to prevent the design of fundamental-mode 

t These circuits are sometimes also called synchronous sequential circuits because 
of the synchronizing effect of the clock pulses. 
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5 , - cr^jc 2 /?, = c. <i' *2 

z = C{y'+z 1 'z2 + X 1 x z )(y + x\ * 2 + Jf, x ' z ) 

Fig. 5.6-1. A serial adder circuit ( pulse mode). 


clocked circuits, and this may be desirable where strict margins on the 
clock-pulse width are difficult to maintain, or reliability is of special 
importance, or the technology being used (e.g., relays, cryotrons) does not 
favor pulse-mode operation. 

A clocked pulse-mode sequential circuit is shown in Fig. 5.6-1, and the 
analysis of this circuit is presented in Table 5.6-1. The fact that this is a 
clocked circuit does not necessitate any change in the analysis method 
presented in the preceding sections. The nature of the inputs becomes 
important only when the results of the analysis are being interpreted, i.e., 
when some description or word statement of the circuit behavior is being 
sought. 

Table 5.6-15 illustrates a typical characteristic of clocked sequential 
circuits designed for pulse-mode operations: all the states for which 
c = P a re stable . Since this is typical of this kind of circuit, it is customar y 
to include only one column in the transition table for all the input condi- 
tions for which c = 0 (Table 5.6-lc). Indeed, tables are often written 
for clocked pulse-mode circuits in which only the input conditions for 
which c = 1 are shown explicitly. No information is lost by omitting the 
other columns, since all the entries in these columns correspond to stable 
conditions. 

Some sample waveforms for the circuit of Fig. 5.6-1 are shown in 
212 Fig. 5.6-2. This circuit is commonly called a serial adder . If the values 
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Fig. 5.6-2. Sample waveforms for the circuits of Figs. 5.6-1 and 5.6-3. 


of the two inputs at each jolQc^j3ulsejbiin&--axe--inteEpreted as -the, -hits.. of 
two binary numbers, then the v alues of iha output, at each clock-pulse 
ti me correspond tothe bits of the~arithmetic sum of the binary numbers 
^Ereggntediby-th e - inputs . Notice that in Fig. TfF^rtnrr e increases f rom 
right to left. For the circuit to function as an adder, it is necessary to 
have the first values of the inputs correspond to the low-order bits of the 
numbers. This corresponds to performing “hand” addition from right 
to left. 


There are two internal states in the circuit: state A corresponds to a 0 
value for the arithmetic carry, and state B corresponds to a carry of 1 . 

Of course, it is necessary to have the circuit in state A before starting an 
addition. An extra input would normally be required to perform this 
function of placing the circuit in the proper initial state. This input could 
be added to the circuit of Fig. 5.6-1 by changing Ri to Ri = cx[x' 2 -f- I, 
whe re I is the initializing input ./ a 

In Fig. 5.6-2 there is a time (marked by an arrow) when both the inputs^ 
xxi and x 2 change simultaneously. It is possible to allow such double input 
changes in clocked circuits because input changes produce no change in | 
the internal state of the circuit when the clock pulse is not present. The 
^^restriction that must be placed on clocked circuits in-order to ensu re 
proper operation is that the circuit inputs must not change while the clock 
p ulse is present. ^ 2 i 3 
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Table 5.6-2. Tables for the Circuit of Fig. 5.6-3 

(a) Excitation functions 
■Si = c*\ , R\ = c *,'*2 , 2 = cy 2 

S 2 = c'(x,x z y,'+ x 1 'x 2 y 1 ' + x(x 2 y, + x,x z y,) = c'(x 1 ® x 2 © /,) 

R z = C (x 1 'x 2 yi +x,x z y 1 + x, x 2 y{ + x{ x 2 y{) = c' U, ©xr 2 ©/,') 


(A) Excitation table 
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(c) Combined transition and output table 

c = 0 £ = 1 


00 Ot 11 10 1 2 00 01 11 10 
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(d) Combined state and output table 
c = 0 c = 1 
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It is also possible to design clocked circuits in which the output is a level 
signal (like the inputs) rather than a pulse. This will be illustrated by a 
problem. Formal definitions of pulse- and fundamental-mode operation 
can now be given. 

Definition. A sequential circuit is said to be operating in pulse mode 
if the following conditions are satisfied: 
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1. At least one of the inputs is a pulse signal. 

2. Changes in internal state occur only in response to the occur- 
rence of a pulse at one of the pulse inputs. 

3. Each input causes only one change in internal state. 

Definition. A sequential circuit is said to be operating in funda- 
mental mode if and only if the inputs are never changed unless th<^ 
circuit is stable internally. 

It is clear that other modes of operation are possible. These are not 
explicitly defined, for normally circuits are operated in either fundamental 
or pulse mode. 

Fundamental- made Xdoeked Circuits, 

Although it is not commonly done, it is possible to design clocked cir- 
cuits to operate in fundamental mode. A fundamental-mode serial adder is 
shown in Fig. 5.6-3, and the analysis for this circuit is given in Table 5.6-2. 
The waveforms of Fig. 5.6-2 apply also to this circuit, and the internal 
states which this circuit assumes are also shown explicitly on Fig. 5.6-2. 
The circuits of Figs. 5.6-1 and 5.6-3 illustrate why pulse-mode circuits are 
preferred: the pulse-mode circuit' typically requires less equipment than 
the corresponding fundamental-mode circuit. Fundamental-mode cir- 




Fig. 5.6-3. A serial adder circuit ( fundamental mode). 
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cuits are ordinarily used when reliability is critical or when it is difficult 
to control the pulse widths accurately. 


5.7 STATE DIAGRAMS 

In addition to the flow table, there are several other formal descriptions 
of sequential-circuit operation in common use. The most widely used of 
these is the sta te diagram [5]. The state diagram for the fundamental- 
mode circuit of Fig. 5.1-2 is shown in Fig. 5.7-16. Each of the internal 
states of the circuit is represented by a node of the state diagram, and each 
of the transitions between internal states is represented by a directed line 
connecting nodes. The lines are labeled with the corresponding values of 
the input variables, a solidus (/), and the corresponding values of the 


@, 00 

D , 00 

A , 10 

C , 00 

D , 10 

©, 10 


®, 01 


Fig. 5.7-1. Representations of the performance of the 
fundamental- mode circuit of Fig. 5.1-1. (a) 

Flow-output table; (b) state diagram. 









5.7 state diagrams 

output variables. A l in e which begins and ends at the same node corre- 
sponds to a stable state of the circuit. Just as it is possible to determine 
the output sequence resulting from a given input sequence by means of a 
flow table, it is possible to determine the resulting output sequence from a 
state diagram. 

Figure 5.7-2 shows the state diagram for the pulse-mode circuit of 
Fig. 5.5-2. This state diagram differs from that of Fig. 5.7-1 in that 
some of the outputs Z i and Z 2 are included in the nodes, along with the 
states. The reason for doing this is that the outputs Z x and Z 2 depend 
only on the internal state and are independent of the value of the input. 

The output z cannot be included in the nodes, since its value depends both 
on the internal state and on the output state (that is, on the total state). 
Generally, in circuits with pulse i nputs it is possible to have either pulse 
"outputs' or level ou tputs. The pulse outputs~ 2 ~are detw rainpd hy -trhrs — ■ 
total state, while The level outputs Zy an d Z 2 are determin ed by the inte rnal 

state only. — ^ 

A state diagram for the clocked pulse-mode circuit of Fig. 5.6-1 is 



A 

000 

B. 000 

B 

®, 001 

C, 001 

C 

©, 010 

O, 010 

D 

oil 

A, 111 


{a) 



Fig. 5.7-2. Representations of the performance of 
the pulse-mode circuit of Fig. 5.5-2. (a) 

Flow-output table; (6) state diagram. 
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c =0 

00 

c= 

01 

= 1 

*2 

11 

10 

A 

B 

O O 

®. 0 

A , 1 

®. 1 
®. 0 

0 , 0 
®. 1 

@. 1 
®. 0 


S, z 

(a) 


11/0 



Fig. 5.7-3. Representations of the performance of 
the clocked circuit of Fig. 5.6-1. (a) 

Flow-output table; (6) state diagram. 



shown in Fig. 5.7-3. The clock-pulse input is not shown explicitly on this 
diagram, since it is known that the transitions take place only when the 
clock pulse is present. 

State diagrams are used mostly because their pictorial nature makes it 
possible to understand the operation of some circuits more easily than can 
be done with a flow table. This is particularly true for pulse circuits. 
To a large extent this is a matter of personal preference. In any event, 
it is necessary to resort to some type of table in order to carry out the syn- 
thesis of a sequential circuit. 

Another type of sequential-circuit representation which is used is the 
reg ^or expression [91. This is an algebraic type of expression which 
describestKe performance of a sequential circuit. A discussion of regular 
expressions is beyond the scope of this text. 


Problems 



The input x to the circuit of Fig. P5-1 is either grounded or open-circuited. 
Determine the performance of the circuit. 
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Fig. P5-1 


V 



Analyze the circuit shown in Fig. P5-2. 


problems 



Fig. P5-2 
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I 3. ) Analyze the circuit shown in Fig. P5-3. The flip-flops have the property 
V^that, when both the set and reset leads are pulsed, the flip-flop goes to the 
set state. 




'2 


0 


E> 


5, 

/i 


> 

/l 


K, 1 r-s 


-2 / 2 
R, 


Fig. P5-3 


4. Analyze the circuit shown in Fig. P5-4. The input z is a level, and c is a 
(clock) pulse. 

(a) Write down the excitation and output function'- S t , R h S 2 , R 2 , Z. 

( b ) Form the excitation table. 

(c) Form the state table. 

( d ) What does the circuit do? 
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Fig. P5-4 






problems 


5. In the circuit of Fig. 5.3-5, the feedback loops are to be broken (fictional 
amplifiers inserted) in a place other than that shown in the figure. Choose 
another location to break the loops, and analyze the circuit, forming the 
excitation table, transition table, output table, and state table. Explain 


0 


any discrepancies between this analysis and the analysis given in Sec. 5.3. 


'(a) Analyze the circuit of Fig. P5-6. 
put, state, and flow tables.) 


(Form the excitation, transition, out- 


(6) Derive the sequence of internal states and output states which cor- 
respond to the input sequence X &2 = 00, 10, 11, 10, 11, 01, 00, 10, 11, 01, 
00. (Assume Fi = Y 2 = 0 initially.) 



Redesign the circuit of Prob. 6: 

(o) Using AND gates, OR gates, and inverters. 
(6) Using OR-NOT gates. 

(c) Using AND-NOT gates. 

/Analyze the circuit of Fig. P5-8, forming the: 
(o) Excitation table. 

(6) Transition table. 

(c) State table. 

(d) Output table. 




Fig. P5-8 











references 


(c) Flow table and output table. 

(d) Illustrate the performance with waveforms for the input sequences, 

X,: 101101101 

X,: 010111010 

(e) Describe in words the circuit performance. 

(/) Draw a state diagram for the circuit. 
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6 SEQUENTIAL - CIRCUIT 
SYNTHESIS 


In the preceding chapter a method for analyzing sequential 
circuits was presented, and various modes of operation of sequential 
circuits were discussed. The purpose of this chapter is to develop 
techniques for designing sequential circuits. The approach to be 
followed is to reverse the steps which were used in the analysis 
procedure . Thus, the first step in the desi gn process is to f orm 
a flow output table describing the desired circuit performa nce. 
This table must then be checked to determine w he ther or not it is 
more complicated than is actually necessary. The transition tab le 
is the n obtained from the simplified flow table by assigning com - 
binations of internal variables to the internal states. An excita- 
tion table is derived from the transition table, and finally the circuit 
diagr am is drawn. Each of these steps in the synthesis procedure 
will be considered in order. 


6.1 FORMATION OF THE FLOW TABLE [1,2] 

Just as it was not possible to give a procedure for going from a 
flow table to a word statement of the circuit performance, it is 
impossible to develop a formal procedure for going from a word 
statement to a flow table. The basic reason for this difficulty is 
that the word statement is not a formal description of the circuit 
action. The best that can be done is to illustrate the formation of 
flow tables by means of some examples. Once the flow table is 
obtained, formal procedures can be used to complete the synthesis 
of the final circuit. 

At first glance, it might seem that forming exactly the correct 
flow table for the desired circuit performance would be very diffi- 
cult. In a sense this is true ; but, in actual fact, there are very many 
224 flow tables which correspond to the same circuit performance. All 


6.1 formation of the flow table 

that is really necessary is to form one of the many flow tables which are 
suitable. Formal procedures exist for removing superfluous internal 
states or for transforming one flow table into another flow table without 
changing the corresponding circuit performance. Thus, in forming a 
flow table, it is not necessary to be concerned about adding internal 
states which may turn out to be superfluous. All that is required is that a 
sufficient number of internal states are included so that all possible con- 
tingencies are accounted for. Examples will be given first for pulse-mode 
specifications since these are usually easier to handle. 


Example 6.1-1: Pulse Inputs, Level Outputs, Pulse Mode. A 
(pulse-mode) circuit having two inputs x x and x 2 and one output Z 
is to be designed. The desired performance is as follows: 

1. Pulses occur on the input leads. These pulses never over- 
lap and never occur simultaneously. 

2. The output is to equal 0 as long as the input pulses alternate 
between the two input leads. 

3. Whenever two or more successive pulses occur on the same 
input lead, the output is to become equal to 1. The output is to 
remain equal to 1 until the input pulses again alternate between 
the input leads. 

4. The output is to be a level (d-c) signal. 

The flow table can be formed as follows: 

1- Since the output is a level signal, wh ile the inputs are pulses, the) 
output m ust depend only on the internal state of the circuit. T here ar^ 
t Wo possible values for the circuit output, and thus there must be at least 
t wo intern al states. 

2. Assume that there are only two internal states — A and B — and let 
the output equal 0 (Z = 0) when the circuit is in state A and the output 
equal 1 (Z = 1) when the circuit is in state B. 

3. The next-state entries corresponding to each total state must now 
be determined. Assume that the circuit is in state A and that no input 
pulses are present (x x = x 2 = 0). It is possible for the circuit to remain 
in this condition indefinitely so that this must be a stable state and the 
next state must be Afy 

4. Now consider tne next state for the condition when the circuit is in 
state A and a pulse occurs on the x x lead. If state A (Z = 0) is chosen 
for this next-state entry, it will be possible successively to apply pulses on 
the x x lead without changing the internal state A of the circuit and without 
making the output equal to 1. Since this violates the condition that 

t'lt is typical of pulse-mode circuits that the circuit is stable whenever there are 
no input pulses present. ,,, 
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successive pulses on the same lead should cause Z to equal 1, this choice for 
the next state must be incorrect. 

5. The only remaining possibility is to choose B for the next state 
when the present state is A and a pulse appears on the Xi lead. Now 
suppose that pulses have been alternating on the two input leads and the 
last pulse to occur was an x 2 pulse. The circuit must be in state A 
because the output is to be 0 for alternating pulses. If the next pulse is 
an X\ pulse, the output should still be 0, since the input pulses are still 
alternating. However, the chosen next-state entry of B will cause a 1 
output to appear. Thus, the choice of B also leads to incorrect operation. 

6. Since both possible next-state choices result in incorrect operation, 
there are only two alternatives: either the specified performance is 
impossible, f or more internal states are needed. 

7. An attempt will be made to form a suitable flow table by adding 
more states. The difficulty with the 2-state table is caused by the fact 
that the next state is dependent only on the present input pulse and the 
present output condition. Actually, the next state should be determined 
by the present input pulse and the last previous input pulse. Since the 
output can be either 0 or 1 and the last input pulse can be x x or x 2 , four 
states are needed corresponding to the four combinations of present out- 
put and last previous input. The accompanying table shows the corre- 
spondence between states and circuit conditions which will be used. 


State 

Output Z 

Last previous 
input 

A 

0 

Xi 

B 

1 

Xi 

C 

0 

x 2 

D 

1 

Xi 


8. The flow table is filled in as follows: In the column corresponding 
to a pulse on the x 2 input the next-state entries must be either C or D (see 
the table). If the present state is A or B, the next state should be C, 
since the pulses are alternating and a 0 output is desired. If the present 
state is C or D, the next state should be D, since the x 2 pulse has repeated 
and a 1 output is required. Similar reasoning holds for the x\ column. 
The entries in the column for x x = x 2 = 0 are all stable, as discussed pre- 
viously. The flow table is shown in Table 6.1-1. 

t Word specifications can sometimes correspond to circuits which are not physically 
realizable. This will be illustrated by a later example. 
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Table 6.1-1. Flow Table for Example 6.1-1 


Last 

input s 

00 

u 2 ) 

01 

*\*i 

1 1 

(*,) 

10 

x\ A 

®. 

' c 

- 

B 

x\ B 

® 

c 

- 

® 

*2 C 

© 

D 

- 

A 

*2 D 


® 

- 

A 


Z 

0 

t 

0 

1 


9. The column for X\ = xt = 1 has dashes entered, since this input 
combination does not occur. The convention which will be used in flow 
tables will be to enter a dash in any cell for which the corresponding total 
state cannot occur in the circuit. In this case no total state can occur 
with X\ — X 2 = 1. 

10. The state diagram corresponding to this flow table is shown in Fig. 
6.1-1. When pulses are alternating on the two input leads, the circuit 
goes between states A and C via the heavy lines. Successive pulses on the 
same lead will cause the circuit to go to either state B or state D, where it 
will remain until a pulse on the other lead arrives. 

Output Specifications — Pulse Mode 

Actually , the flow table alone does not specify the circuit performance ; 
in order to determine outputs, it is necessary to have the output table as 
well as the flow table. Rather than actually writing down two tables, it 
is more convenient to include the information of both the flow and output 
tables in one single table. From now on, when a flow table is written 
down, the outputs as well as the next states will be included. 

Normally, the outputs must be specified for each total state of the cir- 
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cuit. An exception occurs for a pulse-mode circuit with level (d-c) out- 
puts. In this case, the outputs depend only on the internal state and 
consequently must be specified not for each total state (cell of the flow 
table) but only for each internal state (row of the flow table). Thus, the 
level (d-c) outputs in a pulse-mode circuit can be specified by means of a 
single column added to the flow table, for example, the column labeled Z in 
Table 6.1-1. Use of this Z column is merely a matter of convenience to 
avoid repeating the same output specification in each column of a row, as 
was done previously (ZiZ 2 in Table 5.5-4c). By convention, capital Z’ s 
will be used for level (d-c) outputs, and lower-case z’s will be used for pulse 
outputs. This is not really necessary but is a convenience in interpreting 
tables and circuits. 

Usually, for each pulse-input circuit with level outputs there is an 
analogous circuit with pulse outputs. The pulse output circuit has an 
output pulse whenever (1) there is an input pulse present and (2) the corre- 
sponding output of the level-output circuit is equal to 1 . The formation 
of a flow table for a pulse-mode circuit with a pulse output is illustrated 
in the following example : 

Example 6.1-2: Pulse Inputs, Pulse Output, Pulse Mode. A 

pulse-mode circuit having two inputs aq and and one output z is 
to be designed. The desired performance is as follows: 

1. Pulses occur on the input leads. These pulses never overlap 
or occur simultaneously. 

2. A pulse is to occur on the output ( 2 ) lead whenever a pulse 
occurs on an input lead and the last previous input pulse occurred 
on the same input lead. (There are no output pulses as long as the 
input pulses alternate between the two input leads.) 

The flow table can be formed as follows: 

1. When an input pulse occurs, whether or not an output pulse occurs 
depends upon which lead the last previous input pulse occurred. There 
must be at least two internal states, A and B. The circuit is in state A 
when an X\ pulse occurred last and is in state B when an x 2 pulse occurred 
last. 

2. If the present state is A (aq pulse last), the circuit must remain in 
state A ( aq pulse last) and deliver an output pulse (two aq pulses in 
succession) if an aq pulse is received. If an x 2 pulse is received, the circuit 
must go to state B (x 2 pulse last) and the output must remain 0 (inputs 
alternating). Similar reasoning applies when the circuit present state is 
B. The flow table is shown in Table 6.1-2, and the corresponding state 
diagram is shown in Fig. 6.1-2. 
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Table 6.1-2. Flow Table for Example 6.1-2 

* 1*2 

(* 2 ) (*,) 


input 5 00 , 01 , 11 , 10 


*1 

A 

®.° 

B , 0 

- 

®.1 

*2 

B 

®.o 

®. 1 

- 

A , 0 


S,z 


Fig. 6.1-2. State diagram for 
Table 6.1-2. 



Example 6.1-2 is the analogous pulse-output circuit for the level- 
output circuit of Example 6.1-1. It is typical that the pulse-output circuit 
requires fewer internal states than the level-output circuit. Two addi- J 
tional states are reouired in Example 6. 1-1 ip hold th e output value between - * 
— input pulses.' Of course, it is possible to have a pulse-circuit which has 
bdth ~pu yan d~ level outputs , for example, the drcuit oFFT 

TKe'process of writing a flow table for clocked puls&maode circuits 
does not differ significantly from that for nonclocked circuits. The 
following example illustrates the formation of a flow table for a clocked 
pulse-mode circuit: 


Example 6.1-3: Clocked, Level-Output, Pulse Mode. A circuit 
having one level (d-c) input x, one clock-pulse input c, and one 
level output Z is to be designed. The desired performance is as 
follows : 

1. The output changes only when the clock pulse arrives. 

2. The output becomes (or remains) equal to 0 when a clock 
pulse arrives only if the present value of x is opposite to the value 
of x when the last previous clock pulse arrived. 

3. The output becomes (or remains) equal to 1 when a clock 
pulse arrives only if the present value of x is the same as the value 
of x when the last previous clock pulse arrived. 

Four internal states are required, since all combinations of two inde- 
pendent pairs of possibilities — the value of x at the last clock pulse and 
the value of Z — must be “stored” or “remembered.” The formation of 
this flow table, shown in Table 6.1-3, is similar to the formation of Table 
6.1-1. The state diagram corresponding to Table 6.1-3 is shown in 
Fig. 6.1-3. 
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Table 6.1-3. Flow Table for Example 6.1-3 

c = 1 


At last 
clock pulse 

5 

c = 0 

0 > 

f 1 

x = 0 

4 

® 

B 

C 

x = 0 
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® 

C 

x = 1 

C 

© 

4 

D 

x = 1 
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4 
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S 



Fundamental Mode — Primitive-form Flow Tables 



These three examples illustrate the considerations which are involved 
in forming pulse-mode flow tables. The formation of fundamental-mode 
tables is more complicated, as will be seen in the following example. In 
order to simplify the writing of fundamental-mode tables, it is customary 
to write them in a special format. As has been mentioned previously, 
there are many flow tables which correspond to the same circuit perform- 
ance. In writing pulse-mode tables, an attempt is usually made to 
arrive at a table which has no unnecessary internal states. Fundamental- 
mode tables are writte n so t hat ther e is only one stable (total) state irTeach 
row of the table. Thisis call ed th e primitive forj njo r a fundamental^mode 
flow table"! It' is possible to write these 'Cables in other forms and with 
fewer states than the primitive form, but it is usually easier to write 
a table in primitive form. 

In the following example, a fundamental-mode table will be written 
for a circuit which is to have the same performance as the pulse-mode 
circuit of Example 6.1-2: 



6.1 formation of the flow table 


Example 6.1-4: Fundamental Mode. A (fundamental-mode) cir- 
cuit with two pulse inputs and one pulse output is to be designed: 

1. The input pulses do not overlap or occur simultaneously. 

2. An output pulse occurs with an input pulse whenever the 
last previous input pulse occurred on the same input lead as the 
present input pulse. Otherwise there are no output pulses. 

The table is formed as follows: 

1. When no pulses are present (xi = x 2 = 0), there must be two stable 
states — one for the condition where the last input was X\ and one for the 
condition where the last input was x 2 . This is necessary because the 
output when an input pulse arrives is determined by the previous input 
pulse. The output for each of these states is 0 (see Table 6.1-4a). 

2. The next-state entries in the 01 column of rows A and B will be 
considered next. Since a primitive-form flow table ^one stable state per 
row) is bei ng written T ~ nel theEnffhese entries can be A or B{j) Without 
loss oFgenerality the entry in row A can be chosen to be <J, an arbitrary 
new state. This means that there must be a stable C entry in the C row 
of column 01 (since this is a flow table). The output associated with this 
stable C entry must be 0 since the present input is x 2 (01 column) and the 
previous input was X\ (state A). The entry in row B can only be C ora 
new state D. If the C entry is chosen, a 0 output will be developed. 
This is incorrect, for the present input is x 2 (01 column) and the previous 
input was x 2 (state B) . Thus the row B entry must be D, and there must 
be a stable D entry in the 01 column. The output for this stable D entry 
must be 1 because this state will occur when two successive Xi pulses have 
been received (Table 6.1-46). 

3. The same reasoning applied to the 10 column shows that two addi- 
tional internal states must be introduced. The outputs associated with 
these states are determined in the same fashion as the C and D outputs 
were determined (Table 6.1-4c). 

4. A dash (-) is placed in each of the cells of the 11 column, since it is 
assumed that the pulses do not overlap. A dash can also be placed in the 
10 column of row C: it is impossible to enter this state, for this would 
require a double change of input (from 01 to 10). The stable entry in 
row C represents the presence of an x 2 pulse ; this must be followed by a 
transition to the 00 column (no pulse present). For similar reasons, 
dashes can be placed in the 10 column of row D and in the 01 column of 
rows E and F. 

5. Four entries, in the 00 column and rows C, D, E, and F, remain to 
be specified. The entries in rows C and D must be B, since they are 

t The entry in row A cannot be A, for this would be stable.- The entry in row B 
cannot be A, for in this flow table each unstable state must go directly to a stable state. 


231 


Sequential- circuit Synthesis 


I I 




232 


Table 6.1-4. Flow Table for Example 6.1-4 

Last input - A 

Last input - B 

(a) 

00 01 11 10 

Last input A 

Last input -*2 B 

C 
D 

(b) 

*\*Z 

00 01 11 10 

Last input - ur, A 

Last input - Xi B 

C 
D 
E 
F 

( c ) 

*\*z 

00 01 11 10 

Last input - A 

Last input - * 2 B 

C 
D 
E 
F 

reached from the 01 column and therefore must lead to the state corre- 
sponding to a previous x 2 input. For analogous reasons, the entries in 
rows E and F must be A. All the next states have now been entered 
(Table 6.1-4d), and only the outputs corresponding to the unstable states 
remain unspecified. 

6. One possibility is to assign to each unstable state the output value 
which is associated with the stable state to which the unstable state goes. 
Thus, the output entry in row A of the 01 column would be 0, since the 
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6.1 formation of the flow table 


Table 6.1-5. Different Output Specifications for Table 6.1-4 


la) Unstable entries same as stable entries 
* 1*2 

00 01 11 10 


A 

®. o 

C , 0 

- 

E, 1 

B 

®. o 

D , 1 

- 

F, 0 

C 

B , 0 

©.o 

- 

- 

D 

B , 0 

©, 1 

- 

- 

E 

A , 0 

- 

- 

©.1 

F 

A , 0 

- 

- 

®. 0 


s,z 


lb) Unstable entries same as stable entries 
only when necessary 

*\*z 

00 01 11 10 


A 

(A), 0 

C, 0 

- 

E , d 

B 

®.o 

D , d 

- 

E, 0 

C 

B , 0 

©. o 

- 

- 

D 

B , d 

®. ' 

- 

- 

E 

A , d 

- 

- 

©. - 

F 

A, 0 

- 

- 

©. o 


S,Z 


next-state entry is C and the output associated with the stable C entry in 
this column is 0 (see Table 6.1-5). This output specification is satis- 
factory, for the output associated with a stable state will occur when the 
stable state is entered. Associating the same output with the preceding 
unstable state can only speed the appearance of output changes. 

Output Specifications-Fundamental Mode 

There are other output specifications which are also possible. In 
order to determine the precise constraints on these outputs, one entry will 
be considered in detail. If the output for an unstable state is made the 
same as the output for the next stable state, a 0 output must be specified 
in the A row of the 01 column. The question which naturally arises is 
whether or not the circuit will still perform correctly if a 1 output is 
specified instead. 

There is only one way in which the circuit can enter the total state 
s-XiX-i = A -01 : the circuit must initially be in the state A -00, and the Xt 
input must change from 0 to 1. If this happens, the circuit will start in 
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state A -00, change to state A -01 because of the x 2 change, and finally 
change to state (7-01 because of the unstable next state associated with 
state A-01. 

In a primitive flow table, each unstable total state can be entered from 
only one stable state (there is only one stable state per row), and each 
unstable total state is followed directly by a unique stable state (by 
definition of flow table) . It is thus possible to associate with each unstable 
total state of a flow table a v redecessor at, ate and a si^x&sar-stede-.^f-^-^or 
state A-01, the predecessor is A-00, and the successor is C-Ol. 

The output is 0 for total states A-00 and C-01. If the output is 1 for 
state A-01, an output sequence 0-1-0 will result when x 2 changes from 0 
to 1 with the circuit initially in state A. In this output sequence the 0 
outputs will be levels which remain indefinitely until an input is changed. 
On the other hand, the 1 output will be a transient “spike” whose duration 
is determined by the circuit parameters. Moreover, this spike is a false 
output since the inputs are alternating. Thus, a 1 entry for the putput in 
the A-01 state is incorrect because it produces a false output.); 

t in general, the output associated with an unstable state must be the same 
as the output associated with the successor state whenever the successor state 
and the predecessor state have the same output. The entries of Table 6.1-5 
in rows C and F of the 00 column, row A of the 01 column, and row B of 
tfle 10 column fall into this category. 

The other type of unstable entry is one in which the predecessor and 
successor outputs differ, for example, the 5-01 state of Table 6.1-5. In 
this case the output associated with the unstable state is unimportant. If 
the unstable-state output is the same as the predecessor output, no change 
in the output will take place until the stable state is reached. At worst, 
this situation can introduce a slight delay in the formation of the new out- 
value. No spurious transient outputs are developed. Thus, the 
\ output associated with an unstable state is unspecified (d) whenever the out- 
put of the successor state and the output of the predecessor state differ. Table 
L_-£.l-5?> shows the output specification with d entries for Table 6.1-4A. 
Usually the d entries will be used rather than having the unstable-state 
outputs always agree with the successor-state outputs. The small amount 
of output delay is usually compensated for by the economy that results 
from using the d entries. 

Because Table 6.1-5 was written in primitive form it contains more 
internal states than are actually necessary. A technique for reducing the 

f These are stable total states, but since there is only one stable total state for 
each internal state, it is sufficient to specify the internal state only. 

I If the output is being used to light an incandescent lamp or energize some other 
devicje which does not respond to short pulses, the false spike output may be unim- 
portant. This should be stated in the specifications of the circuit and will not be 
234 assumed unless explicitly mentioned. 
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number of internal states without changing the circuit performance will 
be given in the following section. 

Initial States 

Thus far nothing has been said about the performance of a circuit 
when it is first put into operation, i.e., when the “power is turned on.” 
For all the circuits which have been presented previously, the stable state 
in which the circuit will be when power is applied, the initial state, will 
depend on the specific electrical properties of the circuit elements. Noth- 
ing is included in these circuits to constrain the initial state. 

In connection with the serial adder circuit of Fig. 5.6-1 it was pointed 
out that the initial state must be controlled somehow if the circuit is to 
function properly as a serial adder. On the other hand, it would not be at 
all unreasonable to omit any control over the initial state from the circuits 
specified in the present section. If the initial state is not controlled in 
these circuits, there will possibly be a few incorrect outputs when the 
circuit is first put into operation. However, after this initial transient 
disappears, the steady-state circuit outputs will henceforth be correct, 
independent of what happened initially. This is not true for the serial 
adder circuit. If this circuit starts in the wrong initial state, all its out- 
puts will be incorrect until either a 00 or 11 input is received. The 
difference between these two types of sequential circuits is that in the cir- 
cuit of Example 6.1-1 the output is determined only by the two most 
recent previous inputs, while in the serial adder circuit (Fig. 5.6-1) the' 
output can be influenced by inputs Tn the~veYy 'remote'past. When a 
circuit output can depend o n an indefinite number of previous inputs, the 
initial state of the circuit is commonly controlled by means of an extra 
“initialize” or “reset” input. Since it is a simple task to add this reset 
input after the main portion of the circuit has been designed, it usually 
will not be shown explicitly. 

Impossible Specifications 

It is not always possible to write down a flow table corresponding to a 
sequential-circuit specification, because the corresponding circuit may 
not be physically realizable. The following is an example of such a 
specification : 

Example 6.1-5: A Specification for a Nonrealizable Sequential 
Circuit. A circuit is to be designed to operate in pulse mode. 
There are two inputs : a clock pulse and a level input which repre- 
sents the bits of a binary number (b n b n -i • • ■ bfio). The order of 
appearance of signals on the level input is such that less significant 
bits precede more significant bits in time. Thus, at the first clock 
pulse a signal representing bo will occur, at the next clock-pulse 
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time a signal representing b i will occur, etc. There is to be one 
output lead on which pulses representing the bits of the corre- 
sponding Gray-code number {g n g n - 1 • • ■ gig a) are to occur. 
Specifically, at the clock-pulse time when a signal representing bi 
occurs at the input, a pulse representing <7; is to occur at the output. 


It is impossible to design a circuit to satisfy these specifications. The 
reason is that the rule for translating from binary to Gray code is given by 
fifi = bi ® bi + 1. Since the ith Gray bit depends on both the fth and the 
(i + l)st binary bits, the output of the specified circuit at one clock time 
depends on the input at the same clock time and on the input at the next 
clock time. 

A In general, any circuit whose output at a given time depends on some 
'' — -future input cannot be realized physically. In order to realize a circuit 
for the specifications of Example 6.1-5, it would be necessary to modify 
the specifications so that either the ith Gray bit appears at the output 
when the (i + l)st binary bit appears on the input or the binary bits 
appear at the input in reverse order, with the more significant bits pre- 
ceding less significant bits. 

Even if the circuit specifications do not require the present output to 
depend on future inputs, it may not be possible to design a realizable 
circuit. 


Example 6.1-6: A Specification for a Nonrealizable Sequential 
Circuit Which Does Not Involve Future Dependence. The 
circuit is to operate in pulse mode with two inputs X\ and x 2 and 
with a reset input r. There is one level output, z, which is set 
equal to 0 by the occurrence of a pulse on the reset lead. The 
output becomes (and remains) equal to 1 when a pulse arrives on 
the X\ input lead provided that (1) there has been exactly one x 2 
pulse since the last reset pulse and (2) there have been an equal 
number of xi pulses occurring after the x 2 pulse and before the x 2 
pulse (but after the reset pulse). Thus, the output will equal 1 
after the sequences rx,x 2 xi, rx ix iXiX 2 XiXiXi, whereas the output 
will be 0 after the sequences rx 1, rx ixix 2 x 2 xix h rx \X\X 2 Xi. In order 
to satisfy these specifications, the circuit would have to be capable 
of counting the number of x\ pulses which occur after the last r 
pulse and before the first x 2 pulse. Since there is no limit on the 
number of such aq pulses which can occur, the circuit must be able 
to store an unbounded count. The circuit can contain only a 
finite number of states, say, m, and can count at most up to 2 m . 
Any circuit built to satisfy these specifications could always be 
forced to operate incorrectly by applying a sequence of X\ pulses 
containing more than 2 m pulses. 
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A sequent, ial-™ ™" ; t cation c an he nonrealizable either because \ 

the output depends o n a. futur e input, or because an unbounded number of ) 
internal states are required by the specification. A more formal discus- / 
sion of realizability is given in the papers by Rabin and Scott [3] an<3 
Kleene [4]. 


6.2 SIMPLIFICATION OF COMPLETELY SPECIFIED 
FLOW TABLES 

For eac h performance specification for a sequential circuit there will 
be many suitable low tables. Corresponding to each particular flow 
table there will be several different circuit realizations. Although all the 
circuits formed from flow tables corresponding to the same specification 
will have the same performance, the actual circuits will differ greatly. 
Any one of these circuits is acceptable if the only objective is to meet the 
performance specifications ; however, the cost and complexity of the circuit 
must also be considered. No simple relationship between the form of a 
flow table and the cost of the corresponding circuits is known. JThere is 
thus no te chnique p ossible for choosing the flow table that will result in a 
minimum-cost circuit. A very simple relation does exist between onb 
factor of the circuit cost and the flow table: the number of internal states 
(rows) of the flow table is directly related to the number of internal varia- 
bles. If there are r rows in the flow table, there must bej 
internal variables. There are 2 m different values tor m internal variabli 
and each internal state must be represented by an assignment of values to 
the internal variables. In a relay circuit each internal variable corre- 
sponds to an internal relay, and the circuit cost depends significantly on\ 
the number of such relays. In electronic circuits, the internal variables 
correspond to flip-flops or feedback loops. Their influence on circuit cost 
is not so significant as in the relay case, but it is still quite important. Bj 
using a flow table with the fewest possible rows it is possible to reduce one 
significant factor in the final circuit cost : the number of internal variables." 
In order to make this possible, it is necessary to develop a technique for , 
transforming a given flow table into another flow table which corresponds 
to the same performance specification and also contains the fewest possible 
rows for such a table. The development of such a technique is the object 
of this section. 




Inaccessible States 

Before discussing the transformation of flow tables it is appropriate to 
consider the relationships among different sequential circuits which exhibit 

I f)The symbol (p) is equal to p if p is an integer and is equal to the next highest 
ii^tgger if p is a fraction. Thus (11) = 11 and (12.7) = 13. 
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Table 6.2-1. Inaccessible States 


(a) No inaccessible states 
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identical performance. Table 6.2-la is a flow table for a pulse-mode 
circuit in which the output changes whenever an input pulse is received. 
The circuit corresponding to Table 6.2-16 will also have its output change 
with each input pulse. States 3 and 4 of Table 6.2-16 have the property 
that the circuit will never enter these states unless it is placed in one of 
•^them by some external mechanism. Such states are calle d inaccessible . 

De fini tion. An internal state is called an inaccessible state if it 
does nPt occur as a next-state entry in any row of the flow table 
other than its own row. 

It will be assumed that there is no external mechanism for placing a 
sequential circuit in a given state other than that associated with placing 
the circuit in its specified initial state (if any such state exists). It is 
clear that any inaccessible state which is not an initial state can be removed 
from a flow table without changing the performance of the corresponding 
circuit. (The circuit never is in such a state, and therefore the state can- 
iot affect the circuit performance.) 

It is also possible to have a set of internal states such that no state of 
fhg g et _is entered from any state not i n the set. Such a set is called a n 
-inaccessibl e set of state# . States 3 and 4 of Table 6.2-lc form such a set. 
For this table, a corresponding circuit will never be in either state 3 or state 
4 since the initial state is state 1 and there is no way for the circuit to enter 
states 3 or 4 from state 1. Clearly such an inaccessible set of states can 
be removed from the circuit if no one of the states is an initial state. 





6.2 simplification of completely specified flow tables 


Table 6.2-2. Indistinguishable Flow Tables 
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It has been shown that all the flow tables of Table 6.2-1 correspond to 
the same circuit performance. In the following it will be assumed that 
any inaccessible states or inaccessible sets of states which can be removed 
ha ve already bee n r emoved . More precisely, the assumptions will be 
made that: 

1. For flow tables in which an initial state is specified, there are no 
states in the table which cannot be “reached” from the initial state by 
the application of an appropriate input sequence. 

2. For flow tables with no initial-state specification, it is assumed that 
a corresponding circuit can be started in any one of the states and there- 
fore that for any ordered pair of states there is an input sequence which 
will cause the circuit to reach the second state of the pair if started initially 
in the first state of the pair. 


Indistinguishable Circuits 

Even after the removals described in the previous paragraph have been 
carried out, it is still possible to have different flow tables which correspond 
to the same circuit behavior [5]. Table 6.2-2o is identical with Table 
6.2-la, and Table 6.2-2 b is a flow table with no inaccessible states which 
corresponds to exactly the same circuit behavior as does Table 6.2-2a. 

If circuits corresponding to Tables 6.2-2a and 6.2-2 b were constructed 
and both circuits were placed initially in state 1, then identical input 
sequences applied to both circuits would produce identical output 
sequences, from both circuits. Two such tables which represent the same 
external behavior should be equally acceptable in satisfying a set of 
performance specifications. A pair of tables or circuits having this 
property will be said to be indistinguishable. The problem to be con- 
sidered here is that of finding, for any given flow table, a flow table which 
is indistinguishable from the original table and which also has the fewest 
internal states of any such table. 

The technique for simplifying flow tables results from a formalization 
of the relationship illustrated by these tables. Before proceeding with 239 
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this formalism, it should be pointed out that this is basically a discussion of 
relationships among sequential circuits rather than among flow tables. 
All the tables discussed here ar e fully specified: i.e., a next state and an 
output are specified for each total state. Because of this, these tables 
have a direct correspondence to circuit realizations. It is very common 
to have some entries of a flow table unspecified, e.g., Table 6.1-5. Such 
tables are call ed inco mp letely specified. 

In circuit synthesis, a flow table is a formal means for writing down 
the specifications which the final circuit must satisfy. Thus a flow table 
can correspond to a large class of circuits — all those circuits satisfying the 
design specifications. It is possible that some of the circuits may differ 
in their performance, for the specifications may not specify the behavior 
in all situations. For example, if the specifications state tha* input pulses 
never occur simultaneously at more than one input, the b navior of the 
various circuits if simultaneous inputs do occur may be different for 
different circuits. Yet all these circuits can still satisfy the original 
specifications which assumed that multiple inputs would never occur. 
The relationships among incompletely specified flow tables are similar to, 
but more complicated than, those among completely specified tables. 
For ease of understanding, completely specified tables (circuits) will be 
considered first and the results then extended to incompletely specified 
tables. 

( Definition: Initial States Specified. Two sequential circuits P 
and Q are indistinguishable, written P ~ Q, if and only if, with P 
and Q in their respective initial states, any input sequence applied 
to both circuits results in identical output sequences from both 
circuits. 

For sequential circuits without specified initial states it has been 
assumed that any state can be the starting state. In this case the defini- 
tion of indistinguishability must specify a correspondence for each state 
of P or Q rather than only for the initial states. 

Definition: No Initial-state Specification. Two sequential cir- 
cuits P and Q are indistinguishable (P ~ Q) if and only if for each 
state pi of P there exists at least one state qj of Q such that, with P 
initially in p < and Q initially in q,, identical input sequences applied 
to P and Q result in identical output sequences from P and Q. 
For each state of Q there must be at least one state of P satisfying 
the same criterion. 

Although these definitions are given in terms of sequent ia l circuits , 
they apply e qually w ell to flow tablets . It wil l be assumed that they 
serve also to define what is meaq f By inHigtinjniia hable flow tables . 


6.2 simplification of completely specified flow tables 


and the terms sequential circuit and flow table will be used somewhat 
interchangeably. 

Separate definitions of indistinguishability have been given for circuits 
with initial states and circuits without initial states. While it might seem 
that the definition for the initial-state circuits is weaker than the other, 
this turns out to be untrue. With the assumption that no inaccessible 
states are present, the two definitions are completely equivalent. Both 
these definitions specify a relationship which must be satisfied by pairs of 
states. The difference between the two definitions is that, for circuits 
with initial states, only the two initial states are required to satisfy this 
relation, while, for circuits without initial states, this relation must be 
satisfied by all the states. A formal definition will be given for this rela- 
tion between states, and it will be shown that the two definitions of 
indistinguishability of circuits are equivalent. 


Indistinguishable States 

Definition. An internal state pi of a sequential circuit P is indis- 
tinguishable from a state q, of a circuit Q (P and Q can be the same 
circuit ) if and only if, when circuit P is placed in state p it circuit Q 
is placed in state q,, and the same input sequence is applied to both 
circuits; the same output sequence results from both circuits. 
This must be true for all possible input sequences. The fact that 
states pi and q, are indistinguishable will be written symbolically 
as pi ~ q,. This definition is illustrated in Fig. 6.2-1. It is now 
possible to restate the definitions of circuit indistinguishability in 
terms of indistinguishability of states. 

Definition: Initial States Specified. Two sequential circuits P 
and Q are indistinguishable if and only if the initial states of P and 
Q are indistinguishable. 



Fig. 6.2-1. Indistinguishable 
states. 


*\ - 
* 2 - 


Circuit P 
Initial state p t 


Circuit Q 
Initial state qj 


~*\,p 
~ Z 2,P 
‘ z m, P 


- A 0 

' z 2, Q 
~ z m, Q 


If z k,P = 4, <5 ' for 011 k and for all input 
sequences, then state p± of P is indistin- 
guishable from state qj of Q. 
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Definition: No Initial-state Specification. Two sequential cir- 
cuits P and Q are indistinguishable if and only if for each state p< of 
P there exists at least one state of Q which is indistinguishable 
from pi and for each state qj of Q there exists at least one state of 
P which is indistinguishable from qj. 

If two states are indistingu ishable, they must both have the same out- 
put for each possible input. If this were not true, there would be some 
input which wouicTproduce different outputs and which would thus violate 
the indistinguishability condition. In order to state this condition 
succinctly, and for convenience in the discussion to follow, some addi- 
tional symbols will now be introduced. The symbol x‘ will represent t he 
tth input condition, where i is a decimal number whose binary equivalent 
giv es the values a ssumed by the circuit inp uts. Thus, for a circuit with 
two inputs, the correspondence between the x* and the input conditions 
is as shown in the accompanying table. The symbol Z (si,x k ) will represent 


Symbol 

Input Condition 


Xi Xi 

x° 

0 0 

X 1 

0 1 

X 2 

1 0 

X 3 

1 1 


the output produced by a circuit in internal state s< when the input condi- 
tion is x*\ Thus, for Table 6.2-2 b, Z( 3,x°) = 0. The symbol S(si,x k ) 
will represent the next state for present state Si and input condition x k . 
For Table 6.2-2 b, S^x 1 ) = 4, and £(l,x°) = 1. In terms of these 
symbols, the condition stated at the beginning of this paragraph is 

If pi ~ qj then Z(pi,x k ) = Z(g„x*) for all x k 

For a pair of indistinguishable states, not only must the present outputs 
be identical for all possible inputs, but all future outputs must also be 
identical. For thip^to be true, it is necessary that the next states be 
indistinguishable . (The requirement that future outputs be identical" 
precis ely the requirement for the next states to be indistinguishable.) 

If pi ~ qj then S(pi,x k ) ~ S(g,,x t ) for all x k 

Theorem 6.2-1. Two states pi and qj are indistinguishable if and 
only if (1) Z(pi,x k ) = Z(qj,x k ), for all x k , and (2) S(pi,x k ) ~ S(qj,x k ) 
for all x*. 

The previous discussion demonstrated that, if a pair of states 
are indistinguishable, they must satisfy these two conditions. 
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It follows directly from the definition of indistinguishability 
that, if these two conditions are satisfied, the states must be 
indistinguishable . 

When the definition of indistinguishability of circuits with initial 
states is reexamined, it is evident that the requirement that the initial - ^ 
states of P and Q be indistinguishable induces a requirement that each of 
the other states of P must be indistinguishable from some state of Q, and 
vice versa. This results directly from the requirement that the next states 
corresponding to a pair of indistinguishable states must be indistinguisha- 
ble and that all states of a circuit must occur as next states either of the 
initial state or of some state which can be reached from the initial state by 
means of a suitable input sequence. 

Indistinguishability Classes 

For any given sequential circuit there will be a family or class of other 
sequential circuits which are indistinguishable from the original circuit. 
Each of these circuits will exhibit the same internal behavior: it would be 
impossible to determine by external measurements which particular mem- 
ber of the class was being tested. Thus, for any given 'performance specifi- 
cation, all circuits or flow tables in a class of indistinguishable circuits or 
flow tables should be equally acceptable. The costs of the circuits or 
flow tables will vary widely, and a minimal-cost circuit is usually desired. 

As discussed previously, the assumption that a flow table with the fewest - 
states is a good approximation to a minimal-cost circuit will be made. 

It will be shown that in each family of indistinguishable flow tables there 
is a unique table having the fewest number of states^ The objective 
the present discussion is the development of a procedure for obtaining, 
for any given, fully specified flow table, the minimum-state table which is 
indistinguishable from it. The properties of two indistinguishable flow 
tables having an unequal number of states will be considered next. 

Assume that P and Q are two indistinguishable flow tables and that P 
has fewer states than Q. Each state of Q must be indistinguishable from 
some state of P. Since Q has more states than P, there must be at least 
two states of Q, say, q, and q,, which are both indistinguishable from the 
same state of P, say, p k . The relationship of two states which are both 
indistinguishable from the same state is basic to the procedure being devel- 
oped and must be examined in detail, q f ~ pram } 

Pk then it must be true that ^ qj._j A theorem to this effect can 
be quite easily proved by means of the general properties of the indis- 
tinguishability relation to be presented next. 

V L 

f This flow table is unique in the sense that any other flow table in the class which 
has the same number of states will be identical with the original table except perhaps 
for a relabeling of the states. This discussion applies only to fully specified flow tables. 
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It is clear that any state is always indistinguishable from itself (two 
circuits started in the same state and sent identical inputs have identical 
outputs). Also, if state p, is indistinguishable from state q,, then state 
qi is indistinguishable from p t . These properties are called the reflexiv e 
.yroyerty and the sym metri c (or com mutative ) property, respectively: 


(PI) 

(P2) 


Pi ~ 

If Pi 


Pi 


• qj then g, p. 


(Reflexive) 

(Symmetric) 


There is a third general property which this relation satisfies. 


(P3) If Pi 


Qi 


and 


Qr 


Tk 


then pi 


' r k 


(Transitive) 



The" transitive property states that, if pi is indistinguishable from q, and 
qi is indistinguishable from r k , then p, is indistinguishable from r k . The 
proof that this property must hold is quite simple. Suppose that three 
circuits P, Q, and R are placed in states pi, qj, and r k and are all sent 
identical inputs. Since pi ~ qj, the outputs of P and Q must be identical, 
and since qj ~ r k , the outputs of Q and R must be identical. Therefore 
the outputs of P and R must be identical, and pi ~ r k . 

Any relation which satisfies the three properties PI, P2, and P3 is said 

lence relation is that it divides the set of objects on which it is defined (the 
states of sequential circuits ) into di sjoint (n onoverlapp ing) equivalen ce 
classes [61 . In any sequential circuit, the internal states can be group ed 
into sets of states, called indistinguishability classes, so that all states in 
each set are indistinguishable from each other and no state in one setjs 
indistinguishable from any state in any other se t. In Table 6. 2-2b ^ states 
_JL and 3 fp g im xme indisting uishability class, and s tates 2 and 4 form another 
indistinguishability~classi 

The following theorem can now be easily demonstrated : 

Theorem 6.2-2. If flow tables P and Q are indistinguishable, then 
any two states of Q are indistinguishable from each other if and 
only if they are indistinguishable from the same state of P. 


proof. First assume that states q , and qj of Q are both indistinguisha- 
ble from state p k of P. Then, q t ~ p k , and qj ~ p k . By means of 
the symmetric property P2 this can be written as q l ~ p k and 
p k qj. The transitive property P3 shows that it follows that 
qi qj. To prove the other half of the theorem, assume that qi 
qj. Since P ~ Q, there must be some state of P, say, p k , such that 
qi ~ p k - Again, by using P3, it can be concluded that q, ~ p k . 


Minimum-state Flow Tables 
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It was pointed out previously that the states of any flow table can be 
divided into disjoint sets or classes of states, called indistinguishability 


6.2 simplification of completely specified flow tables 


classes, such that all states in the same class are indistinguishable and no 
pair of states from different classes are indistinguishable. The preced ing 
theorem shows that flow table Q must have at least a s many states as there 
are indistinguishahilitv classes in P. 

It is nossihle to form a flow table having exactly this number of states. 
This is done by forming a new flow table P* in which each state corre - 
spon ds, .to one of the in'd xitmguishahilitv classes nL.P . 

Since all the states in one indistinguishability class of P are indis- 
tinguishable, they must have the same output entries (Theorem 6.2-1). 
These outputs are used for the outputs of the corresponding state of P*. 
The next-state entries for two indistinguishable states need not be identi- 
cal, but they must correspond to indistinguishable states (Theorem 6.2-1). 
Thus the next-state entries in P* can be filled in with the state of P* 
corresponding to the appropriate indistinguishability class of P. This 
process is illustrated in Table 6.2-3, in which it is assumed that the 
indistinguishability classes of indistinguishable states are known. A 
procedure for determining these will be presented below. 

Several remarks can be made about the table P* formed by this proc- 
ess. First of all, P* is indistinguishable from table P : if table P is initially 
in state pk and table P* is initially in state qj, which corresponds to pk s 
equivalence class, then the first outputs produced must be identical. 
Furthermore, both tables must go to next states, which again have identi- 
cal outputs, etc. It can also be shown that P* is unique and that no pair 
of states in P* are indistinguishable . With the exception of a technique 
for obtaining the indistinguishability classes, the procedure for obtaining 


Table 6.2-3. Formation of Minimum-state Flow Table 
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P* has now been completely specified. A method for determining the 
indistinguishability classes will be presented next. 



Distinguishable States 

yO Two states which are not indistinguishable are said to be distinguisha- 
ble. It follows from the definition of indistinguishable states that two 
states pi and qj are distinguishable if and only if there exists an input 
sequence which results in different output sequences for a circuit initially 
in state p, and for a circuit initially in state qj. This concept of distin- 
guishability is important because it is sometimes easier to show that two 
states do not satisfy the requirement for being distinguishable than to show 
that two states do satisfy the indistinguishability criterion. 


Determination of Indistinguishability Sets 

In order to determine the indistinguishability classes for a flow table, 
it is necessary to consider each pair of states individually. A convenient 
tabular form for recording the results of these considerations is illustrated 
by Table 6.2-46. Each cell of this table corresponds to two states — one 
defined by the row in which the cell appears and one by the column. As 
explained previously, any pair of states which do not have identical out- 
put entries are distinguishable. In Table 6.2-4a, the output entries of 
states 5 and 6 differ from the output entries of states 1, 2, 3 and 4. Thus 
the state pairs (1,5), (1,6), (2,5), (2,6), (3,5), (3,6), (4^5), and (4,6) are 
distinguishable. This is indicated on Table 6.2-46 by placing X’s in the 
cells corresponding to these state pairs. Examination of the entries for 
states 2 and 4 leads directly to the conclusion that these states are indis- 
tinguishable. All their output entries agree, and their next-state entries 
are either identical (for x 1 and x 2 ) or are stable. Two circuits started in 
states 2 and 4, respectively, either will remain in these two states or will 
both be in the same state. If both circuits are in the same state, their 
outputs must obviously be identical, and if they remain in states 2 and 4, 
their outputs are identical because the output entries for 2 and 4 are 
identical. From this it must be concluded that states 2 and 4 are indis- 
tinguishable. This is indicated in Table 6.2-46 by placing a check in the 
2-4 cell. It should be pointed out that the same reasoning would still be 
valid if, instead of having stable entries in some of the columns, the next- 
state entry for state 2 were state 4 and the next state entry for stafe 4, were 
state 2.f The remaining state pairs do not satisfy either of these simple 
tests for distinguishability or indistinguishability and must be examined 
further. For states 1 and 2, S(l,x°) = 3 and <S(2,x°) = 2, S(l,x 1 ) = 1 
and S(2,x 1 ) = 6. Thus states 1 and 2 are indistinguishable if and only 
if states 2 and 3 are indistinguishable and states 1 and 6 are indistinguisha- 

| This situation is appropriate for pulse-mode 1 rather than fundamental-mode 
246 circuits. 
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Table 6.2-4. Determination of Indistinguishability Sets 


(a) Flow table 


s 

x° 

00 

x 1 

01 

X 3 

1 1 

X 2 

10 

1 

3’ , 1 

©. 0 

©. 1 

©. 0 

2 

(I), 1 

6 , 0 

(2). 1 

i , 0 

3 

®, 1 

5 , 0 

®. ' 

t , 0 

4 

.©, i 

6 , 0 

_©ljl 

t , 0 

5 

2 , 1 

©. 1 

4 , 0 

©, 0 

6 

.2,1 

©. 1 

3 , 0 

© 0 


(3) First step in determining sets 
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id) Indistinguishability sets 

A : (1) 

B: (2,3,4) 

C : (5,6) 


(<r) Final step in determining sets 


a 

5,6 




S3 

/ 

5,6 




S3 

& 

@1 


S3 

S3 

& 

S3 

ED 

1 2 

3 

4 

5 


(e) Minimum-state flow'table 
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ble. This is indicated in Table 6.2-46 by entering the state pairs (2,3) 
and (1,6) in the cell for the (1,2) state pair. Similar entries are placed 
in the other appropriate cells of Table 6.2-46. This table must now be 
examined to determine whether or not any of the state pairs listed within 
cells of the table have already been discovered to be distinguishable or 
indistinguishable. For example, the 1-2 cell contains the entry 1,6. 
The 1-6 cell contains an X since the (1,6) state pair has already been 
determined distinguishable. This means that the (1,2) state pair is 
distinguishable, and an X can be placed in the 1-2 cell of the table. 
Similar reasoning applies to the 1-3 cell and the 1-4 cell. This process 
must be continued until there are no entries within cells which correspond 
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to cells containing X’s. A table such as Table 6.2-4c will result. A 11 the. 
. /cells o f this tnhlo which da iasd , MMa.in-in ,_X ’.s correspond tn i ndintimnushuh l rr 
slate vairs. In order to see why this is true, consider states 5 and 6. The 
flow table of Table 6.2-4a shows that two circuits started in states 5 and 6 
will, after one input has been applied, both be in the same state (state 2), 
or still be in states 5 and 6, or be in states 4 and 3, respectively. As dis- 
cussed previously, when both circuits are in the same state or when the 
circuits are in states 5 and 6, the outputs will always be identical. The 
only possibility for states 5 and 6 to be distinguishable is that different 
outputs will result after the circuits have entered states 4 and 3. It is 
therefore appropriate to examine the possibilities for the circuit outputs 
after the internal states have changed from 5 and 6 to 4 and 3. Examina- 
tion of the flow table shows that the application of an input can cause both 
circuits to now enter the same state (state 1), to remain in states 3 and 4, 
or to return to states 5 and 6. To summarize these considerations, two 
circuits started in states 5 and 6 will always enter (and remain) in the same 
states, or be in states 5 and 6, or be in states 4 and 3. Since the output 
entries for states 5 and 6 and for states 4 and 3 are identical, it can be 
concluded that two circuits started in states 5 and 6 will always have 
identical outputs. Thus, states 5 and 6 must be indistinguishable. 
Similar remarks hold for states 3 and 4 and for states 2 and 3. 

By a direct generalization of these remarks it can be shown that the 
procedure described in connection with the flow table of Table 6.2-4a is 
valid for any flow table. In the table formed by this procedure (such as 
Table 6.2-4c) any cells not containing X’s correspond to indistinguishable 
state pairs. The indistinguishability classes can be determined directly 
from the pairs of indistinguishable states. The minimum-state flow table 
is then formed as described previously. These steps are illustrated in 
Table 6.2-4d and e. A complete procedure or algorithm for forming the 
minimum-state flow table which is indistinguishable from any given 
fully specified flow table has now been described. 


6.3 SIMPLIFICATION OF INCOMPLETELY SPECIFIED 
FLOW TABLES 

The first step in the sequential-circuit-design procedure described in 
this chapter consists in writing down a flow table describing the desired 
circuit performance. This flow table is a formal specification of the 
requirements which the circuit must satisfy. Often certain circuit input 
combinations or total states will not occur when the circuit is in operation. 
Since the action of the circuit in situations which do not arise is unimpor- 
tant, it is common practice to leave this action unspecified. As illustrated 
by the flow tables of Sec. 6.1, a dash is entered into all cells of the flow 
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table for which the circuit action is unspecified. The discussion of Sec. 6.2 
concerning flow-table simplification is not valid for incompletely specified 
tables. This section presents a discussion of simplification techniques for 
incompletely specified tables [7,8,9]. 

Unspecified Outputs 

Table 6.3-la shows a flow table in which one of the output entries is 
unspecified. It usually happens that, for each total state, the next state 
and output are either both specified or both unspecified. Situations do 
arise, however, in which only one is unspecified, and thus it is convenient 
to consider next states and outputs separately. 

It will usually be quite difficult to determine any word statement or 
reasonable explanation for the behavior specified by the flow tables of this 
section. This is because these tables have been designed to illustrate 
certain features of the simplification discussion rather than to appear 
practical.” More palatable tables could be formulated only with a 
considerable increase in complexity. The important point to emphasize 
is that all the entries of the flow table must be accepted as requirements to 
be satisfied; it is not permissible to change any of the entries even though 
the change may seem perfectly sensible. 

The flow table which results if the unspecified entry of Table 6.3-la 
is leplaced by a 0 is shown in Table 6.3-16. There are no indistinguisha- 
ble states in Table 6.3-16, and therefore no reduction in the number of 
states is possible. The effect of using a 1 rather than a 0 to replace the 
dash is shown in Table 6.3-lc. Again no reduction is possible. From 

Table 6.3-1. A Flow Table with an Unspecified Output 
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Table 6.3-2. A Flow Table Satisfying Table 6.3-la 

(A) Test for indistinguishability 


(a) Flow table 
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(c) Indistinguishability sets (c?) Minimum-state flow tables 
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this it would seem that there is no circuit having fewer than three internal 
states which can satisfy the requirements of the flow table of Table 6.3-la. 
However, this conclusion is false, and such a circuit having only two states 
does exist. This circuit will be presented, and the fallacy in the reasoning 
illustrated by Table 6.3-1 will be pointed out. 

Table 6.3-2a shows a flow table for a circuit which satisfies Table 
6. 3- la and contains four internal states. This table has been obtained 
from Table 6.3-la by replacing state 1 by two states, 1« and 1 6 . The fact 
that a circuit constructed from Table 6.3-2a will satisfy Table 6.3-la can 
easily be verified. The new table (Table 6.3-2a) has been formed from the 
original table (Table 6.3-la) by “splitting” state 1 into two states, 1„ and 
1 b, both of which have the same entries as state 1 wherever they are speci- 
fied. One of the new states has a 0 output where the state 1 output is 
unspecified, and the other new state has a 1 output in place of the unspeci- 
fied output. A circuit constructed from Table 6.3-2a will have the same 
performance as that specified by Table 6.3-la, but its performance will 
differ from that specified by Table 6.3-16 or c. Table 6.3-la has one 
unspecified output: in circuits constructed from Table 6.3-16 and c either 
a 0 or a 1 output will occur consistently whenever the conditions correspond 
to the unspecified output of Table 6.3-la. However, in a circuit con- 
structed from Table 6.3-2a, sometimes a 0 output will occur, and sometimes 
a 1 output will occur. This performance should be just as acceptable as 
the performance where the dash is in effect replaced by either a 0 or a 1 : 
placing a dash in the table is equivalent to stating that the corresponding 
output is of no interest. The fact that this output sometimes takes on one 
value and at other times takes on another should cause no concern. If 
250 the flow table is thought of as a means of specifying the desired behavior, 
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then the dash can be thought of as an agreement to refrain from observing 
the output in particular situations. In practice the dash usually occurs 
because a particular total state is known not to occur in the expected use of 
the circuit. If the particular situation is assumed not to arise, it is surely 
reasonable not to object to anything that the circuit would do in this non- 
occurring situation. In the remainder of this section it will be assumed 
that an unspecified entry in a flow table means that any behavior is 
acceptable in place of the dash and that this replacement need not be 
consistent — the dash can in effect be replaced by one specification at one 
time and by another specification at another time. In fact with this 
interpretation there would be nothing wrong with using a probabilistic 
element to determine the behavior for unspecified entries. 

The flow table of Table 6.3-2a can be simplified, and the minimum- 
state table which is indistinguishable from it is shown in Table 6.3-2d. 

Since this table with two states is indistinguishable from Table 6.3-2a, this 
two-state table satisfies the requirements given by Table 6.3-la in the 
same sense that the four-state Table 6.3-2a does. Thus a circuit built 
from Table 6.3-2d should be an acceptable realization for the specification 
of Table 6.3-la. The objective of this section is to determine a technique 
for deriving simplified tables such as Table 6.3-2 d from incompletely 
specified flow tables such as Table 6.3-la. Table 6.3-2a has been pre- 
sented solely for purposes of exposition. The technique to be developed 
will be one for forming the reduced-state table directly from the original 
table. Before proceeding it is necessary to consider the effect of having 
next states unspecified. 

Unspecified Next States 

Table 6.3-3a shows a flow table in which one of the next-state entries is 
unspecified. If the next state is unspecified, then all future circuit out- 
puts must be unimportant. The only other possible interpretation would 
be that various different behaviors would be acceptable but that each 
acceptable behavior would have to be one which could be obtained by 
replacing the unspecified next state by one of the states of the table. It is 
a little difficult to imagine a situation for which this interpretation would 
be valid, and it is customary to assume that all future outputs are unimpor- 
tant. Clearly, if the unspecified entry is present because the circuit can 
never enter a total state, then any future outputs need not be constrained. 

With this interpretation, it is always possible to replace a table in which 
some of the next states are unspecified by a flow table in which all the next 
states are specified, but some of the outputs are unspecified [10]. Thus, 

Table 6.3-3 b requires the same circuit behavior as does Table 6.3-3a but 
does not contain any next states which are unspecified. Table 6.3-3 b 
has been formed by adding a new state (designated T for terminal) to 
Table 6.3-3a and replacing the unspecified next state by T. The state T 
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Table 6.3-3. A Flow Table with a Next State Unspecified 
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contains only stable next-state entries and has all its outputs unspecified. 
Thus, once a circuit enters state T, it will always remain in state T, and 
since all the outputs are unspecified, any output sequence will be accepta- 
ble. This same technique will work for any table with unspecified next 
states. One terminal state T is added with all its outputs unspecified, 
and all unspecified next-state entries are replaced by a T. The formal 
development which follows will be stated in terms of flow tables with only 
outputs unspecified. This does not restrict the generality of the treat- 
ment because of the technique just discussed for converting any table 
with unspecified next states into a corresponding table with only outputs 
unspecified. In fact the purpose for introducing this conversion technique 
is to simplify the formalism to be presented. 

Covering of Flow Tables 

Definition: Initial State Specified. A flow table P is said to cover 
another table Q, written P 3 Q, if and only if, for any input 
sequence applied to both tables started in their respective initial 
states, the output sequences are identical whenever the output of Q 
is specified. 

The assumption will be made that any table which covers a given table 
can be substituted for the original table in the sense that a circuit designed 
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for the covering table will automatically satisfy the requirements of the 
covered table. Notice that this relation among flow tables is not sym- 
metric : it is not necessarily true that a covered table will satisfy the require- 
ments of the covering table. If P ID Q, it is possible for an output of P to 
be specified when the corresponding output of Q is unspecified. Thus P 
satisfies Q’s requirements, but the converse is not true. The preceding 
definition does not apply to circuits without initial states, and another 
definition must be formulated for this class of circuits. 

Definition: No Initial State. A flow table P is said to cover 
another table Q if and only if, for each state g< of Q, there is a state 
Pi of P such that for any input sequence applied to both tables 
initially in states <p and p, respectively, the output sequences are 
identical whenever the output of Q is specified. 

This definition shows that when one flow table covers another there 
must be a correspondence between the states of the two tables and the 
corresponding states must have certain properties. This relation between 
states can be stated formally as follows: 

Definition. A state pi of a flow table P is said to cover a state qj 
of a flow table Q, written p t ID qj, if and only if for any input 
sequence applied to P and Q initially in states p, and qj, respectively, 
the outputs are identical whenever the output of Q is specified. 

This relation of one state covering another state is analogous to the 
indistinguishability relation for completely specified flow tables. If a 
flow table P covers a flow table Q, each state of Q must be covered by at 
least one state of P. In order for P to have fewer states than Q, it is 
necessary that at least one state of P cover more than one state of Q. It 
is not possible for any arbitrary pair of states of a flow table to be 
covered by a single state of another flow table. In particular, only pairs 
of states which never require different outputs can be covered by a single 
state. This relation between states will be called compatibility and is 
defined precisely as follows: 

Definition. Two internal states q t and of a flow table Q are 
compatible if and only if, for all input sequences, the output sequence 
which results when Q is initially in q t is the same as the output 
sequence which results when Q is initially in g, whenever both 
outputs are specified. 

The compatibility relation between states is important because of the 
following theorem: 

Theorem 6.3-1. If internal state pi of P covers both internal states 
qj and q k of Q, then states qj and q k must be compatible. 
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proof. By the definition of covering, the output obtained for P 
initially in p 3 must be the same as the output for Q initially in q, 
whenever the Q output is specified, and the P output must also be 
the same as the output for Q initially in q k whenever the Q output 
is specified. From this it follows that the outputs for Q initially 
in qj and for Q initially in q k must be identical whenever both are 
specified. 

The compatibility relation is not, in general, an equivalence relation. 
The reflexive and symmetric properties are satisfied by the compatibility 
relation, but the transitive property need not be satisfied. To see why 
this is true, consider three states g„ q„ and q k of a flow table Q. Suppose 
that the outputs for Q initially in each of these states always agree except 
for one particular output. Let this particular output be unspecified for Q 
initially in qi, be 0 for Q initially in q , , and be 1 for Q initially in q k . From 
this it follows that qi and q, are compatible, q, and q k are compatible, but 
qi and q k are not compatible. 

It is still possible to collect the states of a flow table into compatibility 
classes where a set of states is a compatibility class if and only if each pair 
of states in the set are compatible. Since compatibility is not an equiva- 
lence relation, these compatibility classes will not necessarily be disjoint. 
However, they are important because of the following corollary: 

Corollary. If internal state p { of P covers internal states q ilt q,,, 
■ • • > then states q h , q H , . . . , q ]k must form a compati- 

bility class of Q ; that is, each pair of the qj i must be compatible. 

A restatement of this corollary is that, if P Z) Q, then each internal 
state pi of P must cover a compatibility class of the states of Q. Although 
this relation between the states of P and the states of Q is a necessary 
condition if P Z) Q, it is not sufficient and there is an additional property 
that these states must satisfy. This is the closure property, which is 
defined as follows: 

Definition. A collection of compatibility classes is closed if and 
only if, for each compatibility class {si,s 2 , . . . ,s m }, all the states 
<S(si,x“), S(s 2 ,x“), . . . , S(s m ,\ a ) are included in a single compati- 
bility class in the collection. This must be true for all choices of x a . 

Example 6.3-1. For the flow table of Table 6.3-4a the compatibility 
classes are {1,2}, {1,3}, {2,4}, {3,4}. (The procedure for deriving 
these will be described below.) The collection of classes { 1,2} and 
{3,4} is not closed because 3(1, x°) = l,S(2,x°) = 3, and class {1,3} 
is not included in the collection. For this particular table, the only 
closed collection of compatibility classes must include all the four 
compatibility classes. 
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Table 6.3-4. Closure Example 
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Necessary and sufficient conditions for one flow table to cover another 
can now be stated in terms of this closure property. 

Theorem 6.3-2. A flow table P covers a flow table Q if and only if: 

1. Each internal state of Q is included in at least one compati- 
bility class which is covered by an internal state of P. 

2. The compatibility classes of Q which are covered by internal 
states of P form a closed collection. 

proof. The sufficiency of this theorem will be proved by giving a 
procedure for forming the flow table P from a closed collection 
of compatibility classes of states of Q. Let . . . ,q jh , 

■ ■ • >Qim } be one of the compatibility classes of Q, and let p, be the 
state of table P which is to cover this compatibility class. The 
outputs Z (q 1 \,x a ), Z (<fo,x“), . . . , Z(q Im ,x a ) which are specified must 
be identical for all a. By the definition of compatibility the speci- 
fied outputs of Q must be the same, independent of which of the q lh 
that Q is started in, for all input sequences and in particular for 
the input sequence consisting only of x“. Therefore set Z(p„x“) 
equal to this common output if any of the Z(q h ,x a ) are specified, 
and let Z(p„x“) be unspecified otherwise. 

Because of closure, the next states S(g, I ,x“), S(q h ,x a ), . . . , S(q im ,x a ) 
must all be included in one of the compatibility classes of the collection. 
Let p k be the state of P which corresponds to the compatibility class 
including the S(qj h ,x a ), and set S (p,-, x“) = p*. It follows from the con- 
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struction technique that Z(p k ,x & ) = Z(S(qj h ,x a ),x B ). A continuation of 
this reasoning shows that state p, of P covers states qj h of Q and therefore 
that P D Q. 

The necessity of condition 1 of this theorem follows directly from the 
corollary to Theorem 6.3-1 and the definition of the covering relation. 
Suppose now that closure is not satisfied. Specifically, let p, cover all the 
states of the compatibility class {g 3l , g 32 , . . . , q lh , . ■ ■ ,g 3 „}, and let 
S(p 3 ,x“) = pi. If closure is not satisfied, there must be some state S(g 3t ,x0) 
which is not covered by pi. This means that there must be some sequence 
of inputs, x, which will produce a different output sequence for table P 
started in state pi than it produces for table Q started in state S(g 3i ,x ?). 
This in turn means that different output sequences will result when the 
input sequence x“x is applied to table P started in state p, and to table Q 
started in state g 3t . Thus state p 3 cannot cover state q ]k , which contradicts 
the original assumption and thereby completes the proof. 

In the proof it was shown that, if states g ; and q, are compatible, then 
Z(gi, x“) and Z(g 3 ,x“) must be identical for all a for which they are both 
specified. By an argument similar to that used in connection with 
Theorem 6.2-1 it can also be shown that, if q, and g 3 are compatible, then 
S(g,,x“) and S(g 3 ,x“) must be compatible for all a. Thus the following 
corollary can be proved: 

Corollary. Two states g» and g 3 are compatible if and only if: 

1. Z(g,-,x“) and Z(g 3 ,x“) are identical for all x“ for which they 
are both specified. 

2. S(qi,x a ) and <S(g 3 ,x“) are compatible for all x“. 

Theorem 6.3-2 shows that the problem of finding a minimum-state 
flow table which covers a given table Q is equivalent to that of finding a 
closed collection of compatibility classes of Q which contains a minimum 
number of classes. The technique for finding the compatibility classes 
and forming the new flow table is illustrated in the following example : 

Example 6.3-2. A flow table is shown in Table 6.3-5a, and the 
compatibility table for determining the compatibility classes is shown 
in Table 6.3-5 b. The method of forming a compatibility table is 
identical with the method discussed in connection with Table 6.2-4. 
(An X is entered into the table only when two outputs disagree, 
not when one is unspecified.) The compatibility classes deter- 
mined from Table 6.3-5 b are listed in Table 6.3-5c. Any collection 
of these classes which satisfies the conditions of Theorem 6.3-2 
must include either the {1,2} class or the {1,3} class since state 1 
must be included in at least one class in the collection. In order to 
satisfy the closure requirement, both {1,2} and {1,3} must be 
included, since S(x°,l) = 1, £(x°,2) = 3, requiring {1,3} if {1,2} 
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is included, and S(x 3 ,l) = 1, S(x 3 ,3) = 2, requiring {1,2} if 
{1,3} is included. Similar reasoning shows that the inclusion of 
{1,3} requires the inclusion of {2,4} and that the inclusion of {2,4} 
requires the inclusion of {3,4} . Thus the only closed collection of 
these compatibility classes must include all four of the classes. 

Since there are four states in the original table, no reduction in the 
number of states is possible. A flow table formed from the com- 
patibility classes is shown in Table 6.3-5d, merely to illustrate the 
formation of such a table. 

In order to give a specific example of the closure property, an attempt 
will be made to form a table from compatibility classes which do not 
satisfy the closure requirement. Specifically, Table 6.3-6 shows a table 
which has two states A and B which correspond to classes {1,2} and {3,4} 
of Table 6.3-5. The same procedure can be used for filling in all the next- 
state entries of this table, except for the <S(A,x 0 ) entry, since iS(l,x°) = 1 
and S(2,x°) = 3. There are only two choices for this entry, because there 
are only two states in the table. Table 6.3-6a shows the flow table which 
results if state A is chosen for the <S(A,x°) entry. The fact that Table 
6.3-6a does not cover Table 6.3-5a is illustrated in Table 6.3-66. If 
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S.z 
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Table 6.3-6 


(a) Flow table with 5 (A, x°) = A 
00 01 11 10 


{1,2} czA 

®.o 

®.0 

@,0 

®. 0 

{3,4} <= B 

®.1 

®. 1 

A , 0 

®, 1 


S, z 


[b) 


Table 6.3-5 


Table 6.3-6a 


= 

00 

01 

01 

00 

00 

01 

01 

00 

state 

1 


2 


3 


4 


output 

0 

- 

0 

- 

- 

© 

- 

1 

state 

A 


A 


A 


A 


output 

0 

0 

0 

0 

0 


0 

0 


00 

4 

1 

A 

0 


Tables 6.3-66 and 6.3-5a are placed initially in states A and 1 , respectively, 
and the input sequence 00, 01, 00, 01 is applied, the resulting output 
sequences are those shown in Table 6.3-6 b. The outputs for unstable 
states are shown explicitly in this table since they are specified in the 
original table. The unstable outputs which occur between the second 
00-01 inputs of the test sequence produce different outputs. Therefore, 
the two tables do not satisfy the covering relation. If the input sequence 
is continued and the input 00 is applied, a difference in steady-state out- 
puts results. Similar results are obtained if the S(A,x°) entry of Table 
6.3-6a is set equal to B. 


Maximum Compatibility Classes 

Table 6.3-5a is not typical, since each compatibility class contains 
only two states. Table 6.3-7o shows a flow table which illustrates some 
more typical features of the compatibility relation. This table has some 
of the next-state entries unspecified. The theory of this section is directly 
applicable if the table is transformed by the technique of Table 6.3-3 into 
an equivalent table having only the outputs unspecified. However, this 
transformation is unnecessary, for the new state T which would be intro- 
duced will always be compatible with all the other states and will appear 
in all the maximum compatibility classes. The first step in finding a 
minimum-state flow table which covers the given table is to find the com- 
patibility classes. Actually, only the largest, or maximum, compatibility 
classes need be found; all other compatibility classes are subsets of these. 
There are many procedures possible for obtaining the maximum compati- 
bility classes from the compatibility table. One of these involves con- 
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Table 6.3-7 


6.3 simplification of incompletely specified flow tables 


(a) Flow toble (i) Compatibility table 

'I *2 

00 01 11 10 


1 

- 

3,1 

5,1 

2,1 

2 





2 

3 

5.0 

6.0 

6,1 



3 

3,6 

5,6 

1 


4 

2,1 


4 

2,5 





5 

- 

6,0 

1,0 

4,1 

5 

& 


es 

& 


6 

3,0 

- 

2,0 

3,1 

6 





1,2 

3,4 



S, 

Z 



1 

2 

3 

4 

5 


(f) Maximum compatibility classes 


(e) Minimum-state flow table 


{1,2, 3, 4}, {2,5}, {3,6}, {5,6} 

s 

00 

01 1 1 

10 

(d) Closed collections 

1,2 <=A 

C. 0 

b, 1 

C , 1 

A, 1 

(i) {l,2}, { 3 , 4 } , {5,6} 

3 , 4=5 

c, 0 

c, 1 

A , 1 


(ii) {l,4}, {2,5}, {3,6} 

5, 6 <=C 

B, 0 

c, 0 

A, 0 

8 , 1 


S, 2 


sidering each of the columns separately, starting at the rightmost column. 
This procedure is as follows: 


1. List those pairs of states which are shown to be compatible in the 
rightmost column of the table for which any such pairs exist. For 
Table 6.3-7 this means that the pair 5, 6 is listed. 

2. Proceed to the next column to the left. If the state to which this 
column corresponds is compatible with all members of a previously deter- 
mined compatibility class, add this state to the class. If the state is not 
compatible with all members of a class but is compatible with a subset of 
the class, form a new class including the current state and the subclass. 
Finally list any compatible pairs which are not included in any already 
determined class. Do not retain any classes which are subsets of other 
classes. Repeat this step until all columns of the compatibility table 
have been considered. The classes remaining are the maximum compati- 
bility classes. 


For Table 6.3-7, this process will result in the following sequence of 
classes : 


{5,6} 

{3,4}, {3,6}, {5,6} 

{2,3,4}, {3,6} {5,6}, {2,5} 
{1,2, 3, 4}, {3,6}, {5,6}, {2,5} 
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Bounds on Minimum Number of States 

The collection of all maximum compatibility classes will always con- 
stitute a closed collection because of the corollary to Theorem 6.3-2. Thus 
an upper bound on the number of states in a closed collection is just the 
number of maximum compatibility classes. For Table 6.3-7, this upper 
bound is 4. 

It is also possible to derive a lower bound on the number of states in a 
closed collection by considering incompatibility classes. An incompati- 
bility class is a class of states for which no pair of states in the class are 
compatible. The same procedure as was described for finding maximum 
compatibility classes can be used for finding maximum incompatibility 
classes if pairs of states which are not compatible are listed, rather than 
pairs of compatible states. For Table 6.3-7, the maximum incompati- 
bility classes are 

{1,5}, {1,6}, {2,6}, {3,5}, {4,5}, {4,6} 

Since no two states from the same incompatibility class can occur in the 
same compatibility class, there must be at least as many compatibility 
classes in a closed collection as there are states in the largest incompati- 
bility class. Thus a lower bound on the number of states in a closed 
collection is the maximum number of states in any incompatibility class. 
For Table 6.3-7, this lower bound is 2. 

Forming Closed Collections of Compatibility Classes 

For Table 6.3-7, there is only one collection of compatibility classes 
which includes all the states and has only two members, {1,2, 3, 4} and {5,6}. 
This is not a closed collection, for the inclusion of states 1 and 3 in the same 
class requires states 3 and 6 also to be included in the same class. Thus, 
the lower bound cannot be met, and it is necessary to consider a collection 
containing three classes. If class {1,2, 3, 4} is included in the collection, 
then closure can be satisfied only if classes {2,5}, {3,6}, and {5,6} are also 
included. This shows that there is no closed collection which includes 
class {1,2, 3, 4} and has only three classes in it. On the other hand, 
{1,2, 3, 4} is the only maximum compatibility class which includes state 1. 
From this it can be concluded that, if a closed collection of only three 
members exists, the collection must contain a subclass of { 1,2, 3,4} . Two 
such collections are listed in Table 6.3-7d. These were determined by a 
procedure which is essentially one of trial and error. The minimum- 
state flow table which can be formed from collection (i) is shown in Table 
6.3-7e. 

At the present time, no satisfactory general procedure is known for 
obtaining closed collections of compatibility classes containing a minimum 
number of members: all existing procedures require excessive enumeration. 
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However, there is one very important type of flow table for which it has 
been shown that only maximum compatibility classes need be considered 
in forming the minimum-state flow table. This restriction to maximum 
compatibility classes allows a simple procedure to be formulated. 

Type A Flow Tables 

The most common source of unspecified entries in a flow table is the 
restriction on multiple-input changes for fundamental-mode operation. 
For a large class of such flow tables it is possible to formulate a simple 
procedure for obtaining a minimum-state flow table. 

Definition. A flow table is of type A if and only if : 

1. It is a flow table for fundamental-mode operation. 

2. It is a primitive flow table. 

3. Each unstable next-state entry refers to an internal state 
which is stable for the corresponding input state. 

4. The only unspecified entries are those which occur because 
of a restriction on the input states which can directly follow each 
possible input state. 

It has been shown [9] that for flow tables which satisfy these conditions 
any collection of maximum compatibility classes which contains each state 
in at least one maximum compatibility class will automatically be closed. 
It follows from this that it is always possible to obtain a minimum-state 
table by considering only maximum compatibility classes. 

6.4 FORMATION OF TRANSITION 
AND EXCITATION TABLES 

Once a minimum-state flow table has been obtained, the next step in 
designing a sequential circuit is the formation of a transition table. This 
requires that a unique combination of values of the internal variables be 
assigned to each state of the flow table. For a flow table having r internal 
states, at least So = (log 2 r) internal variables are necessary, since the 
number of different combinations of values which can be assigned to m 
variables is 2 m . It is always possible to realize a pulse-mode circuit which 
uses only S 0 internal variables; for a fundamental-mode circuit it may be 
necessary to use more than So internal variables in order to avoid critical 
races. The formation of transition and excitation tables for pulse-mode 
circuits will be considered first, and then a discussion of the problems 
peculiar to fundamental-mode operation will be presented. 

The flow table of Example 6.1-1 (Table 6.1-1) is repeated in Table 
6.4-la, and the corresponding transition table which results from arbi- 
trarily assigning yiy^ values 00,01,11,10 to states A,B,C,D, respectively, 
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Table 6.4-1. Transition Table for Table 6.1-1 

(a) Flow table ( b ) Transition table 


XiX 2 X1X2 


s 

00 

01 

11 

10 

z 

y m 

00 

01 

11 

10 

A 

A 

C 

_ 

B 

0 

A- 00 

00 

11 

dd 

01 

B 

B 

C 

- 

B 

1 

B- 01 

01 

11 

dd 

01 

C 

C 

D 

- 

A 

0 

C- 11 

11 

10 

dd 

00 

D 

D 

D 

- 

A 

1 

D- 10 

10 

10 

dd 

00 


S FxF 2 


z 

0 

1 

0 

1 


(c) Maps for Y 1 and Y 2 


x x Xi 


2 / 12/2 

00 

01 

11 

10 

00 

0 

1 

d 

0 

01 

0 

1 

d 

0 

11 

1 

1 

d 

0 

10 

1 

1 

d 

0 


F x 


F 1 = x[y 1 + z 2 


X\Xi 


2 / 12/2 

00 

01 

11 

10 

00 

0 

1 

d 

1 

01 

1 

1 

d 

1 

11 

1 

0 

d 

0 

10 

0 

0 

d 

0 


F 2 


F 2 = ZiZj 2 / 2 + 2 2 2 /i + xi y[ 


is shown in Table 6.4-16. Two internal variables are necessary since So 
equals two for a four-state table. Note that the dash entries of the flow 
table become don’t cares in the transition table since any values of internal 
variables are permitted in total states for which the next-state is unspeci- 
fied. The formation of the transition table is straightforward since it 
involves a direct replacement of the same binary number for each appear- 
ance of a state symbol of the flow table. 

If amplifiers or relays are to be used for the circuit realization, the 
excitation table is identical with the transition table. The functional 
expressions for Fi, F 2 , etc., can be obtained directly from the transition 
table by the appropriate minimization procedure. Table 6.4-lc shows 
the maps used in forming the minimal sums for F 1 and F 2 of Table 6.4-16. 
If a circuit is to be constructed using flip-flops, the excitation table differs 
from the transition table and a procedure for the formation of the excita- 
tion table is necessary. 

Formation of Flip-flop Excitation Tables 

For a flip-flop, the required signals at its input terminals are determined 
262 directly by the corresponding values of y and F. Table 6.4-2 shows the 
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Table 6.4-2. Flip-flop Application Table 
for a Set-Reset Flip-flop 


y 

Y 

S 

R 

0 

0 

0 

d 

0 

1 

1 

0 

l 

0 

0 

1 

l 

1 

d 

0 


dependence of S and R upon y and Y for a set-reset flip-flop. Whenever 
the flip-flop is to change state ( y and Y are different), a signal must be 
applied to the appropriate terminal to cause the change. When the flip- 
flop is to remain in the same state, there is a don’t-care entry in the table 
to allow the possibility of applying a signal to the terminal which causes 
the flip-flop to enter the state which it is already in. Thus, if the flip-flop 
is in the 0, or reset, state and is to remain in this state, it is permissible 
either to apply no input signal or to apply an input signal to the reset R 
input. A table such as Table 6.4-2 which shows the relations among y, Y, 
and the flip-flop inputs is called a flip-flop application table. The excita- 
tion table for set-reset flip-flops that is obtained from the transition table 
of Table 6.4-16 is shown in Table 6.4-3. This table is formed by making 
use of the rules embodied in Table 6.4-2. 

For set-reset flip-flops it is possible to obtain a more compact excitation 
table by making use of the special encoding which is shown in Table 6.4-4. 
This possibility arises because only five of the nine combinations of values 
of S and R can ever occur and because S and R are never required to both 
equal 1 in the same state. The, minimal sums for S and R can be deter- 
mined directly from maps of the coded values. The minimal sum for S is 
formed by including all fundamental products encoded with an S and as 
many fundamental products encoded with s or d as are helpful. In the 
minimal sum for R it is necessary to include all fundamental products 
encoded with an R and as many fundamental products encoded with r or d 
as are helpful. The compact form of the excitation table and the forma- 
tion of the minimal sums are illustrated in Table 6.4-5. 

Internal V ariable Assignments— Symmetries 

For pulse-mode operation, any internal variable assignment for which 
a unique combination of values of the internal variables is assigned to each 
internal state will lead to a legitimate sequential circuit. However, the 
choice of a particular assignment can have a considerable effect on the 
economy of the final circuit. It would therefore be desirable to have a 
method of choosing that assignment which would result in the most 
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Table 6.4-3. Use of Set-Reset Flip-flops for Table 6.4-lb 

(a) Excitation table 


2/i2/2 

00 

01 

11 

10 

00 

Od Od 

10,10 

dd,dd 

Od, 10 

01 

0 d dO 

10, dO 

dd j dd 

0d,d0 

11 

d0,d0 

d 0,01 

dd,dd 

01,01 

10 

d0,0d 

d0,0d 

dd,dd 

01, Od 


SiR\,SiRi 

(b) Formation of minimal sums 


X1X2 


2 / 12/2 

00 

01 

11 

10 

00 

0 

1 

d 

0 

01 

0 

1 

d 

0 

11 

d 

d 

d 

0 

10 

d 

d 

d 

0 



Si 

= Xi 




X\X2 


2/i2/2 

00 

01 

11 

10 

00 

0 

1 

d 

1 

01 

d 

d 

d 

d 

11 

d 

0 

d 

0 

10 

0 

0 

d 

0 


Si = y[xi + y[xi 


X1X1 


2/i2/2 

00 

01 

11 

10 

00 

d 

0 

d 

d 

01 

d 

0 

d 

d 

11 

0 

0 

d 

1 

10 

0 

0 

d 

1 



Ri 

= Xi 




X 1 X 2 


2 / 12/2 

00 

01 

11 

10 

00 

d 

0 

d 

0 

01 

0 

0 

d 

0 

11 

0 

1 

d 

1 

10 

d 

d 

d 

d 


Ri = y\X\ + yixi 


z = 2/12/2 + 2 /'i 2/2 


economical circuit. Of course this would depend on the criteria of econ- 
omy which are used, and different assignments could result for different 
criteria. One possibility would be to form the excitation table for each 
possible assignment and then to choose the most economical of the corre- 
sponding circuits. Before advocating such a procedure it would be wise 
to determine the number of such assignments which would have to be 
considered [11]. 

It is not true that the most economical sequential circuit for a given 
flow table will always contain only So internal variables. It may be possi- 
ble to decrease the total number of elements in the circuit by using more 


264 







6.4 formation of transition and excitation tables 


Table 6.4-4. Encoding of Excitation- table Entries 
for Set-Reset Flip-flops 


y Y 

S R 

Coded entry 

0 0 

0 d 

r 

1 0 

0 1 

R 

0 1 

1 0 

S 

1 1 

d 0 

S 

- d 

d d 

d 


Table 6.4-5. Compact Form of Table 6.4-3 
(a) Excitation table 


X1X2 


2 / 12/2 

00 

01 

11 

10 

00 

r,r 

s,s 

d ) d 

r,S 

01 

r,s 

S,s 

d,d 

r,s 

11 

s,s 

s,R 

d,d 

R,R 

10 

s,r 

s,r 

d yd 

R,r 


SlEl,S2«2 


(6) Minimal sums 


XiX 2 


2/i2/2 

00 

01 

11 

10 

00 

r 

s 

d 

r 

01 

r 

s 

d 

r 

11 

s 

S 

d 

R 

10 

s 

S 

d 

R 


$1 = x 2 , R\ - X\ 


XiX 2 

2/i2/2 00 01 11 10 


00 

r 

s 

d 

S 

01 

s 

S 

d 

S 

11 

s 

R 

d 

R 

10 

r 

r 

d 

r 


£2 = y[xi + 2/1X1 

•R2 = yix 2 + 2/1X1 


than the minimum number of flip-flops or feedback loops. In counting 
the number of assignments, only those involving So internal variables will 
be considered. This results in a conservative estimate of the amount of 
work involved in enumeration but simplifies the discussion. It will not 
affect the final conclusions. For a flow table with r rows, the number of 
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Table 6.4-6. Permutation and Complementation 
of Internal Variables 


(a) Assignments 


Internal states 

Assignment I 

Assignment II 

Assignment III 


2/i 2/2 

2/i 2/2 

2/i 

2/2 

A 

0 0 

0 0 

0 

1 

B 

0 1 

1 0 

0 

0 

C 

1 1 

1 1 

1 

0 

D 

1 0 

0 1 

1 

1 


( b ) Excitation functions 


Assignment I 
Y i = fi(yi,yt,xi,xi) 
Y 2 = fa(yi,yt,xi,Xi) 
z = g(.yi,yt,xi,x 2 ) 

51 = hi(y h y 2 ,xi,x 2 ) 
Ri = h 2 (y h y 2 ,xi,x 2 ) 

5 2 = ki(y h y 2 ,xi,x 2 ) 
R 2 = k 2 (y h y 2 ,x h x 2 ) 


Assignment III 
Yi = fi(yi,y' 2 ,xi,x 2 ) 

Y 2 = [fz(yi,y 2 ,xi,x 2 )}' 
z = g{y\,y' 2 ,xi,x 2 ) 

51 = hi(yi,y' 2 ,xi,x 2 ) 
R i = h 2 (yi,y' t ,Xi,x 2 ) 

5 2 = k 2 (yi,y 2 ,xi,x 2 ) 
Ri = ki(yi,y 2 ,x h x 2 ) 


different assignments of So variables is 
2 S »! 

(2 s " - r)! 

This is a rapidly growing function, equaling 24 for r = 3 and 6,720 for 
r = 5. However, it is not necessary to consider each of these assignments 
individually in order to determine the most economical circuit. 

If a circuit were designed for a flow table using assignment I of Table 
6.4-6a, then a circuit corresponding to assignment II could be obtained 
merely by relabeling the appropriate leads in the circuit for assignment I. 
Since assignment II involves a permutation of the variables of assignment 
I, there can be no gain in economy by using assignment II rather than 
assignment I. Thus, assignments which are permutations of the variables 
of other assignments need not be considered explicitly, and only one repre- 
sentative from each permutation class need be studied. 

Assignment III of Table 6.4-6a is obtained from assignment I by 
complementing y 2 . It is possible to obtain the excitation functions for 
assignment III directly from those for assignment I, as shown in Table 
266 6.4-6b. In a flip-flop circuit the change from assignment I to assignment 
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Table 6.4-7. Number of Distinct Assignments of So 
Variables to r States 


r 

-So 

Number of distinct assignments 

i 

0 

1 

2 

1 

1 

3 

2 

3 

4 

2 

3 

5 

3 

140 

6 

3 

420 

7 

3 

840 

8 

3 

840 

9 

4 

10,810,800 


III might involve some rewiring (depending on the type of flip-flop) but 
would not involve the addition of any components. In a circuit using 
feedback loops there is a possibility of a change in the number of required 
inverters. In any case, it is not necessary to construct new excitation 
tables for assignments which differ from an already studied assignment 
only in some complemented variables. Two assignments are said to be 
distinct if it is not possible to obtain one assignment from the other by 
complementing and permuting variables; the number of distinct assign- 
ments of So variables to r states is 

( 2 * - 1 )! 

(2 S ° - r)!(S 0 ! 

The derivation of this formula is given in [11] and will not be discussed here. 
Table 6.4-7 lists the values given by this formula for values of r from 1 to 
9. It is clear from these values that enumeration by hand is feasible for 
values of r up to 4 and that for values of r greater than 9 even use of a 
high-speed digital computer would be highly questionable. Three dis- 
tinct assignments for four states are shown in Table 6.4-8. Research into 
techniques for obtaining assignments for economical circuits without 
resorting to enumeration has been reported in the literature [12,13,14,15]. 
The details of this work will not be presented here since they are quite 
specialized. 
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Table 6.4-8. Three Distinct Assignments of Two Variables 
to Four States 


Assignment I 

Assignment II 

Assignment III 

2/i Vi 

2/i 2/2 

2/i 2/2 

0 0 

0 0 

0 0 

0 1 

0 1 

1 1 

1 1 

1 0 

0 1 

1 0 

1 1 

1 0 


Critical Races [ 1 ] 

A fundamental-mode flow table is shown in Table 6.4-9a, and a transi- 
tion table for this flow table is shown in Table 6.4-95. The three entries of 
Table 6.4-95 which are marked with an asterisk correspond to races, for 
both the internal variables are required to change. The race in the 
XiXi =11 column is noncritical because the stable 11 state will eventually 
be reached independently of the order in which the internal variables 
change. Both the races in the XiX 2 = 10 column are critical. Thus it 
must be concluded that this particular assignment of internal variables 
does not lead to a circuit free of critical races. Permuting or comple- 
menting internal variables has no effect on the situation with respect to 
races. It is therefore reasonable to search for an assignment corresponding 
to a transition table without critical races by examining the other two dis- 
tinct assignments of two variables. It is easily verified that each of the 
two resulting transition tables will also contain critical races. This 
investigation shows that it is not possible to design a circuit for the given 
flow table which contains only two internal variables and is free of critical 
races, f 

A state table which corresponds to the flow table of Table 6.4-9a is 
shown in Table 6.4-9c. For this state table it is possible to form a transi- 
tion table which does not involve any critical races. Such a table is shown 
in Table 6.4-9d. The introduction of two additional states into the state 
table and the specification of multiple transitions permit this elimination 
of critical races. Of course, one additional internal variable is required. 

Row A of the flow table of Table 6.4-9a shows that it must be possible 
to move from state A to state B by changing one internal variable and also 
that it must be possible to go from state A to state C by changing only 

f This statement is true for the design techniques being considered here. If more 
general techniques involving the insertion of controlled delays into the combinational 
circuitry are used, the discussion given here is no longer applicable. 
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Table 6.4-9. Elimination of 

(a) Flow table 
*\*z 


Critical Races 

(A) Transition table for (<z) 
'1*2 
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00 

01 

1 1 

10 

y,/ 2 

00 

01 

1 1 
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A 

© 

B 

C 

c 

00 

© 

01 

11* 

11* 

B 

® 

© 

c 

D 

01 

© 

© 

1 1 

10* 

C 

© 

D 

© 

© 

1 1 

© 

10 

© 

© 

D 

A 

© 

c 

© 

10 

00 

© 

1 1 

© 


S YM 


(c) State table (rf) Transition table for (c) 


s 

00 

*1*2 

01 11 

10 

/i /2 yj 

00 

*1 

01 

*2 

1 1 

10 

A 

© 

B 

C 

c 

000 

(@) 

001 

010 

010 

B 

© 

B 

C 

E 

001 

® 

® 

010 

101 

C 

© 

F 

© 

© 

010 

© 

110 

© 

© 

D 

A 

© 

C 

© 

100 

000 


010 

@ 

E 

- 

- 

- 

D 

101 
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- 

- 

100 

F 

- 

D 

- 

- 

1 1 0 

- 

100 

- 

- 




one internal variable. Thus state A must differ from state B in only one 
internal variable and must also differ from state C in some other single 
variable. Row D of the table shows that states A and D must also differ 
in only one variable. Clearly, with only two internal variables it is not 
possible for state A to differ from each of the remaining states in a differ- 
ent single internal variable. These relations are illustrated in Fig. 6.4-1. 
In this figure each internal state is represented by a node, and two nodes 
are joined by an edge only if the corresponding states must differ in a single 
internal variable. A diagram like this will be called a state adjacency 
diagram. Such a diagram is similar to the n-cubes discussed in Chap. 2 in 
that each edge represents a change in a single variable (two nodes con- 
nected directly by an edge must differ in only one variable) . It is possible 
to obtain a transition table which corresponds directly to a given flow table 
(not to some equivalent state table) and is free of critical races if and only 
if it is possible to label the nodes of an n-cube with the states of the flow 
table so that every pair of states which are connected by an edge on the 
state adjacency diagram are also connected by an edge on the n-cube. 
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A 


Fig. 6.4-1. State adjacency diagram for 
Table 6.4-9a. 

Clearly this is not possible for Fig. 6.4-1 since no n-cube can ever contain a 
closed path consisting of three edges or of any odd number of edges. 

The failure of a state adjacency diagram to satisfy the conditions just 
given does not necessarily mean that a state table with additional states 
must be formed. The flow table shown in Table 6.4-10a also gives rise 
to the state adjacency diagram of Fig. 6.4-1. However, it is possible to 
obtain a circuit that has only two internal variables and is free of critical 
races by transforming this flow table into the state table of Table 6.4-106. 
This can be done because it is possible to replace the transition from state 
A to state D by successive transitions from A to B and thence to D. A 
possibility such as this exists whenever the same state occurs as an unstable 
next-state entry more than once in a single column of the flow table. In 
such cases it is possible to replace the state adjacency diagram with one 
or more weak state adjacency diagrams, each of which represents a state 
table having the same number of states and corresponding to the same 
flow table. There is only one weak state adjacency diagram for Table 
6.4-10a, and it is shown in Fig. 6.4-2. 



Table 6.4-10. Weak Adjacency 


(a) Flow table 
* 1*2 

5 00 01 11 10 


A 

D 

® 

- 

® 

B 

D 

A 

- 

® 

C 
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© 
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A 

D 


C 

- 

0 
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(b) State table 
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00 

*1*2 

01 11 

10 
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B 

® 

- 

® 

B 

D 

A 

- 

® 

C 

© 

© 

- 

A 

D 

® 

C 

- 

B 


5 






Fig. 6.4-2. Weak adjacency diagram for 
Table 6.4-10. 
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6.4 formation of transition and excitation tables 


001 



010 oil 

(a) 


Fig. 6.4-3. Labeling of the 3-cube for the diagram of 
Fig. 6.4-1. (a) 3-cube; ( b ) 3-cube map. 

It is possible to give general conditions for assignments leading to 
circuits free of critical races in terms of the weak adjacency diagrams and 
n-cubes. Any assignment which corresponds to a circuit having no critical 
races can be represented by a labeling of an n-cube such that corresponding 
to each edge of the weak adjacency diagram there is a path between the 
appropriate nodes of the n-cube which does not pass through any other 
nodes of the n-cube with different labels, f For Table 6.4-9o, the weak 
state adjacency diagram is the same as the state adjacency diagram. A 
3-cube labeling that corresponds to Table 6.4-9c and satisfies Fig. 6.4-1 is 
shown in Fig. 6.4-3. 

It is possible to show that any four-row flow table can be realized with a 
circuit free of critical races with at most three internal variables. This is 
done by considering a “worst case” in which all pairs of states are required 
to be adjacent, as in the state adjacency diagram of Fig. 6.4-4. There are 
several labelings of the 3-cube which satisfy the requirements of this 
diagram and therefore of all other diagrams involving four states. One 
such labeling of particular interest is shown in Fig. 6.4-5. This scheme is 
peculiar in that there are two nodes for each state. It is always possible 

t This is a necessary but not a sufficient condition, for it is possible to have the 
paths “interfere” so that some of the intermediate unlabeled nodes would have to 
satisfy conflicting requirements. 
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Fig. 6.4-5. Labeling of a 3-cube to 
satisfy “ worst-case ” require- 
ments for a 4-state table. 


Table 6.4-11. A State Table Corresponding to Table 6.4-9a 
and Using the Labeling of Fig. 6.4-5 


(a) Flow table 


( b ) State table 
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A 
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c 

© 
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© 
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Cy 

© 
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© 
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© 

Dz 

© 

© 






Dy 

Az 
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Cy 
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Dz 

Dy 

© 

Cz 
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to go from any node to a node labeled with any arbitrary other state either 
directly or by passing through a node with the same label as the first node. 
Thus nodes B i and C x can be reached directly from node A i, and node D i 
can be reached from node A i by passing through node A 2 . Table 6.4-11 
shows how this labeling of the 3-cube would be used to form a state table 
corresponding to the flow table of Table 6.4-9a.f 

Standard Assignments for General Flow Tables 

In the preceding discussion it has been shown that any four-state flow 
table can be realized by a circuit requiring at most three internal variables. 

f In Table 6.4-116, the stable A i entry in the total state for xix 2 = 00, s = A, is 
marked with an asterisk. This entry could be replaced by a dash since there is no 
way for the circuit to enter this total state: there are no other stable states in the row 
and there is no other A i entry in the column. 
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6.4 formation of transition and excitation tables 


A question still remains as to how many internal variables are required to 
realize any flow table having r states. Indeed, it is not obvious that an 
arbitrary flow table can always be realized by means of any circuit which 
is free of critical races. It has been shown [1,16] that for any flow table 
with r states, and thus requiring a minimum of So internal variables, it is 
always possible to obtain a circuit which has at most 2So — 1 internal 
variables and does not contain any critical races. Moreover, for any 
value of So, there will be some flow tables which require exactly 2»So — 1 
variables. The details of this demonstration are somewhat involved and 
specialized. They will not be presented here. Instead a technique 
whereby 2<So + 1 variables can be used for any flow table will be discussed. 

If 2 So + 1 variables are used as internal variables for a flow table 
having 2 S ° states, then 2 2S ° +1 combinations of values of the internal varia- 
bles must be assigned to the 2 S » states. This is done by assigning 
2 2S o+i/2 s « = 2 S ° +1 combinations to each state. In other words a state 
table is formed in which each of the states of the flow table is replaced by 
2 S ° +1 states. The manner in which the 2 S ° +1 states are assigned is illus- 
trated in Table 6.4-12 for So = 2 and is carried out as follows: 

1 . An arbitrary correspondence between the 2 s " states of the flow table 
and So internal variables, y h y 2 , ... , y So , is chosen. In Table 6.4-12 
this correspondence is shown in the y\ and y 2 columns. 

2. The 2So + 1 variables to be used in forming the transition table are 
designated y a „ y a „ . . . , y„ So , y fil , 2/0,, . . . , yp So , and y 0 . For all com- 
binations of values of these variables for which yo = 0, the corresponding 
state is determined only by the values of the y ai variables — the values of 
the 1/0, variables have no effect on the assignment. Specifically, when 
y o = 0, the combination of values is assigned to that state for which the 
2/i, 2/2, • • • , 2/s, values agree with the y a „ y a „ . . . , y aso values of the 
combination. For example, in Table 6.4-12 the combination 

2 / 1 , 2 / 0 , 2 / 02 / 0 , 2 / 0 , = 00011 

is assigned to state A because y ai y <, 2 = 00 and y\y 2 = 00 for this state and 
combination. 

When 2/o=l, the state is determined by the values of the yp, variables 
in the same fashion. Thus the combination 2 / 1 , 2 / 1 , 2 / 02 / 0 , 2 / 0 , = 00111 of 
Table 6.4-12 is assigned to state C since 2/12/2 =11 for this state. Table 
6.4-13 lists those combinations of values which would be assigned to a 
single state for So = 3. This technique can be directly extended for 
arbitrary values of S 0 . 

It is now necessary to show that an assignment such as just described 
can be used for a flow table in which transitions between all pairs of states 
are required. The labeling of a 5 -cube map corresponding to the assign- 
ment of Table 6.4-12 is shown in Fig. 6.4-6. This figure shows that every 
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Table 6.4-12. Assignment of 2So + 1 Variables 
to 2 S « States for So = 2 


States 

2/i2/2 

2/<*i2/a 2 

2/0 

2/0i2/0j 
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0 
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0 

1 
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0 

0 
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0 

0 
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0 

0 
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1 
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0 
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6.4 formation of transition and excitation tables 

Table 6.4-13. Assignment of Variables to a Single State 

for So = 3 


State 

2/12/22/3 

2 /ai 2 /a 2 2 /aj 

2/0 
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A state is adjacent to some B state and to some D state but that only the 
A states marked with an asterisk are adjacent to a C state. Thus, in 
order to make the transition from a specific A state to a C state, it may 
first be necessary to enter one of the A states adjacent to a C state before 
making the transition to a C state. If t/o = 0 for the original A state, this 
is done by changing the variables until they become equal to the 
values of the 2 / 13/2 variables for the state C. Then the value of y<, is changed 
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ya, /a 2 
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Fig. 6.4-6. The 5-cube labeling corresponding to the 
assignment of Table 6.4-12. 
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Table 6.4-14. A Fragment of a Flow Table Illustrating 
Use of a 2S 0 + 1 Assignment for S 0 = 2 


(a) Flow table 
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' 0 
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Transition table 


(£) 

y* 2 /o y» 2 

oooo 
0 0 0 1 
0 0 11 

0 0 10 

0 10 0 

110 0 
110 0 
0 10 0 


10 0 0 
10 0 1 
10 11 
10 10 
0 111 
1111 
1111 
0 111 


0001 1 * 

0 0 0 11 
0 0 111 
0 0 0 11 
11100 * 
1110 0 
110 0 0 
1110 0 

I 

I I 

I I 

] I 

Ci looo) 


(00111) 


r 0 r A Y„ z 


so that the state is determined by the y^yp 2 variables. An analogous 
technique is used when y o = 1 for the original state. This is illustrated in 
the fragment of a transition table shown in Table 6.4-14. The corre- 
sponding transition diagram is shown in Fig. 6.4-7. 

Two of the entries in Table 6.4-146 are marked with an asterisk because 
they involve races. These races are not critical, for the relative order in 
which the two unstable variables change will not affect the final stable state 
reached. The time required for any transition in a circuit using this type 
of assignment cannot be greater than twice the longest time required to 
change any internal variable. This is because any transition involves 
passing through at most two unstable entries in the state table. A non- 
critical race involves only one reaction time since both variables are chang- 
ing at the same time. It is possible by means of a different technique to 
realize any flow table by a circuit which requires only one reaction time 
for any transition [1,16]. However, this technique requires 2 S « — 1 
276 internal variables. 


problems 


Fig. 6.4-7. Transition diagram for Table 
6.4-14. 


W« 2 /o 


0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 1 
0 1 1 
1 1 1 
1 0 1 


1 1 0 
1 1 0 
1 1 0 
1 t 0 
0 0 1 

0 t 1 

1 1 1 
1 0 1 


0 0 
0 1 
1 t 
1 0 
0 0 
0 0 
0 0 
0 0 


0 0 
0 1 
1 1 
1 0 
1 1 
1 1 
1 1 
1 1 



This presentation shows that any flow table can be realized by using 
at most 2 So + 1 variables. The feasibility of using only 2So — 1 variables 
is demonstrated in the references cited earlier. The problem of deter- 
mining the minimum number of internal variables required to realize a 
given flow table by means of a circuit free of critical races is still unsolved. 


Problems 

1. A circuit is to be designed having two pulse inputs Xi and x 2 and one d-c 
output z. Whenever an Xi pulse is received, the output is to become equal 
to 1, provided that there have been exactly two x 2 pulses after the last 
previous X\ pulse. Otherwise the output is to remain equal to 0. Once 
the output becomes equal to 1, it is to remain equal to 1 until the next x 2 
pulse. Whenever an x 2 pulse is received, the output is to become equal to 
0. 

Write a (pulse-mode) flow table for this circuit. 

2. A circuit is to be designed having two pulse inputs Xi and x 2 and two d-c 
outputs Z i and Z 2 . The inputs are restricted so that X\ and x 2 are never 
simultaneously equal to 1. When either X\ or x 2 is equal to 1, the corres- 
ponding output Z\ or Z 2 is to be equal to 1. When x 1 and x 2 are both 
equal to 0, Z i is to be equal to 1 if x 1 was the last input equal to 1 and Z 2 
is to be equal to 1 if x 2 was the last input equal to 1. Zi and Z 2 are never 
both equal to 1. 
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(а) Write the fundamental-mode primitive flow table and output table for 
this circuit. 

(б) Write the fundamental-mode flow table and output table for the same 
circuit without the restriction that aq and x 2 are never both equal to 1, but 
with the restriction that the x x pulses and x 2 pulses both have the same fixed 
duration when X\ = x 2 = 1, Zi = Z 2 = 1. 

(c) Simplify the tables of (a) and (6) to tables having a minimum number 
of states. 

3y Find state tables which specify the same external behavior as the accom- 
panying tables and which also have the minimum possible number of 
internal states. 



Table H 



S 


(а) Let A be — 

B be — 

(б) Let A be 6 

B be — 

(c) Let A be 6 
B be 1 

4. A circuit is to be designed in which two push buttons A and B control the 
lighting of two lamps G and R. Whenever both push buttons are released, 
neither lamp is to be lit. Starting with both buttons released, the operation 
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problems 

of either button causes lamp G to light. Operation of the other button, with 
the first button still held down, causes lamp R to light. Henceforth, as long 
as either button remains operated, the button which first caused lamp R to 
light controls lamp R — causing it to extinguish when the button is released 
and to light when the button is operated. The other button controls lamp G 
in the same fashion. It is not possible to operate or release both buttons 
simultaneously. 

(а) Form the primitive state table for the circuit just described. 

(б) Reduce the number of states if possible. 

(c) Assign secondary variables so that no critical races occur. 

5. The accompanying flow table specifies the behavior of a circuit in which 
the duration of the input pulses is controlled so as not to exceed a fixed time 
interval r. Draw a primitive flow table for a circuit which has the same 
behavior when the restriction on the length of the pulses is removed. 

Assume that no double changes of input occur and that X\ and Xz are never 
both equal to 1. 


*\*z 
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6. For the accompanying flow table: 


c* 1*2 
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(n) Write the transition table when the following assignment of internal 
variables is used : 


Sj Vi Vi 

1 0 0 

2 0 1 

3 1 1 

4 1 0 


(6) Write the excitation table when (set-reset) flip-flops are used for memory 
devices, and derive the expressions for Si, R h S 2 , Ri. 

(c) Write the excitation table when flip-flops are used which go to the set 
state ( y = 1) when the set lead J is pulsed, which go to the reset state 
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( y = 0) when the reset lead K is pulsed, and which change state when both 

Q set and reset leads are pulsed. 

Simplify the accompanying flow table if possible. 
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1 
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1 
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© 

© 

4 

0 

0 

0 
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S Z 


8. An electronic sequential circuit is to be designed using flip-flops and diode 
gates. The two circuit inputs X and C are pulses which never occur simul- 
taneously. The C pulse occurs periodically, as shown in Fig. P6-8. The 
X pulse can appear (if it does appear) only singly and midway between two 
successive C pulses. The single level output Z is high in the interval 
between two successive C pulses if and only if the preceding interval con- 
tained an X pulse. 

(а) Derive a minimum-row flow table and output table for the circuit 
specified above. 

(б) Derive an excitation table. 

(c) Derive an economical circuit using flip-flops and diode gates. 


r~i r~ i 


9. A sequential relay circuit is controlled by two keys K i and K 2 and has a 
single output Z. Either key, when depressed, remains depressed for a fixed 
interval of time, d. (You may assume that no double changes of input 
state occur.) The output Z changes state only when either K i or K 2 is 
depressed (no output change occurs when a key is released). The closing 
of K i assures that Z changes to (or remains at) the 0 state. The closing of 
if 2 assures that Z changes to (or remains at) the 1 state. 

(а) Draw a primitive flow table for this circuit. 

(б) Draw a minimum-row flow table — two rows are sufficient. 

(c) Design an economical relay circuit. A total of two coils and nine 
springs is sufficient. (No isolation is necessary between inputs and output 
or between the secondary-relay control network and the output.) 

10. For the accompanying primitive flow table, draw a diagram showing which 
rows can be merged. Draw all possible merged flow tables which require 
no more than two secondary relays. 
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11. A sequential circuit is designed using the assignment of internal variables 
shown in Table I, and the resulting equations are 


Y i = f\(yi,y*,yz,x h x 2 , . 

. fX r ) 

Y 2 = ft{yi,yi,yhXhXi, . 

• ,Xr) 

Yi = f 3 (yi,y 2 , y 3 , x h x 2 , . 

■ ,Xr) 

= 9i(yi,y2,y3,x h x2, . 

. fX r ) 

Z* = 92(yi,yi,y3,x h x2, . 

■ ,Xr) 


If the assignment of Table II is used for the same flow table, write expres- 
sions for Y i, Y 2 , Y 3 , Z i, and Z 2 in terms of f h f 2 , f 3 , g h and g 2 . 


Table I Table II 
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1 
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1 

7 

1 
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0 

1 
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8 
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1 

1 

8 

0 

1 
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12. A sequential circuit (serial adder) having four inputs — c, v, w, x — is to be 
designed. The input c represents a clock pulse, and the inputs v, w, and x 
represent three binary numbers. There is to be a single output z, which 
represents the arithmetic sum of the three inputs. 

One bit of the sum is to occur as an output pulse on either the z or the z' 
leads whenever a pulse occurs on the input lead. 

(a) Draw a pulse-mode flow table for this circuit — include only those 
columns of the flow table which correspond to c = 1. 

( b ) Draw a flow table for a circuit which has the same performance as (a) 
except that the output is a level which remains on the z lead until the next 
clock pulse occurs. 
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13. The accompanying flow tables describe fundamental-mode sequential cir- 
cuits. You are to assign combinations of internal variables (yiyt • • • y s ) 
to the internal states, so as to avoid critical races, and form an excitation 
table for FiF 2 ■ • • F s . Assign the all-0 combination to state 1. Do not 
reorder the rows of the table. Additional rows may be added if necessary. 
Use as few internal variables as possible. 
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(b) 


(a) 

14. Find the minimum-row flow table which has the same terminal behavior 
as the accompanying flow table: 
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TRANSIENT BEHAVIOR 
OF SWITCHING CIRCUITS 


In the preceding chapters certain idealizing assumptions regard- 
ing the performance of the elements of switching networks have 
been made, and the effects of delays in responding to signal changes 
or in propagating signal changes have been ignored. It is possible 
for the spurious delays in a network to affect the network perform- 
ance so that the behavior is changed significantly. This can be 
true in both combinational and sequential networks, although the 
effects are most serious in sequential networks, either because of 
effects inherent in the sequential nature of the network or because 
of the results of these effects in the combinational portion of the 
sequential network. The purpose of this chapter is to investigate 
the effects of spurious delays in switching networks and to develop 
techniques for controlling these effects. 


7.1 COMBINATIONAL NETWORKS 

In Chap. 3, a switching algebra was developed for representing 
combinational circuits. The assumptions made in this develop- 
ment apply specifically to steady-state performance of combina- 
tional circuits and are not all valid when circuit inputs are being 
changed. During an input change it is possible for a circuit to 
have an output different from that predicted by its switching- 
algebra representation. A simple situation in which this can 
occur is illustrated in Fig. 7.1-1. For this circuit the switching 
algebra predicts that S 2 will equal 0 whenever both w and x equal 0, 
irrespective of the value of y. However, many types of set-reset 
flip-flops have the property that when the flip-flop is changing 
state there is a short period of time during which both the y and y' 
outputs are at a high voltage level. Thus it is possible for y and 
y' momentarily both to be equal to 1. If the delays through the 
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Fig. 7.1-1. Circuit with possible 
spurious output. 


7.2 analysis 


ir = 0 



x=0 

S z = (t v+y)(x + /') 


remaining gates are sufficiently uniform, it is possible for both inputs to 
the AND gate momentarily to be equal to 1. If this occurs, a short pulse 
will appear at the St input. Whether this pulse has any effect on flip- 
flop 2 depends on the specific electrical characteristics of the flip-flop. 
The possibility does exist that the flip-flop will be switched to the set state 
by the pulse. 

There are several techniques for correcting a situation such as that 
shown in Fig. 7.1-1. One technique is to design the flip-flops so that they 
will not respond to short input pulses. This usually results in slower- 
acting flip-flops and can slow down the response of the entire circuit. A 
circuit designed in this fashion is sensitive to changes in circuit parameters 
and is in this sense somewhat unreliable. 

Another possibility is that of redesigning the combinational circuit so 
that it is not possible for spurious output pulses to occur. For the circuit 
of Fig. 7.1-1 this can be done by using the expression ( w + y)(x + y')(w 
+ x ) for Si rather than (w + y)(x + y'). The introduction of the gate 
corresponding to ( w + x) prevents the generation of the spurious output 
pulse. 

In this chapter systematic procedures will be developed for analyzing 
a circuit to determine whether or not there is any possibility of spurious 
outputs being generated. Synthesis procedures for designing circuits 
which cannot produce spurious outputs will also be developed. 


7.2 ANALYSIS 

In developing switching algebra, it was implicitly assumed that there 
were no delays in combinational circuits. All make contacts on the same 
relay were represented by the same variable, implying that they all close 
or open simultaneously. In gate networks, the propagation time of a 
signal along a wire and the delay in a gate responding to an input change 
were both ignored. In order to develop a technique for treating transient 
performance, it is necessary explicitly to include the possibility of such 
delays. 

Contact Networks 

In contact networks the possibility of nonsimultaneous action of the 
contacts on a single relay can be explicitly accounted for by assigning a 
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different symbol to each contact. This can easily be done by using the 
same letter for all contacts on one relay and attaching a different subscript 
to each contact. This process of subscripting variables is illustrated in 
Fig. 7 . 2 - 1 . The transmission function for a contact network with the 
variables subscripted in this fashion is called the transient transmission 
function T tr . This function accurately represents the network perform- 
ance even during input changes. The performance can also be represented 
by means of the P sets and S sets described in Chap. 3 if subscripted varia- 
bles are used. The P sets and S sets can be obtained directly from the 
circuit diagram by tracing paths. They can also be obtained from the 
transient transmission function T tr . If T tr is “multiplied out” into sum- 
of-products form by using the theorems X(Y + Z) = XY + XZ, 
X ' X = X, X -\- X = X, and X + XY = X, each product term in the 
resulting expression will correspond to one P set. Thus, for the circuit 
of Fig. 7 . 2-1 


Ttr — <11(63 + b' 2 cf) + 6i(ci + 6263) 
= « 163 "b ai6 2 ci + 61C1 + 616263 


and the P sets are 

{<11,63} 

{ai,6 2 ,Ci} 

{61, Ci} 

{61,62,63} 

The S sets can be obtained by “adding out” the transient trans- 
mission function into product-of-sums form by using the theorems 
X + YZ = (X + Y)(X + Z), X + X = X, X ■ X = X, X(X + 7 ) = X. 



r ss = ab + be + ab'c 

T~tr Q-y [ b + b^cy) * by (c, +^2^3! 


Fig. 7.2-1. Subscripting of variables in a contact 
network, (a) llnsubscripted variables; 
( 6 ) subscripted variables. 
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Each sum factor in the resulting expression corresponds to an S set. Thus 

T tr = <11(63 + 62C1) + 6l(Cl + 6363) 

= Ui( 6 3 + 62) (63 + ci) + 6i(ci + 62) (ci + 63) 

= 0>3 + Ci) [a i(6j + 63) + 61(62 + ci)] 

= (63 + ci)(oi + 61) (01 + 6^ + ci) (61 + 6' + 63) (&J + 63 + ci) 

- (b 3 + ci)(oi + 61) (ai + 62 + ci) (61 + 62 + 63) 

and the S sets are 

{&3,Clj 

{01,61} 

{«l,?>2,Cl} 

{61,62,63} 

These P sets and S sets should be verified by path tracing on the circuit 


Gate Networks 


In gate networks it is necessary to account explicitly for the delay in 
propagating a signal along a wire. This can be done by associating a 
direction of propagation} and a delay with each wire in the circuit. Each 
wire is assigned an arbitrary number as in Fig. 7.2-2. If the lead is labeled 
*» :t 1S assu med that the delay associated with the lead is rl„ There are 
two ends for each wire— end I, which is connected either to a circuit input 
or to a gate output, and end II, which is connected to a gate input or to a 
circuit output. The direction of signal propagation is from end I to end 
II. It the signal occurring at end I of a lead labeled i is a(t), then the sig- 
nal present at end II of this lead will be a(t - *). This relationship will 
be indicated by labeling end II with the symbol a,, representing a(t - d,) 
as shown m Fig. 7.2-3. Similarly, if end I of lead i is labeled a jk , repre- 
senting a(t - di - d k ), then end II will be labeled a jki , representing 


nan h Th<? f ° llo . W ? g .^® velo P“ lent is valid only when a unique direction of propagation 

lUs normal W w & C ‘ rCUlt ' This is not an important restriction, for 

t is normally possible to do this for gate networks. 



Fig. 7.2-2. Labeling of leads in a 
GATE network. 


ait-di) 


I H 

Fig. 7 .2-3. Labeling of leads. 
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Fig. 7.2-4. Formation of transient output function. 


aft — di — dj — dk ) ; and if end I is labeled a, (6' + c,), then end II is 
labeled + c„). The analysis of a gate network is carried out by 

following these labeling rules and by making use of the logical properties 
of the gates to derive an output expression from the symbols for the input 
signals. This is illustrated in Fig. 7.2-4 for the circuit of Fig. 7.2-2. 
The resulting output expression is called the transient output function and 
represents the output correctly even when the inputs are changing pro- 
vided that the subscripted variables are properly interpreted. 

The transient performance of gate networks can also be represented 
by means of P sets and S sets. The extension of the Chap. 3 techniques 
to the transient situation is analogous to the extension for contact net- 
works. Thus, for Fig. 7.2-4 the P sets and S sets are as shown in the 
tabulation. 


P sets S sets 


{ « 16,?>26 } 
{a 4 7 8 ,&3 8 } 
{ ^ 38 J C 678 } 


{(Il6,&3 8 } 

{& 26 ,& 3 8 } 

{ai6,«478( C 57 8 5 

{a 478 ,f) 26 ,C 6 7 8 } 


7.3 STATIC HAZARDS 

In the preceding section, analysis techniques which are valid for 
combinational circuits during transient conditions were developed. Of 
particular interest is the question of whether or not spurious, momentary, 
false outputs can occur in a specific network during changes of input. 
Before developing techniques for testing networks for such outputs, the 
network of Fig. 7.1-1 will be analyzed by means of the transient-analysis 
techniques to illustrate the relations between the P sets, S sets, and 
spurious outputs. 

The transient analysis of the circuit of Fig. 7.1-1 with the flip-flops 
288 removed is shown in Fig. 7.3-1. In the previous discussion of this circuit 
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Fig. 7.3-1. Transient analysis for 
Fig. 7.1-1. 



f 


[a) Network 

ftr ~ ( | *'15 + /2s) l/36 + *46^ 

(£) Tronsient output function 

{ ,t 'l5’' r 46}’ f/25’ ■‘w)' (/25> /36) 

(c) P sets 

{*i5’>'25}- {/36. *46 } 

Id) S sets 


it was concluded that a spurious 1 output could occur when w = x = 0 
and both y and y' become equal to 1. This possibility is explicitly indi- 
cated by the P set { 2 / 25 , 2 / 36 } • It will be shown that the possibility of a 
spurious output is always indicated by the presence of a pair of comple- 
mentary literals, such as 7/25 and in a single S set or P set. 

The following discussion will be restricted to single-variable changes 
at the input, since it is not generally possible to prevent spurious outputs 
for multiple-variable changes. As in the earlier chapters an input state 
is an assignment of a value to each of the input variables, and two input 
states are adjacent if they differ only in the value assigned to one of the 
input variables. Transitions between pairs of input states which both 
produce the same steady-state output will be considered first. If it is 
possible for a spurious output to be produced during such a transition, the 
transition is said to correspond to a static hazard. 

Definition. A static 1 hazard is a transition between a pair of adja- 
cent input states which both produce a 1 output, during which 
transition it is possible for a momentary 0 output to occur. 

Definition. A static 0 hazard is a transition between a pair of 
adjacent input states which both produce a 0 output, during which 
transition it is possible for a momentary 1 output to occur. 

Thus the behavior discussed in connection with Fig. 7.3-1 corresponds 
to a static 0 hazard. The presence of a static hazard in a network does 
not mean that the corresponding transition will actually produce a spuri- 
ous output. Whether or not the spurious output occurs will depend on 
the specific values of the delays in the circuit. The precise relation 
between static hazards and P sets or S sets having pairs of complementary 
literals is given by the following theorem: 
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Theorem, 7.3-1. A static 0 hazard exists in a network if and only 
if the following two conditions are satisfied: 

1. There is a P set of the network, 

K.\ = { cij , i > 2 > • • • • ••>£*} 

in which the same variable may appear with different (multiple) 
subscripts but exactly one variable ( x ) appears both complemented 
and uncomplemented. 

2. There is at least one pair of (adjacent) input states of the 
network satisfying the following: 

(а) Both input states produce 0 outputs. 

(б) The variable x is equal to 0 for one of the states and equal 
to 1 for the other state of the pair. 

(c) Each other (non-x) literal of K\ is equal to 1 for both 
input states. 

proof. First it will be shown that if the conditions of the theorem are 
satisfied there will be a static 0 hazard present (sufficiency of the 
theorem). Condition 2(a) guarantees that there is a pair of adja- 
cent input states which both produce 0 outputs. If the network 
is placed in the one of these input states for which x = 0, all the 
subscripted literals of K\ except Xi will become equal to 1 before 
any further input changes. This is true because of condition 2 
and because it is assumed that an input variable is not changed 
until all previous input changes have propagated through the net- 
work (the network has “settled down”). If x is now changed to 1, 
it is possible for Xi to become equal to 1 before x' becomes equal to 
0. If this happens, all the literals of K\ are equal to 1 and a 1 out- 
put must be produced. Eventually x' will become equal to 0, and 
the network output will return to 0. Thus, if the conditions of the 
theorem are satisfied, it is possible to have a spurious 1 output 
depending on the sequence in which X; and x,- change. 

In order to prove the necessity of the theorem, it will be assumed 
that a static 0 hazard exists. Thus there must be two adjacent 
input states, which both produce 0 outputs, such that during a 
transition between these two states a spurious 1 output may be pro- 
duced. Let the variable in which these input states differ be x. 

The spurious 1 output requires that the network contain a P 
set with the following properties: (1) Each variable which is equal 
to 0 for the pair of input states must either be absent from the P 
set or must appear only complemented. (2) Each variable which 
is equal to 1 for the pair of input states must either be absent from 
the P set or must appear only uncomplemented. If a variable 
which is equal to 0 (1) for both input states appeared uncomple- 


290 


7.3 static hazards 


mented (complemented) in the P set, it would not be possible for 
all literals in the P set to be equal to 1 during the transition between 
the two input states and consequently the P set could not produce 
a 1 output during this transition. (3) If only the literals specified 
by conditions (1) and (2) appeared in the P set, all literals of 
the P set would be equal to 1 for both input states. This cannot 
be, because it was assumed that both input states produce 0 out- 
puts. If x or x' appeared in the P set, all literals of the P set 
would equal 1 for one of the input states. The only way to have at 
least one literal of the P set equal to 0 for each input state of the 
pair of adjacent input states and still satisfy conditions (1) and 
(2) is to have both x and x' appear in the P set. If another variable 
such as y appeared in the P set both complemented and uncomple- 
mented, it would not be possible to have all literals of the P set 
equal to 1 during a single input-variable change. When only one 
variable is changing, only one pair of complementary literals can 
both equal 1. Conditions (1), (2), and (3) are the same conditions 
as are given for the P set K x of the theorem. Therefore the neces- 
sity of the theorem is proved. 

It should be pointed out that there are two assumptions inherent in 
the proof just given, and the theorem is valid only when these assump- 
tions are legitimate. The first assumption is that the input is changed 
only after the network has settled down ; i.e. , all changes from the previous 
input change have propagated throughout the network. The second 
assumption is that no “bounce” signals are present — once an input changes, 
it retains its new value until the next input change. This second assump- 
tion is not always valid for contact networks, since a contact may close, 
then bounce open, and then finally close and remain closed. It is clear 
that this phenomenon can cause a spurious output, but this type of 
behavior will not be discussed here. 

There is a corresponding theorem for static 1 hazards. Since the proof 
of this theorem is directly analogous to the proof just given, it will be 
omitted. 


Theorem 7.3-2. A static 1 hazard exists in a network if and only 
if the following two conditions are satisfied : 

1. There is an S set of the network, 

K 0 = . . . ,x,-,x', . . . ,z*\ 

where the same variable may appear with different subscripts 
but exactly one variable (x) appears both complemented and 
uncomplemented. 
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2. There is at least one pair of (adjacent) input states satisfy- 
ing the following: 

(а) Both input states produce 1 outputs. 

(б) The variable x is equal to 0 for one of the states and equal 
to 1 for the other state of the pair. 

(c) Each other (non-x) literal of Ko is equal to 0 for both 
input states. 

Removal of Subscripts 

In the two preceding theorems no conditions are placed on the sub- 
scripts of the variables referred to. Thus it is possible to omit the sub- 
scripts and use only the original unsubscripted variables. Whether a 
variable such as z appears only once as z* in the P set. K i or appears several 
times as z*, z*, . . . , the conditions of part 2 of the theorem remain 
unchanged. The important thing is that if z* equals Zk then z* must 
equal z m , etc., or if z* equals z k , then z* must equal z' m , etc. Identifying 
the same literals with different subscripts will not change any of the condi- 
tions of the theorems. This can be done by simply omitting the sub- 
scripts. It is, however, necessary to preserve carefully the difference 
between a variable and its complement. In particular the possibility of 
both a variable and its complement appearing in the same P set or S set 
must be preserved, since this is the critical characteristic of P sets or S 
sets which give rise to static hazards. 

Definition. The set which results when the subscripts are removed 
from the literals of a P set (S set) and then repetitions of the same 
literals are removed will be called a 1 set (0 set). 

Since it is usually easier to work with the unsubscripted variables, 
Theorems 7.3-1 and 7.3-2 will be restated in terms of 1 sets and 0 sets. 

Theorem 7.3-3. A static 0 hazard (1 hazard) exists in a network if 
and only if the following two conditions are satisfied: 

1. There is a 1 set (0 set) of the network, 

L = {a*,b*, . . . ,x,x', . . . ,z*\ 

where exactly one variable (x) appears both complemented and 
uncomplemented. 

2. There is at least one pair of (adjacent) input states of the 
network satisfying the following: 

(a) Both input states produce 0 (1) outputs. 

( b ) The variable x is equal to 0 for one of the input states 
and equal to 1 for the other state of the pair. 

(c) Each other (non-a;) literal of L is equal to 1 (0) for both 
input states. 
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It would be possible to obtain the P sets and S sets with subscripted 
variables and then to remove the subscripts. This process is not particu- 
larly attractive in that it would in no way reduce the complexity of the 
analysis procedure. Much more desirable would be a procedure that 
never required the introduction of subscripted variables. The subscripts 
need never be introduced provided that any pairs of complementary literals 
such as x and x' are treated as if they had different subscripts. That is, 
x and x' must be treated as distinct literals rather than as complements. 
Removal of the subscripts allows the identification of the same literals 
and use of the corresponding theorems, such as X + X = X, X ■ X = X, 
X + XF = X, X(X + F) = X. Pa : rs of complementary literals must 
be treated as if they corresponded to different variables, and theorems such 
as I + I'= 1, I-I' = 0, 1 + X'Y = X + F, X(X' + Y) = XY, 
XY + X'Z + YZ = XY + X'Z, and (X + Y)(X' + Z)(Y + Z) = (X 
+ T)(X' + Z) must not be used. 

DeMorgan’s theorem 

(X + Y + ■ ■ • + Z)' = X'Y' ■ ■ ■ Z' 

and 

(XY • • • Z)' = X' + Y' + • • • Z 
involves no “cancellation” of complementary literals and may still be used. 

An Example of the Use of Theorem 7.3-3 

In Fig. 7.3-2 a network is shown which will be used to illustrate 
Theorem 7.3-3. Specifically, this network will be analyzed to determine 
which static hazards are present. The 1 sets are listed in Table 7.3-1 and 
can be obtained as follows: 

/ = wxy + (w + z)(w' + y') 
f = wxy + w(w' + y') + z(w' + y') 
f = wxy + ww' + wy' + w'z + y'z 

Table 7.3-1 also lists the 0 sets, which can be obtained as follows: 

/ = wxy + (w + z)(w' + y') 
f — (wxy + w + z)(wxy + w' + y') 
f = (w + z)(wxy + w' + y') 

f = (w + z)(w + w' + y') (x + w' + 2 /') (y + w' + y') 


X 


Fig. 7.3-2. Network to illus- 
trate Theorem 7.3-3. 
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Fig. 7.3-3. Map for the output function 
for the network of Fig. 7.3-2. 
Each static hazard of the net- 
work is indicated by a rhom- 
bus on the map. 


Table 7.3-1. The 1 Sets and 0 Sets for Fig. 7.3-2 

1 sets 0 sets 

{w,x,y\ {w,z} 

{ w,y'\ {w',x,y'\ 

{w',z} { w,w',y '} 

{y',z} W,y,y') 

{ w,w'\ 


There are two 0 sets and one 1 set which satisfy the conditions given in 
Theorem 7.3-3 for the set L. The 0 set {w',y,y'\ will be considered first. 
This 0 set will give rise to a hazard if and only if there is a pair of adjacent 
input states of the network which: 

1. Both produce 1 outputs 

2. Have y = 1 for one of the input states and y = 0 for the other input 
state 

3. Have w = 1 for both input states 

The map for the output function of this circuit is shown in Fig. 7.3-3. 
Examination of the map shows that the pair of states for which w = 1, 
x = 1, z = 1 satisfies these conditions as does also the pair of states for 
which w = 1, x = l,z = 0. Thus, the 0 set \w' ,y,y'} gives rise to two 
static 1 hazards. 

By a similar process it can be determined that the 0 set [w,w' ,y'} gives 
rise to a static 1 hazard corresponding to the pair of input states for which 
x — 1, y = 1, z = 1. The 1 set {w,w'\ will give rise to a static 0 hazard 
if there are two adjacent input states which both produce a 0 output and 
differ only in the value of the w variable. Inspection of Fig. 7.3-3 shows 
that the pair of input states for which x = 0, y = 1,2 = 0 satisfies these 
conditions and therefore corresponds to a static 0 hazard. Each pair of 
input states which corresponds to a static hazard is enclosed in a rhombus 
in Fig. 7.3-3. 
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A Test Procedure 

In using Theorem 7.3-3 to test for the presence of hazards in a network 
it is inconvenient to have to search pairs of states on a map in order to 
determine whether condition (2) of the theorem is satisfied. For functions 
of a large number of variables such a search can be extremely tedious, if 
not impossible. It is possible to restate part (2) of Theorem 7.3-3 in 
various forms which are more convenient for computation. These are 
rather straightforward and are described in the literature [1]. 

Alternative Conditions for Static Hazards 

The Theorem 7.3-3 technique for analyzing networks requires that both 
the 0 sets and 1 sets be formed. For many networks it is relatively easy 
to obtain the 1 sets but comparatively difficult to form the 0 sets, or vice 
versa. Also, any synthesis procedure for hazard-free networks based on 
Theorem 7.3-3 would require that both the 0 sets and 1 sets of the network 
be “controlled” in the procedure. Usually, in designing networks it is 
possible to specify only the 1 sets (or 0 sets) . By developing the theory of 
hazards further it is possible to specify techniques which require knowledge 
of the 0 sets or 1 sets, but not both, and which permit a network to be 
analyzed for the presence of hazards or a hazard-free network to be 
designed. These techniques depend on the theorems to be proved next. 

In the previous theorems, the relationship between 0 sets and 1 hazards 
(1 sets and 0 hazards) was studied. The effects of 1 sets on 1 hazards 
(0 sets on 0 hazards) must be considered next. 

Consider two adjacent input states which differ only in the value of x, 
and suppose that there is a 1 set which has all its literals equal to 1 for both 
the input states. For Fig. 7.3-2 such a pair of states might be those with 
w = 0, y = 0, z = 1, and the appropriate 1 set would be {w',z j. In a 
transition between such a pair of input states there can be no spurious 
0 output, since the 1 set has all its literals equal to 1 throughout the transi- 
tion (the 1 set cannot contain x or x' , since all its literals equal 1 for both 
input states). The converse of this statement is also true. If there is a 
pair of adjacent input states which both produce a 1 output and there is 
not a 1 set having all its literals equal to 1 for both input states, the pair 
of input states will correspond to a hazard. 

Definition. A 1 set is said to cover an input state if all the literals 
of the 1 set are equal to 1 for the input state. 

The 1 set \w,x,y\ covers the input states w = 1, x = 1, y = 1, z = 0 
and w = l,x = l,y = l,z = 1 but does not cover the input state w = 0, 
x = 1 , y = 1 , z = 1 . 

Definition. A 0 set is said to cover an input state if all the literals 
of the 0 set are equal to 0 for the input state. 
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The 0 set {w,z\ covers the input states for which w = 0 and z = 0 
but does not cover any input states having w = 1 or z = 1. 

A 1 set or 0 set which contains one or more pairs of complementary 
literals cannot cover any input states. In the following it will be useful 
to treat such 1 sets and 0 sets specially. 

Definition. A 0 set (1 set) which does not contain any pair of 
complementary literals will be called a stable 0 set ( stable 1 set). 

Definition. A 0 set (1 set) which contains at least one pair of 
complementary literals will be called an unstable 0 set ( unstable 
1 set). 

Theorem 7.3-4. f A static 1 hazard (0 hazard) exists in a network 
if and only if : 

1. There is a pair of adjacent input states which both produce 
1 outputs (0 outputs). 

2. There is no 1 set (0 set) of the network which covers both the 
input states of the pair. 

proof. The necessity of the theorem was demonstrated in the pre- 
vious discussion. To prove sufficiency, assume that a pair of adja- 
cent input states exists, differing only in one variable (say u), 
which both produce 1 outputs and that no 1 set covers both input 
states. There are two types of 1 sets: those which do not cover 
either input state of the pair and those which cover one of the input 
states of the pair. The 1 sets which cover neither input state have 
at least one literal equal to 0 for both input states. The 1 sets 
which cover one input state must include either an co or co' since this 
is the only variable in which the input states differ. If both co and 
co' are set equal to 0, there will be no 1 set with all its literals equal 
to 1. Thus the network output must be 0 for this situation, and 
there must be a corresponding 0 set which includes co, co', and 
perhaps some additional literals (complemented if the variable is 
equal to 1 for the input states, and uncomplemented if the variable 
is equal to 0 for the input states) . Thus the conditions of Theorem 
7.3-3 must be satisfied, and the pair of states must correspond to a 
static 1 hazard. 

Since unstable 1 sets (0 sets) cannot cover any input states, condition 
(2) could be stated for stable 1 sets (0 sets) only without changing the proof 
of the theorem. For functions of a small number of variables it is easy to 
determine whether or not the conditions of Theorem 7.3-4 are satisfied by 
plotting the stable 1 sets (or 0 sets) on a map. The function for Fig. 
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f This theorem was proved by D. A. Huffman [2] for contact networks. 


7.3 static hazards 


Fig. 7.3-4. Map for the output function 
for the network of Fig. 7.3-2. 
The 1 sets are shown encircled. 
Each static hazard is indicated 
by a rhombus. 



7.3- 2 is shown in Fig. 7.3-4. Examination of this map will show that each 
pair of adjacent states that both produce 1 outputs and that are not 
covered by the same 1 set correspond to a hazard. Functions which 
involve so many variables that use of a map is inconvenient can easily be 
analyzed for hazards by means of the following theorem: 

Theorem 7.3-5. A static 1 hazard (0 hazard) exists in a network 
if and only if there is a pair of stable 1 sets (0 sets) { a *, . . . ,|3*,w } , 
{X*, . . . ,0*,<o'} such that: 

1. There is only one variable which is complemented in one of 
the 1 sets and uncomplemented in the other 1 set (any number of 
literals may appear in both 1 sets) . 

2. Each of the other stable 1 sets (0 sets) contains w, to', or the 
complement of one of the other literals included in either of the 
original pair of 1 sets (0 sets), or a variable which does not appear 
in either of the original pair of 1 sets (0 sets). 

proof. If two adjacent input states both produce 1 outputs and are 
not both covered by the same 1 set, they must each be covered 
individually by 1 sets. These 1 sets must therefore be of the form 
{ a*, . . . ,/3*,co}, {X*, . . . ,0*,co'}, where a* may equal X* but a* 
may not equal (X*)'. Since both input states are not included in a 
single 1 set, there must not be a 1 set which contains only 
{ a*, . . . ,/3*, . . . ,6*} or some subset thereof. 

Analysis-procedure Example 

It is possible to discover whether a network contains any static hazards 
by determining only the 1 sets or the 0 sets and then applying Theorems 

7.3- 3 and 7.3-4. This procedure will be illustrated by means of the net- 
work of Fig. 7.3-5. The 1 sets for this network are {w',x,z\, {w,x',z}, 
{w,x,y'\, and {x,y',z\. They are plotted in Fig. 7.3-6 on a map of the 
function of the network. Since there are no unstable 1 sets, there can be 
no 0 hazard (Theorem 7.3-3). There is a static 1 hazard between the two 
states for which w = \, y = 0, 2 = 1 since both states correspond to 1 
outputs and are not both covered by any single 1 set. 
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Fig. 7.3-5. A network to illustrate 
the analysis procedure 
for static hazards. 


Fig. 7.3-6. Map of the func- 
tion of the net- 
work of Fig. 7.3-5 
showing 1 sets. 


It is also possible to arrive at the same conclusion by using only the 
0 sets. The 0 sets for the network of Fig. 7.3-5 are 


{w,x} 

\w',x',y'} 

{x,z} 

WA 

{w,z\ 


{ w,w',y '} 
[x,x'\ 


Since there are two unstable 0 sets, the possibility of a 1 hazard must be 
checked by applying Theorem 7.3-3. For the set [w,w',y'} to produce a 
1 hazard, there must be a pair of input states which differ only in w and 
for both of which y' = 0. Inspection of the map of Fig. 7.3-7 shows that 
no such pair exists. The set {x,x'\ does give rise to a 1 hazard since the 
states for which w = 1, y = 0, z = 1 differ only in x and both have 1 
outputs. Inspection of Fig. 7.3-7 shows that there is no pair of adjacent 
input states which both produce 0 outputs and which are not included in a 
single 0 set. Therefore there are no static 0 hazards. Although use of 
the 0 sets leads to the same conclusions reached on the basis of the 1 sets, 


WX 



Fig. 7.3-7. Map of the function of the 
network of Fig. 7.3-5 show- 
ing 0 sets. 
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7.4 dynamic hazards 


there is substantially more work involved in obtaining and using the 0 sets 
for this network. 


7.4 DYNAMIC HAZARDS 

Even in the absence of any static hazards it is still possible for a net- 
work to produce spurious transient outputs. The preceding discussion of 
static hazards treats network behavior only for input changes which pro- 
duce no change in the steady-state network output. Spurious outputs 
can also be developed during input changes which do affect the steady- 
state output. This type of spurious output can be developed in the net- 
work of Fig. 7.4-1. The map for the output function of this network is 
shown in Fig. 7.4-16. Since there are no pairs of adjacent input states 
that both produce the same output, there can be no static hazards in this 
network. However, false outputs can appear during the transition from 
a = 0, 6 = 1, c = 0 to a = 0, 6 = 1, c = 1. Figure 7.4-2a shows the 
structure which the network assumes when relay A is released and relay B 
is operated. If relay C is released, there will be no conduction through 
the network. Assume that relay C is energized and that the contacts 
respond in the order given by their subscripts. When contact Ci closes, 
the network will become a closed circuit. The opening of the c 2 contact 
will open this circuit, and the subsequent closure of contact c 3 will again 
close the path through the network. Finally, the opening of contact c\ 
will have no effect on the closed path through the network. These actions 
are illustrated in the timing diagram of Fig. 7.4-26. During this transi- 
tion from an open circuit to a closed circuit, a momentary closing and a 
momentary opening of the network can occur if the contacts operate in the 
manner prescribed. 

The present discussion is concerned with transitions between pairs of 
adjacent input states which produce changes in the network output. If 
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Fig. 7.4-1. A network with a dynamic hazard but 
no static hazards, (a) Network; (b) map 
of transmission function. 
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{ a ) (A) 

Fig. 7.4-2. Network of Fig. 7.4-1 with A = 0, B = 1, 
and C changing from, 0 to 1. (a) Net- 

work; (b) timing diagram. 

momentary spurious outputs can occur during such a transition, the tran- 
sition is said to correspond to a dynamic hazard. 

Definition. A dynamic hazard is a transition between a pair of 
adjacent input states, one of which produces a 1 output and the 
other of which produces a 0 output, during which transition it is 
possible for a momentary 0 output and a momentary 1 output to 
occur. 

Theorem 7.4-1. A dynamic hazard exists in a network if and only 
if the following conditions are all satisfied : 

1 . The following P sets and S sets exist in the network : 

(a) An unstable P set of the network f 

Kt ={•••<■• • ,4,(4)' 

( b ) An unstable S set of the network, 

Ko = {• • • K ■ ■ ■ ,(xtYA,(4y} 

(c) A stable P set of the network, 

Li = {• • • c* • • • 

( d ) A stable S set of the network, 

Lo = {• • ' d* • • ■ ,4,xf,x ] n 

t The symbols a*, b*, etc., represent literals. The symbol xf also represents a 
literal, but the + symbol is consistent in referring to a prime or to no prime. That 
is, if xt = Xi, then xl = x k and (x+)' = x' ; or if xf = x', then xf = x k: (xf)' = (xf) 1 
= Xj, etc. 
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2. These P sets and S sets satisfy the following conditions: 

(a) None of these P sets and S sets contain any pairs of 
complementary literals other than those explicitly shown. 

( b ) The underlined literals must be present. The presence 
or absence of the literals that are not underlined will have no 
effect on the existence of a dynamic hazard. 

(c) The two P sets can have literals in common, and the S 
sets can have literals in common, but no P set can have any 
literals in common with any S set except for the common literals 
shown explicitly. 

(d) No literal can occur complemented in one P set (S set) 
and uncomplemented in the other P set ( S set) except for those 
shown explicitly. 

(e) Any literal may occur complemented in one or both of 
the P sets and uncomplemented in one or both of the S sets, or 
vice versa. 

proof. First sufficiency will be demonstrated by showing that a 
dynamic hazard is present if the conditions of the theorem are 
satisfied. The network is placed in the input state for which 
x+ = 1, all the remaining (non-x) literals of the P sets, K i and L\, 
are equal to 1, and all the remaining (non-x) literals of the S sets, 
K o and L 0 , are equal to 0. The circuit output must equal 1 for this 
input state because all the literals of the P set L\ are equal to 1. 
The input x is now changed to 0, and it is assumed that the con- 
tacts or signals change in the following sequence: xf — > 0, x+ — > 0, 
x+ — * 0. When xjj" becomes equal to 0, the P set Li is no longer 
effective, but the S set K 0 has all its literals equal to 0, and there- 
fore the circuit output becomes equal to 0. The S set Ko becomes 
ineffective when xf changes to 0, but the P set K\ then becomes 
effective, causing the circuit output to equal 1. Finally, xf 
changing to 0 makes K\ ineffective, the S set Lo effective, and the 
circuit output equal to 0. Thus, if the contacts or signals change 
in the order specified above, two spurious outputs will be developed 
during this transition. 

To show the necessity of the theorem, it will be assumed that a 
dynamic hazard exists for a pair of adjacent states differing only in 
the value of the x variable. The existence of a dynamic hazard 
requires that the network output change for this transition: there 
must be a P set such as L\ and an S set such as L 0 to control the 
network output for the two input states of the transition. Since 
two momentary outputs are developed, there must be an unstable 
P set such as K\ and an unstable S set such as K„. The conditions 
(a to e) of part 2 of the theorem follow directly from the fact 
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Table 7.4-1. Sequence in Which P Sets and S Sets Become 
Effective for a Dynamic Hazard 
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that this is a transition between a pair of adjacent input states, and 
all the P sets and S sets must be effective at some time during the 
transition. The order in which the x variables change and the 
P and S sets become effective is shown in Table 7.4-1. 

Because the conditions of this theorem do involve the subscripts on the 
variables, it is not possible to restate the theorem in terms of 1 sets and 0 
sets. However, it is possible to state, in terms of 1 sets and 0 sets, a neces- 
sary condition for the existence of a dynamic hazard. This condition, as 
stated in the following corollary, is useful in the synthesis of hazard-free 
networks: 

Corollary. Any network which contains a dynamic hazard must 
contain at least one unstable 1 set and one unstable 0 set. The 
same variable must occur both complemented and uncomple- 
mented in both the 1 set and the 0 set. 

Analysis Example 

Table 7.4-2 lists the P sets and S sets for the network of Fig. 7.4-1. 
These will be employed to illustrate the use of Theorem 7.4-1 to test 
whether or not a dynamic hazard is present in a network. Since two of 
the unstable S sets contain two pairs of complementary variables, these 
S sets cannot satisfy the conditions for Kq in Theorem 7.4-1. The remain- 
ing two unstable S sets both contain the c variable primed and unprimed. 
Therefore only the first two unstable P sets can possibly satisfy the 
Theorem 7.4-1 conditions for K\. There are two possible choices for K 0 
and two possible choices for K i, or four possible combinations for K o and 
K i. Each combination must be tested further since they each have a 
literal shared between K o and K\, as is required by the theorem — Or/)'. 
Only one of the choices — K 0 = {b 2 ,ci,c' t }, K j = {c h c ' 2 } — will be tested in 
detail here. 

Since b 2 occurs in K o, no P set containing a b can qualify as L\ and 
302 no S set containing a b' can qualify as L 0 . Further, Li must contain c\, 
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Table 7.4-2. P Sets and S Sets for Fig. 7.4-1 


S sets 

P sets 
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(stable) 
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Oi bi Ci 

X 

ai b 1 Ci C3 

X 

a 2 by, C3 

X 

/ if t 1 

O2 0 1 C 2 C4 

X 
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and Lo must contain c' 2 . Thus the only possibilities are L\ = 
and Lo = {oi, 62,02,04}. These choices do satisfy the conditions of 
Theorem 7.4-1 and thus correspond to a dynamic hazard for a = 0,6 = 0, 
and c changing (initially c 2 = C4 = 0, Cj = 1 ; then Cj — ► 1, Ci — » 0, ci — > 1). 
The other three possible choices for K 0 and K 1 satisfy the conditions 
of the theorem and thus correspond to a different dynamic hazard. It is 
perhaps worth noting that the appearance of c' t in Lo is permitted but not 
required by the theorem. 


7.5 SYNTHESIS OF HAZARD-FREE 
COMBINATIONAL NETWORKS 

The design techniques presented in Chap. 4 all involve some method 
for controlling the 1 sets or 0 sets of the network being designed. By 
making use of the theorems presented in Secs. 7.3 and 7.4, it is possible to 
prove a theorem which gives sufficient conditions on the 1 sets of a network 
so that no hazards will be present. These are not necessary conditions, 
for it is possible to have a hazard-free network which does not satisfy 
them. These conditions usually lead to reasonable networks, and more 
general design methods are not known at the present time. It should be 
emphasized that this is a technique of using additional switching elements 
in a network in order to avoid hazards. Techniques using additional delay 
elements have been discussed elsewhere [3]. The important characteristic 
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trx 



f — y’l' + w'z' + w x + xy 


Fig. 7.5-1. Design of a hazard-free network 
using a map. 


of the conditions to be presented here is that they require control of only 
the 1 sets or the 0 sets, but not both. 

Theorem 7.5-1. A network whose 1 sets (0 sets) satisfy the fol- 
lowing conditions will not contain any static or dynamic hazards : 


1. For each pair of adjacent input states that both produce a 
1 output (0 output), there is at least one 1 set (0 set) that includes 
both input states of the pair. 

2. There are no 1 sets (0 sets) that contain exactly one pair of 
complementary literals. 

proof. By Theorem 7.3-4 there will be no static 1 hazards (0 haz- 
ards) if condition 1 is satisfied. If condition 2 is satisfied, there 
will be no static 0 hazards (1 hazards), because of Theorem 7.3-3; 
and because of the corollary to Theorem 7.4-1, there will be no 
dynamic hazards. 

The techniques given in Chap. 4 for designing combinational networks 
start by finding a minimal sum for the output function. The network is 
then designed so that each 1 set of the network corresponds to one of the 
product terms in the minimal sum. In order to design a hazard-free net- 
work, it is necessary only to modify the procedures for obtaining a minimal 
sum so that the 1 sets derived from the resulting product terms satisfy the 
conditions of Theorem 7.5-1 . If a map is used to form the sum-of-products 
expression, the procedure of choosing the prime implicants to include in 
the expression must be modified as follows: A sufficient number of prime 
implicants must be picked so that each pair of adjacent input states which 
both produce 1 outputs is included in a single prime implicant. This is 
illustrated in the map shown in Fig. 7.5-1. 

The tabular method for generating a minimal sum which is presented 
in Secs. 4.4 and 4.5 can be modified in a similar fashion. No change is 
required in the method of generating the prime implicants as described in 
Sec. 4.4. The process of selecting those prime implicants which are 
included in the final expression must be modified as follows : A column is 
added to the prime implicant table for each pair of adjacent input states 
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Table 7.5-1. A Tabular Method for Obtaining a 
Hazard-free Network 


(a) Determination of the prime implicants 
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( b ) Selection of prime implicants to be included in sum expression 
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which both produce 1 outputs. The standard techniques for selecting 
rows from the prime implicant table can then be used. This procedure is 
illustrated in Table 7.5-1. Note that the columns added to the prime 
implicant table correspond to the rows in the second step in the process for 
generating the prime implicants. For the function of Table 7.5-1 it is not 
necessary to retain in the prime implicant table any of the columns corre- 
sponding to the fundamental products, since each input state that corre- 
sponds to a 1 output is adjacent to another input state that also corre- 
sponds to a 1 output. 

A network can be designed directly from the sum-of-products expres- 
sion. Often a more desirable network results if the expression is first 
modified by means of the theorems of Boolean algebra. In designing 
hazard-free networks, only the theorems which do not modify the 1 sets 
and 0 sets of the network can be generally used. These are the theorems 
described in the discussion following Theorem 7.3-3. The theorem most 
commonly used is the factoring theorem: XY + XZ = X{Y + Z), 
(. X + F)(X + Z) = X + YZ. 


7.6 ESSENTIAL HAZARDS 

In the preceding sections the effects of delays on the performance of 
combinational circuits have been studied. It was demonstrated that 
spurious temporary outputs could be developed in networks containing 
hazards but that it was always possible to design a hazard-free network for 
any output-function specification. If a combinational network contain- 
ing a hazard is used in designing a sequential circuit, the resulting sequen- 
tial circuit can enter an incorrect internal state due to a hazard pulse. The 
sequential circuit can thus have a false output which is not momentary but 
which lasts as long as the circuit remains in the incorrect internal state. 
It follows from this discussion that, in order to ensure the proper func- 
tioning of a sequential circuit in spite of variations in stray delays, hazard- 
free networks should be used in the combinational portions of the circuit. 
Although this is a necessary condition for obtaining a circuit in which the 
terminal behavior is independent of the stray delays, it is not sufficient. 
It has already been pointed out that circuits which are operated in pulse 
mode must always have the internal delays controlled. This requirement 
is brought about by the relationship between the input pulse width and 
the delay in transmitting changes in the y< variables to the combinational 
circuitry. No similar requirement exists for fundamental-mode opera- 
tion. However, if there are stray delays in the combinational circuitry of 
a sequential circuit being operated in fundamental mode, it is possible for 
the circuit to malfunction even if the combinational circuits are hazard- 
306 free. This will be demonstrated by means of the following example : 


7.6 essential hazards 


Example. In the sequential circuit of Fig. 7.6-1 there are no 
hazards in the combinational circuits. However, the performance 
of this circuit is directly affected by the stray delays present. In 
order to examine this dependence on the stray delays, it will be 
assumed that the circuit is placed in the condition for which 
x = yi = yi = 0, and then the response of a change in x will be 
studied. Labels have been placed on the leads in Fig. 7.6-1 to 
correspond to this condition. 

When x changes from 0 to 1, there are two paths by which gate 
B can be affected, as shown by the heavier lines on the figure. If 
the delay along the lower path (through the inverter) is shorter 
than the delay along the upper path (through gate A and flip-flop 
1), then the bottom input to gate B will change to 0 before the top 
input changes to 1 and the output of gate B will remain equal to 0. 
The circuit will thus remain in the condition where x = 1, yi = 1, 
1/2 = 0, as predicted by the transition table for this circuit as shown 
in Table 7.6-1. 

On the other hand, if the delay along the lower path is longer 
than along the upper path, the top input to gate B will change to 1 
before the bottom input changes to 0. The output of gate B will 
thus equal 1 from the time when its top input changes to 1 until 
the time when the bottom input changes to 0. A pulse will thus 
occur on the set input of flip-flop 2. The duration of this pulse is 
equal to the difference in delay along the two paths from x to gate 
B. If the pulse is sufficiently long, it will cause flip-flop 2 to become 
set 2/1 = 1, which will in turn cause a signal to appear on the reset 
lead of flip-flop 1 via gate C. The circuit will finally enter the 
condition in which a: = l, yi = 0, y 2 = 1. This illustrates a situa- 
tion in which the circuit’s internal state and output depend directly 
on the difference in delay along two paths. When the delay is 
greater for the lower path through the inverter than the delay for 
the path through flip-flop 1, the combinational circuit generating 



Fig. 7.6-1. Sequential circuit containing an essential 
hazard (fundamental mode.) 
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Table 7.6-1. Analysis of the Circuit of Fig. 7.6-1 

( a ) Excitation functions 
5, = xy 2 /?, = xy 2 
S 2 =x'y 1 ff 2 = x'y' Z = y 2 


( b ) Excitation table (c) Transition table 
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the excitation for flip-flop 2 receives the change in the state of 
flip-flop 1 before it receives the change in the circuit input. 
Thus flip-flop 2 reacts as if the circuit were in the state for which 
x = 0, y\ = 1, t /2 = 0, rather than the state with x = 1, r/i = 0, 
2/2 = 0 or x = 1, yi = 1, yi = 0. For the circuit of Fig. 7.6-1, 
the insertion of delays in the four leads which connect y i, y[, y 2 , y 2 
from the flip-flop outputs to the input circuitry will prevent the 
occurrence of any malfunctions of the type just described. 

It has been shown [4] that any sequential circuit operated in funda- 
mental mode will have its performance unaffected by variations in stray 
delays in the combinational circuitry if these conditions are satisfied: 

1. There are no races. 

2. The combinational circuitry is hazard-free. 

3. Only one input signal is changed at a time. 

4. Each yi signal has a delay of appropriate magnitude in the path 
whereby it is connected to the combinational circuitry which generates 
the internal variable excitation functions. It must be assumed that there 
is an upper bound to the magnitude of the stray delays in the combina- 
tional circuitry. 

While it is true that it is always possible to guarantee proper operation 
by satisfying these conditions, the delays in the i/, leads are not always 
necessary. This can be seen by considering the accompanying fragment 
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7.6 essential hazards 


Table 7.6-2. Possible Sequential-circuit Responses to a 

Single Change in Input ( Fundamental Mode ) 

(a) (i) 

X X 

0 1 0 1 

A 
B 

B B 

Id) 
x 

0 1 

A (A) B A 

B C ® B 

C © B C 

B 

D 

of a flow table. The circuit is initially stable in state A with x = 0. 
When x changes to 1, the circuit goes to state R . Because of stray delays 
some of the excitation circuitry may receive the signal corresponding to 
the change to state B before the change in x is received. Therefore the 
circuit may respond as if it were in the total state for which x = 0 and the 
internal state is B. Whether or not delays are required in the yt leads 
depends on whether this response leaves the circuit in a different final 
state from what would otherwise be the case. Since the x change will 
eventually appear at the excitation circuitry, this final state will be deter- 
mined by the action which occurs when the circuit is initially in state B 
with x = 0 and then x changes to 1. 

In Table 7 .6-2, six flow-table fragments are shown which illustrate all 
possible relevant circuit actions. In each flow table two total states are 
marked with an asterisk — one with x = 1 that corresponds to the correct 
total state after x changes from 0 to 1 and another with x = 0 that corre- 
sponds to the total state when the x change is delayed. By following the 
circuit response for the x = 0 asterisk state— the circuit being allowed to 
settle down and then x to change to 1 — it is possible to determine the state 
which the circuit will finally settle down in when x is delayed. This final 
state is listed below each table. If this final state is the same state as the 
x = 1 asterisk state, as in Table 7.6-2a, b, c, and d, then the input delay 
has no effect on the circuit performance. In Table 7.6-2e and / the final 
state is different from the x = 1 asterisk state, and thus the circuit per- 
formance does depend on the input delay. It has been shown by Unger [4] 
that any flow table containing a situation such as that illustrated in Table 
7.6-2e or / will always require y % delays to ensure proper operation when 
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Transient Behavior of Switching Circuits 
Table 7.6-3. A Flow Table with One Essential Hazard 

s 
1 

2 

3 

4 


stray combinational delays are present. A more formal statement of his 
results follows : 

Definition. A total state Sj and an input variable Xi represent an 
essential hazard for a flow table T if and only if, when the table is 
initially in state the state reached after one change in Xi is differ- 
ent from the state reached after three changes in when funda- 
mental-mode operation is assumed. 

The flow table shown in Table 7.6-3 has only one essential hazard, that 
with total state 4, Xi = 0, x 2 = 1, and variable x 2 . One change in x 2 leads 
to state 1, Xi = 0, x 2 = 0, two changes lead to state 2, Xi = 0, x 2 = 1, and 
three changes lead to state 3, X\ = 0, x 2 = 0. 

Theorem 7.6-1. A sequential circuit for fundamental-mode opera- 
tion that is not affected by stray delays in the combinational 
circuitry can be constructed without delays in the j/» leads if and 
only if the corresponding flow table does not contain any essential 
hazards [4]. 

Unger [4] has also shown that if essential hazards are present it is 
always possible to construct a sequential circuit with only one delay ele- 
ment. This is done by using a combinational circuit to switch the single 
delay element into the appropriate branch during each input change. 

A technique for eliminating the effects of both essential hazards and 
critical races by inserting delay elements in the input variable leads has 
been developed by Eichelberger [5]. This technique very often also allows 
a reduction in the number of required internal variables. 


00 01 11 10 


© 

2 

- 

4 

3 

© 

3 

- 

® 

2 

© 

4 

1 

@* 

© 

© 


s 


Problems 
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1. (a) Write the P sets and S sets for the networks of Fig. P7-1. 

(6) Write the 1 sets and 0 sets for the networks of Fig. P7-1. 



problems 



Fig. P7-1 



2 . For the circuit of Fig. P7-2: 

(а) Determine the 1 sets. 

(б) Analyze the circuit for static hazards using only the 1-sets. 

(c) Determine the 0 sets. 

(d) Analyze the circuit for static hazards using only the 0 sets. 



3 . Analyze the circuit of Fig. P7-3 for both static and dynamic hazards. 
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4. Redesign the network of Fig. P7-4 to eliminate all static hazards. Use 
as few gates as possible. 



Fig. P7-4 


5. For the circuit of Fig. P7-5, determine the transition table, transition dia- 
gram, and flow table. Determine whether or not there are any static 
hazards present which could actually occur during the operation of this 
circuit. 
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*2 
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Fig. P7-5 


6. Analyze the sequential circuit shown in Fig. P7-6. Are there any hazards 
present in this circuit? Do they have any effect on the circuit performance? 



Fig. P7-6 


7. 


8 . 


9 . 


Design a two-stage hazard-free network which realizes the function 
f(u,v,w,x,y,z) = 2(0,1,2,3,5,7,9,11,12,13,14,15,17,21,23,25,27,29,35,39,43,47, 
52,58,60). 


Determine all four dynamic hazards for the network of Fig. 7.4-1 (use the 
P sets and S sets of Table 7.4-1). Draw networks and diagrams like those 
in Fig. 7.4-2 for each of the dynamic hazards. 


For the network of Fig. P7-9: 

(a) Determine the P sets and S sets of Y . 
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( b ) Determine whether or not there are any dynamic hazards in this 
network. 



10 . Are there any static hazards in the network of Fig. 7.4-1? Explain your 
answer. 

11 . For the following flow table : 

(a) Form an excitation table, using the assignment shown. 


s 

2 / i ?/2 

1 

00 

2 

01 

3 

11 

4 

10 


(b) Write expressions for Y j, F 2 , and Z; and draw a circuit using OR-NOT 
gates. 

There are to be no incorrect transient outputs (hazards) in Y i, F 2 , or Z 
corresponding to allowed transitions. Use as few gates as possible. 
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diminished radix, 50 
radix, 50 
Complete sets, 89 
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crossed-film, 26-28 
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